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Abstract

The mathematical simulation of a plate fin and tube heat exchanger is presented in this paper. The simulation of the
transient operation of the heat exchanger was carried out using a general numerical model that was previously developed
by the authors. The Reynolds number of the water flowing inside the tubes varied in the range from 4000 to 12000.
A detailed analysis of the transient response of a heat exchanger to sudden increase in water mass flow rate and the
simultaneous reduction in air flow velocity was modelled. Heat transfer correlations for air and water were determined
based on the experimental data. Unknown parameters appearing in the relationships for the Nusselt numbers on the air-
and water-sides were estimated using the least squares method. A set of partial differential equations for the temperature of
water, air, tube wall, and fins was solved using the finite volume method. The results of the numerical simulations of a heat
exchanger using experimentally determined air and water-side heat transfer formulas for the calculation of heat transfer
coefficients were compared with the experimental data. Excellent agreement between computation results (air and water
temperatures at the outlet of the heat exchanger) and experimental results was obtained.

Keywords: plate-fin and tube heat exchanger; experimental determination of heat transfer correlations; numerical
modelling; transient response; transition tube flow

Streszczenie

Przedstawiona zostala symulacja matematyczna wymiennika ciepla z rur ozebrowanych. Symulacja nieustalonej pracy
wymiennika przeprowadzona zostala za pomoca modelu matematycznego opracowanego wezesniej przez autorow. Licz-
ba Reynoldsa po stronie wody zmieniala si¢ w zakresie 0d 4000 do 12 000. Szczegélowa analiza zmian temperatury zosta-
la przeprowadzona dla przypadku naglego wzrostu strumienia masowego plynu z jednoczesnym obnizeniem predkosci
powietrza. Korelacje na wspolezynniki wnikania ciepla dla powietrza i wody okreslono na podstawie danych doswiad-
czalnych. Nieznane parametry, ktére pojawiaja sie w réwnaniach na liczbe Nusselta dla powietrza i wody wyznaczono
za pomoca metody najmniejszych kwadratow. Uklad réwnan rézniczkowych czastkowych umozliwiajacy wyznaczenie
temperatury wody, powietrza, $cianki rury i zeber zostaly rozwiazane z uzyciem metody objetosci skoriczonej. Wyniki
numerycznej symulacji pracy wymiennika z uzyciem wspolezynnikow wnikania ciepla wyznaczonych z korelacji na licz-
by Nusselta od strony powietrza i wody poréwnano z danymi eksperymentalnymi. Uzyskano bardzo dobra zgodnos¢
wynikéw obliczen i pomiarow.

Stowa kluczowe: instalacje energetyczne, badania termowizyjne, termogram, emisyjnos¢, temperatura odbicia




Nomenclature

A — surface area, m”
. — areaofthe oval opening in the fin, m*
a,b — minor and major semi-axis of the inner tube surface, m
c, — specific heat at constant pressure, ]/ (kg-K)
CpCyt, — constants
d, — air-side hydraulic diameter, m
d — water-side hydraulic diameter of the tube, m
fpf, - meanair temperature at the inlet and outlet of the heat exchanger, °C or K
h — heat transfer coefficient, W/(m?>K)
h, — weighted heat transfer coefficient of the fin at the surface, W/(m*K)

k — thermal conductivity, W/(m-K)
L, — tube length in the radiator, m
m - mass, kg
m — mass flow rate, kg/s
n - number of tubes
N — number of heat transfer units
Nu, — liquid-side Nusselt number, Nu, = h1 / dy / k,
Nu, - air-side Nusselt number, Nu, = h, /d, /k,
p,p, — transversal and longitudinal tube pitch, m
Re, - liquid-side Reynolds number, Re, =w p d /u,
Re, - air-side Reynolds number, Re, =w,p.d, /u,
s — fin pitch, m
t — time, s
T — temperature, °C or K
U — tube perimeter, m
w — velocity, m/s
X,y - Cartesian coordinates, m
x* — non-dimensional coordinate, x* = x/ L,
y* - non-dimensional coordinate, y* = y/ P,
Greek symbols
8§ - thickness,m

Ax — control volume length, m

fin efficiency
dynamic viscosity, kg /(m s)
density, kg/m?

Ao T =
|

the time constant, s



Subscripts

1 - fluid (water) flowing in the tube

2 — fluid I don't think that air can be described as a fluid (air) flowing perpendicularly to the
tube axis

bbf — surface of a bare tube between fins

— uniform tube wall temperature

bo - outer surface of a bare tube
f - fin

in — inner surface of a tube

I - laminar

m - mean

T

w

— tube wall

1. Introduction

Publications on the dynamics of plate fin and tube heat exchangers (PFTHE) are limited
in number. Mathematical models of heat exchangers that simulate non-steady state operation
are needed to analyze the start-up and shutdown of heat exchangers. Dynamical models
of heat exchangers are also used in PID control systems as well as in model-based control
systems. However, a steady state of heat exchangers is analyzed in most of the works [1].

