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1.  Schwarz integral

The goal of this paper is to consider some properties of one-dimensional holomorphic 
functions in the unit disc. We focus our attention on such boundary properties of these 
functions which imply their uniqueness. In this aspect Luzin-Privalov theorem [4‒6] seems 
to be crucial. This theorem refers to a meromorphic function f (z) of the complex variable z 
in a simply-connected domain D with rectifiable boundary Γ. If f (z) takes angular boundary 
values zero on a set E ⊂ Γ of positive Lebesgue measure on Γ, then f (z) =0 in D. There is 
no function meromorphic in D that has infinite angular boundary values on a set E ⊂ Γ 
of positive measure.

We are going to construct some examples of a holomorphic non-constant function f 
for a given E set of measure zero with f = 1 on E.

It will turn out that this E set is a peak set for a proper algebra of holomorphic functions.
We say that a compact set K is a peak set for A(D) if there exists f ∈ A(D) such that 

f K f K<1 1on and onD \ .=  Stensönes Henriksen has proved [2] that every strictly 
pseudoconvex domain with C¥ boundary in Cd has a peak set with a Hausdorff dimension 
2d ‒ 1.

In this paper we give an alternative, even stronger construction for the unit disc. In the 
context of the Luzin-Privalov theorem we give the optimal construction for algebra A(D).

Main tool in our construction is the Schwarz kernel.
Let us consider a natural measure σ on boundary of the unit circle ∂D. For a given u 

which satisfies a Hölder condition we use Schwarz integral (see [7, 8]):

	 Su z
i

u t t z
t z

dt
t

( ) : ( ) .=
+
−∂∫

1
2π D

	

We can easily observe that Su ∈ O(D).
Then the Schwarz integral formula Su defining an analytic function, the boundary values 

of whose real part coincide with u. Additionally, the real part of Su is a continuous harmonic 
function on D  (see [1, The Basic Lemma].

There exists a harmonic function v on D so that Su = u + iv.
However when applying the above integral formula, a very important and more difficult 

problem arises concerning the existence and the expression of the boundary values of the 
imaginary part v and of the complete function Su by the given boundary values of the real 
part u. Still, in some cases we have complete information about v.

If a given function u satisfies a Hölder condition, then the corresponding values 
of imaginary part v on ∂D are expressed by the Hilbert formula (see [3, 1, pp. 45-49]):

	 v u t t dt( ) ( ) cot .φ
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The above formula is a singular integral and exists in the Cauchy principal-value sense.
Moreover, if u satisfies a Hölder condition then the values of v exist on all φ ∈ ∂D 

and satisfy the same Hölder condition as u. Now we can recover Su using v in the following 
way:
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But now the imaginary part of Su is continuous on D,  so Su ∈ A(D) if u satisfies 
a Hölder condition.

2.  Peak sets

Lemma 1. Assume that K, D are distinct compact sets in ∂D. Then there exists a function 
u ∈ C¥(∂D) so that u = 0 on D, u = 1 on K and 0 £ u £ 1 on ∂D.

Proof. There exist open arcs I e a t bi
it

i i:{ : }2π < <
 

such that K Iii

n
⊂

=1

 and 

I Di ∩ = ∅.  In fact we can assume that I I i ji j∩ = ∅ for ¹ .  Now there exist functions 

u Ci : [ , ] ( )∂ → ∈ ∂D D0 1 ¥  so that ui = 1 on Ii, and ui = 0 on D but with distinct supports. It is 

enough to define u ukk

n
=

=∑ 1
.

Theorem 2. Let K be a compact subset of ∂D measure zero (σ(K) = 0). There exists 

a function f ∈ A(D) such that f K f K<1 1on and onD \ .=

Proof. Let us choose ε > 0 and define

	 D z z w
w Kε ε: { : inf }= ∈ ∂ −

∈
D ³ 	

There exists uε ∈ C¥(∂D) such that 0 £ uε £ 1, uε(z) = 0 if z ∈ Dε and uε(z) = 1 if z ∈ K. 
In particular Suε ∈ A(D) and 0 £ R Suε £ 1.

Let us choose z K∈D \  and define δ ε
ε

( , ) : inf .\z z ww D= −∈∂D  We can estimate
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Let us consider the following compact set:

	 T z z wn w K
n n:{ : inf }∈ − +

∈

− −D ³ 2 2 2 	

There exists εn
n∈ −( , )0 2 2  such that σ ε( \ ) .∂ −D D

n

n< 2 2  Now let g Su An n
: ( ).= ∈ε D

Obviously R Rg K gn n=1 0 1on and £ £ .
Moreover if z ∈ Tn then 
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Now we are able to define g gnn N
: .= +

∈∑1
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Since T Knn N
=

∈
D \



 we can observe that g O C K∈ ∩( ) ( \ ).D D  As 0 1£ £Rgn  and 

Rgn = 1 on K we have lim ( ) .z w ng z w K→ = ∈R ¥ for

Now we choose f
g

f O C K: exp . ( ) ( \ ).= −








 ∈ ∩
1 Obviously D D

Since R R R1 02 2g
g
g

g
g

K= = > on Ω \  we may easily observe that 0 1< <f  on Ω \ .K
 

Additionally due to lim
( )z w g z→ =
1 0  for w ∈ K we have f = 1 on K and f ∈ A(Ω).

Example 3. There exists K ⊂ ∂D, a compact set with Hausdorff dimension equal one 
which is also a peak set for A(D).

Let us consider a sequence of closed distinct intervals In
n n: [ , ].= − − −2 22 1 2  There exists 

Cantor set Cn ⊂ In with Hausdorf dimension equal n
n +1

.  Now we define a compact set

	 K e t Cit
n

n

: { } { : }= ∪ ∈
=

1 2

1

π
¥



	

in ∂D with Hausdorff dimension one and due to Theorem 2 we conclude that K is a peak set 
for A(D).
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