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1. Schwarz integral

The goal of this paper is to consider some properties of one-dimensional holomorphic
functions in the unit disc. We focus our attention on such boundary properties of these
functions which imply their uniqueness. In this aspect Luzin-Privalov theorem [4—6] seems
to be crucial. This theorem refers to a meromorphic function f(z) of the complex variable z
in a simply-connected domain D with rectifiable boundary I'. If f(z) takes angular boundary
values zero on a set £ I of positive Lebesgue measure on I, then f(z) =0 in D. There is
no function meromorphic in D that has infinite angular boundary values on a set £ c T’
of positive measure.

We are going to construct some examples of a holomorphic non-constant function f
for a given E set of measure zero with f=1 on E.

It will turn out that this £ set is a peak set for a proper algebra of holomorphic functions.

We say that a compact set K is a peak set for A(D) if there exists f € A(D) such that

| vi | <1on D\K and f =1on K. Stensones Henriksen has proved [2] that every strictly

pseudoconvex domain with C* boundary in C“ has a peak set with a Hausdorff dimension
2d - 1.

In this paper we give an alternative, even stronger construction for the unit disc. In the
context of the Luzin-Privalov theorem we give the optimal construction for algebra A(D).

Main tool in our construction is the Schwarz kernel.

Let us consider a natural measure 6 on boundary of the unit circle dD. For a given u
which satisfies a Holder condition we use Schwarz integral (see [7, 8]):

t+Zdt
t— zt

Su(z)=—L u(t)

We can easily observe that Su € O(D).
Then the Schwarz integral formula Su defining an analytic function, the boundary values
of whose real part coincide with u. Additionally, the real part of Su is a continuous harmonic

function on D (see [1, The Basic Lemma].

There exists a harmonic function v on D so that Su = u + iv.

However when applying the above integral formula, a very important and more difficult
problem arises concerning the existence and the expression of the boundary values of the
imaginary part v and of the complete function Su by the given boundary values of the real
part u. Still, in some cases we have complete information about v.

If a given function u satisfies a Holder condition, then the corresponding values
of imaginary part v on 0D are expressed by the Hilbert formula (see [3, 1, pp. 45-49]):

v(¢)———L u(t)cot( . sz

The above formula is a singular integral and exists in the Cauchy principal-value sense.

Moreover, if u satisfies a Holder condition then the values of v exist on all ¢ € oD
and satisfy the same Holder condition as u. Now we can recover Su using v in the following
way:
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t+zdt

Su(z) = — L w0

But now the imaginary part of Su is continuous on D, so Su e A(D) if u satisfies
a Holder condition.

2. Peak sets

Lemma 1. Assume that K, D are distinct compact sets in 0D. Then there exists a function
u e C*(0D)sothatu=00onD,u=1onKand 0 <u <1 on dD.

Proof. There exist open arcs [, {e*™ ta; <t<b;} such that K CU:II» and

I,"D=@. In fact we can assume that I, mfj = for i= j. Now there exist functions

u; : 0D —[0,1]€ C*(0D) so thatu,=1 on I, and u,= 0 on D but with distinct supports. It is

enough to define u = Z::] uy.
Theorem 2. Let K be a compact subset of 0D measure zero (o(K) = 0). There exists
a function f € A(D) such that |f| <1lonD\K and f=1on K.
Proof. Let us choose € > 0 and define
D, =1z eaD:viVI;£|z—w| >}

There exists u, € C>*(0D) such that 0 <u < 1,u(2)=0ifz e D andu(z)=1ifz € K.
In particular Su_e A(D) and 0 < RSu, < 1.

Let us choose zeD\K and define §(z,&) := inf,,op,p |z —w|. We can estimate

L l+zdt
D\D, t—z ¢

Let us consider the following compact set:

T,:{zeD: in£|z—w|22’”+2’2”}

_ o@\D,) |t+z| o@D\ D,)

S
|Suy (2)| < o teU(8)|t z| 3(z,¢€)

There exists &, € (0,272") such that o(6D\ D, )< 272" Now let g, = Su, € A(D).

Obviously Rg, =1 on K and 0 <Rg, <I1.

Moreover if z € T, then

o(6D\D, ) - o=2n B
8(z,e,) 2422

—n

g, (2)| <

Now we are able to define g =1+ Z N
ne
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Since U NT” =D\K we can observe that g € O(D)NC(D\K). As 0<Rg, <I and
ne

Rg =1on K we have lim,_, Rg,(z) =oco for we K.
Now we choose f = exp[—lj. Obviously f e OD)n C(D\K).
g

1 Rg Rg

Since R—=—2=—2>0 on Q\ K we may easily observe that 0<|f| <1on Q\K.
g el lel
Additionally due to lim,_,, ﬁ =0 forw € Kwe have f=1on K and f € A(Q).
g(z

Example 3. There exists K < 0D, a compact set with Hausdorff dimension equal one
which is also a peak set for A(D).

Let us consider a sequence of closed distinct intervals 7, = [272"71 272"]. There exists

Cantor set C, c [ with Hausdorf dimension equal - Now we define a compact set
n+

K= {l}ufj{ezmt iteC,}

n=1

in 0D with Hausdorff dimension one and due to Theorem 2 we conclude that K is a peak set
for A(D).
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