The transient response of the PETHE was modelled in [2-6]. Usually, fins are modelled
as elements with lumped thermal capacity while the equivalent heat transfer coefficient
on the air side is calculated assuming the steady-state [2-6]. The steady-state temperature
distribution in fins is used to determine the equivalent heat transfer — this simplification can
lead to some errors, especially for higher fins.

The system of governing differential equations is solved by the Laplace transform or the
finite difference method. The Laplace transform method has been widely used by Roetzel and
Xuan [2] to model the transient operation of various heat exchangers. Taler [4] modelled the
transient response of the PFTHE for a stepwise increase in liquid or gas temperature using
the Laplace transform method. The transient temperature of the fluids was compared with
temperature obtained by the finite volume method.

Korzeri and Taler [6] developed a new mathematical model of the PFTHE to simulate
its transient operation. In contrast to the existing methods for the modelling of the transient
response of heat exchangers with extended surfaces in which the weighted steady-state heat
transfer coefficient on the finned tube side is used, the transient temperature distribution is
calculated in each fin. This allows for a more exact computation of the heat flow rate from the
fins to the flowing gas.

Usually, modelling PFTHEs assumes that the fluid flow inside the tubes is turbulent.
However, many low-duty heat exchangers operate in the transitional region when the
Reynolds number varies in the range of 2,300 to around 12,000.




In this paper, the numerical modelling of the transient work of a PFTHE for a low
Reynolds numbers on the liquid side is carried out.

2. Mathematical formulation of the problem

The system of partial differential equations describing the space and time changes of
liquid T, tube wall T , and air T, temperatures in one-row plate-fin and tube heat exchangers
are [6]:
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where ITZ denotes the mean air temperature over the row thickness, defined as:
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The symbols x* = x/L, and y* = y/p, in equations (1)-(3) represent dimensionless
coordinates. The numbers of heat transfer units N, and N, are given by:
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The time constants T, and T, are:
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The symbols in equations (1)-(6) denote:
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The subscript w refers to the wall, frefers to the fin, and m refers to the mean value.
The weighted heat transfer coeflicient _is defined by:

ha<t>=h2(r){%{—f-nf(hz,t)} o)

Alm bo

The initial temperatures of both fluids are equal and amount to T . The initial conditions are:

(1) =T () ®
T, (er,t)t:O :Tw,o (x+) (9)
T, (x+,y+,t)t:0 =T,, (x+,y+) (10)

The boundary conditions have the following form:
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where:
fl(t), fz(t) — functions of time describing the variation of the liquid and air
temperatures at the inlets to the exchanger.

a) b)

Air‘

Fig. 1. Scheme of the one-row heat exchanger (a) and control volume (b)

The fin efficiency appearing in a relationship (7) was calculated using the finite volume
method based on the finite element method. The division of the fin into finite volumes with
specified numbers of nodes is shown in Fig. 2.
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Fig. 2. Division of the fin model into finite volumes with node numbers

The initial-boundary value problem defined by equations (1-14) applies to heat
exchangers made of bare or finned tubes. For bare tubes, m is equal to zero because there are
no fins.

The transient temperatures of the fluids and tube wall in the one-row heat exchanger
(Fig. 1) were determined by the explicit finite difference method. To calculate the time-
dependent efficiency n, of the rectangular fin attached to an oval tube, the finite volume —
finite element method (FVM-FEM) was used. A mathematical model of the whole heat



exchanger with a complex flow system was built based on the mathematical model of the one-
row heat exchanger.

The automotive radiator for a spark-ignition combustion engine with a capacity of
1.580 cm’ is a double-row, two-pass plate-finned heat exchanger. The radiator consists of
aluminium tubes with an oval cross section. The cooling liquid flows in parallel through both
tube rows.

3. Experimental correlations for water- and air-side Nusselt numbers

In the developed mathematical model of the exchanger, the heat transfer coeflicients on
the air and water side are calculated from experimental correlations. The correlations for the
heat transfer coefficients are derived assuming a fully developed turbulent flow in straight
tubes. One of the most common correlations is the Dittus-Boelter formula [7-9]:

2/3

d
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ch

where n = 0.4 when the fluid is heated and n = 0.3 when it is cooled.

Over recent years, the Gnielinski correlation has been becoming more and more popular
[10-11].
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where the friction loss coefficient § is defined as:
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In Formula (16), symbols d_and L, denote the tube hydraulic diameter and length,
respectively. The reason for the growing popularity of the Gnielinski formula (16) is its greater
accuracy in the transition area of 2300 < Re_ < 10000. Despite the fact that the Gnielinski
proposal gives smaller values of the heat transfer coefficient in the transition area compared
to the Dittus-Boelter formula, these values are still inflated [12-13]. If Re | < 2300, the flow
is laminar; the Nusselt number is Nu = 4.364 and does not depend on the Reynolds number
[8-9]. It can be easily checked that both the Dittus-Boelter and the Gnielinski formulae
give values of Nu much higher than 4.364. For this reason, the correlations for the Nusselt
numbers on the water and air side were determined based on experimental testing.

The following form of the correlation for the Nusselt number at the air side was taken:

Nu, =x, Re® Pr'/? (18)
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Considering that the range of changes in the Reynolds number at the air side is not
too wide, it is possible to approximate experimental data effectively using the exponential
equation written above (18).

The correlation for the Nusselt number at the water side was taken in a form similar to the
formulae developed by Petukhov & Kirillov [ 14] and Gnielinski [10].
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The values of coeflicients x,, x,, ..., x will be selected so that the sum of the squares of
differences in temperature:
2

S= Z[ =T xl, o, )] =min (20)
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should reach the minimum.
The real values of the determined parameters %,, ..., X,, are included with the probability
P=(1-a)-100 [%] in the following intervals [ 15-16]:

st\/7<x<x—i—t/2 \/7 (22)

where:
%, — parameter value determined using the least squares method,
t ! fn — t-Student distribution quantile for the confidence level 1 — a.and n — m degrees

of freedom.
uantity s> is the variance estimate calculated from:
Y St
2
S ] g :
S(xl,...,xm) (23)

St =
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where:
n — number of measuring points,
m — number of sought parameters.
Quantities c_are diagonal elements c_of the covariance matrix.
1 n
In this case, the number of measuring points is n = 47, and the number of unknown
parameters is m = 4.

3.1. Measurement results

The thermal and flow measurements of the exchanger were performed for different air and
water flow velocities. The measurement results are listed in Table 1.



Table 1. Radiator measurement results

et | I v, W] T, [«C] T, [°C] AT, [+C]
1 0.40 947.40 12.65 62.21 3.89
2 0.66 945. 60 10.96 62.24 S5.74
3 0.92 945.00 9.91 62.14 7.41
4 1.18 944. 40 9.28 62.04 8.85
S 1.44 946.20 8.95 61.95 10.09
6 1.70 945. 60 8.83 61.70 11.02
7 1.96 945.00 8.77 61.35 11.79
8 2.22 945. 60 8.94 61.14 12.40
9 2.22 1150. 80 8.64 60. 81 10. 87
10 1.96 1151.40 8.65 60. 51 10.17
11 1.70 1153.20 8.83 60.24 9.28
12 1.44 1152. 60 9.23 60.13 8.48
13 1.18 1150.20 8.96 60.03 7.48
14 0.92 1151.40 9.22 60. 04 6.37
15 0.66 1150. 80 9.42 60. 00 5.13
16 0.40 1509. 00 11.56 61.08 2.68
17 0.66 1509. 60 10.73 61.10 3.79
18 0.92 1510.20 10.23 61.08 4. 85
19 1.18 1511.40 9.87 61.07 5.88
20 1.44 1509. 60 9.44 60.94 6.75
21 1.70 1508. 40 9.00 60.73 7.57
22 1.96 1509. 60 8.98 60.51 8.21
23 2.22 1507. 80 9.01 60. 30 8.74
24 2.22 1842.60 8.88 59.97 7.42
25 1.96 1842.60 8.90 59.75 6.86
26 1.70 1843.20 8.91 59.47 6.24
27 1.44 1840. 20 9.06 59.24 5.54
28 1.18 1840. 80 9.13 59.19 4. 84
29 0.92 1842. 60 9.10 59.17 4.11
30 0. 66 1840.20 9.37 59.16 3.25
31 0.40 1842. 60 9.88 59.30 2.30
32 0.40 2146.20 11.71 60. 02 1.69
33 0. 66 2146.20 10. 84 60.17 2.54
34 0.92 2145.60 10.09 60.18 3.39
35 1.18 2143.20 9.52 60.18 4.22
36 1.44 2142.60 9.27 60.07 4.84
37 1.70 2142.60 8.99 59.75 5.46
38 1.96 2139.60 8.96 59.44 5.92
39 222 2135.40 9.41 59.22 6.35
40 222 2412.00 9.08 58.76 5.70
41 1.96 2413.20 9.12 58.68 5.21
42 1.70 2410.80 9.22 58.40 4.75
43 1.44 2410.80 9.38 58.17 4.23
44 1.18 2410.80 9.10 58.14 3.73
45 0.92 2409.60 9.36 58.23 3.05
46 0.66 2409.60 9.77 58.16 2.46
47 0.40 2410.20 10.05 58.33 1.76




The Reynolds number values at the air side is Re = wmaxdh / v_and at the water side, it is
Re = ngdr /v . The physical properties of the air were calculated at the average air temperature.
Similarly, the thermophysical properties of water were calculated at the average temperature.
The average temperature is understood as the arithmetic mean of the average temperature
at the exchanger inlet and outlet. The water velocity in the upper pass W, is smaller than the
water velocity in the lower pass w_, because in the upper pass, water flows in parallel through
20 tubes whereas in the lower one, through 18.

3.2. Experimental correlations

Based on the data presented in Table 1, the following values of individual coefficients were
obtained:

x,=0.0713 £ 0.0053; x, = 0.7055 £ 0.0136; x, = 0.4624 + 0.3194; x, = 22.2273 £ 0.3163

The coefficients are present in Formulae (18) and (19).

The value of the sum of squares is S = 1.07041 K>,

The correlations for the Nusselt numbers on the water and air side have the following
forms:

Nu, =0.0713Re>"** Pr'® 60<Re, <351 (24)

(£/8)(Re, —0.4624)Pr, ( d

= (1+22.2273,/(&/8) (Pr}*-1)

In the mathematical model of the radiator operation under unsteady-state conditions,
relationships (24) and (25) were used.

2/3
j , 3850<Re, <11317 (25)
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3.3. The sudden increase in water mass flow rate and the simultaneous reduction
in air flow velocity

The comparison of the results obtained from measurements and calculations is presented
in Fig. 3.

The water volume flow VV: was increased from about 950 1/h to about 2,400 1/h.
Additionally, the air velocity before the exchanger w, was reduced from about 2.2 m/s to
about 1.2 m/s. Both of these changes contribute to a rise in the water and air temperatures
after the exchanger. The smaller velocity of air involves a drop in the heat transfer coefficient
on the outer surface of tubes and fins, which in turn decreases the heat flux transferred from
water to the flowing air. The air temperature rises after the heat exchanger due to the air mass
flow being smaller.
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Fig. 3. The exchanger unsteady-state operation caused by a sudden reduction in the water volume flow
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— measured water volume flow at the heat exchanger inlet, 1/s

— measured mean air temperature at the heat exchanger inlet, °C
— measured mean air temperature after the exchanger, °C

— measured water temperature at the heat exchanger inlet, °C

- measured water temperature at the heat exchanger outlet, °C
— measured air velocity at the heat exchanger inlet, m/s

— calculated water temperature at the heat exchanger outlet, °C

— calculated average air temperature at the heat exchanger outlet, °C.
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Changes in temperature on the exchanger length
~——— water in the upper pass first row

water in the upper pass second row

water in the lower pass first row
~— water in the lower pass second row
————— wall in the upper pass first row

k I ! I ' [ ! I LN | wall in the upper pass second row
0.2 0.4 0.6 0.8 1 ccea-- wall in the lower pass first row
xt=x/ Ly e === wall in the lower pass second row
Fig. 4. Distribution of the water and the tube wall temperatures on exchanger length
for time t = 117s in the steady state




Fig. 4 presents changes in the water and the tube wall temperatures on the exchanger
length fort=117s.

In analyzing the results presented in Fig. 4, it can be seen that water in the first row of tubes
cools down more than in the tubes placed in the second row. This concerns both the upper
and lower pass. It can be observed that the tube wall temperature is lower than the water
temperature because cold air absorbs heat.

The curves illustrating time-dependent changes in the temperatures of selected fins are
presented in Fig. Sa-d. An analysis of the results indicates that the highest temperature is at the
fin base, and the lowest in node 3 (Fig. 2), which is the most distant from the tube axis. It can
be seen that the temperatures of the fins in the first tube row (Fig. Sa and Sc) are lower than in
the second row (Fig. Sb and 5d). The cold inflowing air cools the fins and tubes located in the
first row more effectively. The air temperature after the first tube row is much higher compared
to the inlet air temperature. Due to a reduction in the difference between the temperatures of
the flowing air and the tubes located in the second row, the temperature of the water and fins
in the second tube row is higher than in the first row.
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Fig. 5. Changes in the fin base temperature Tb and the fin temperature in 12 nodes that are marked in Fig. 2, at
a distance of 247 mm (9.5 cell lengths) from each pass inlet: (a) - first tube row in the first (upper) pass;
(b) - second tube row in the first (upper) pass; (c) - first tube row in the second (lower) pass; (d) — second tube
row in the second (lower) pass



4. Conclusions

The calculations and measurements carried out in the paper confirm that the developed
numerical model of the plate fin and tube heat exchanger has a high level of accuracy. This
model is particularly useful to simulate the exchanger, where the temperature of the fins can
be very high. Thanks to the experimental determination of heat transfer correlations on the
air and water sides, a very strong agreement of calculations and measurements was reached.
The developed model can be used to simulate the heating and cooling heat exchanger and in
automatic control systems.
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