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1. Introduction

Distribution-valued functions are a natural and convenient tool in constructing linear
mathematical models for many physics phenomena and solving differential equations.
The spaces of distributions and tempered distributions can be treated as duals to the nuclear
spaces: the space of test functions D(L2) and rapidly decreasing functions S(R")
respectively, which are equipped with inductive limit topology [3, 6]. Usually, continuity
and differentiability of a distribution-valued function is understood in a weak sense, that
is a function 7: M 3 x — T(x) € D'(Q, B) is of class C' if the map M > x — T(x)p € B is
of class C' for any test function ¢ [1, 2, 7, 8].

In this paper, we consider distribution-valued functions which are continuous and
differentiable in a strong sense due to inductive limit topology. We prove that if a distribution-
-valued function is differentiable in the sense of Definition 4.2, then it is differentiable
in the weak sense (Corollary 4.4), the same refers to tempered distribution-valued functions
(Remark 3.2, 3.5, Lemma 5.1). A similar approach was presented in [9] where summable
in a strong sense distribution-valued functions were considered, and with the use of absolutely
continuous distribution-valued functions, solutions to several Cauchy problems (Dirac equation,
Navier-Lamé equation, biparabolic equation) were constructed. On the other hand, in [2]
the parameter product of a distribution and a smooth (in a weak sense) distribution-valued
function is introduced. This kind of product can be use in quantum electrodynamics, but also
in modelling the vibration of a plate with piezoelectric actuators of an arbitrary shape [10].

2. Preliminaries

Let S be a locally convex space and let sn S denote the family of all continuouos
seminorms on S. Assume there is a decreasing sequence of convex balanced subsets of S
that forms a local base in S and let ¢, be the Minkowski functional of the m-th set of some
fixed base of that kind. Then (¢g,), _,, is a seperating family of continuous seminorms on S and
introduces the same topology on S as sn S does.

Let B be a Banach space over a scalar field K (K =R or K = C) and £L(S, B) be the space
of all K-linear continuous mappings S — B. For every p € sn S, let L((S, p), B) be the space
of all linear p-continuous mappings S — B. Let '€ L((S, p), B) and denote

7|, = sup [T(g). (1
p(e)<1

It is well known that £((S, p), B) with the norm (1) is a Banach space. Moreover

(i) ifp,ge snSandp<gqthen |- |p >|- |q and the canonical injection £((S, p), B) —
— L((S, g), B) is continuous,

i) £SB)= | £S.p.8) = J£(S.q,).B).

pesnS m=1
We consider the space £(S, B) endowed with the inductive limit topology with respect
to the family of canonical injections
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L((S, q), B) = L(S, B) 2

for all ¢ € sn &, that is the finest locally convex topology on L£(S, B) such that all the
mappings (2) are continuous. This topology is also determined by the smaller family
of inclusions,

L((S, q,), B) = L(S, B)
form € N.

Example 2.1. Test functions and distributions. Let D(Q2) denote the linear space of infinitely
differentiable functions with compact supports which map Q € top R” into K and let
K < Q be compact. Then D, (L) denotes the subspace of D(£2) which consists of functions

with supports in K. Each D,(Q) is a Fréchet space with the family of seminorms (g,,),—o>

4,(9) =sup sup [D*o(x)

xeQ ‘a‘gm
for all ¢ € D,(Q), where o = («
D% = L
XL oxy

the inductive limit topology in D(Q). The same topology can be obtained using the family

s ---» O) is a multi-index, || = o, + ... + o, and

. The family of maps D, () < D(L2), for all compact K c €2, introduces

DKV () > D(Q2), for an arbitrary sequence (K ) such that Uoil K,=Q, K, cintK ;.

Moreover, for every compact K < € the topology that D, (L) inherits from D(£2) coincides
with the topology of the Fréchet space.

Let D'(Q, B) denote the space of distributions that is the space of all linear continuous
mappings of D(Q) into B. If T’ is a sequence of distributions in D(£2), the statement

T T in D(QB)

refers to the weak'-topology which means that 7 (¢) — T(¢) for every ¢ € D(Q). Observe
that for any fixed compact K < € the family of injections

L((D(2), q,), B) = LID(Q), B)
form =0, 1, 2, ... introduces the inductive limit topology in £(D, (L), B) (comp. (2)). [
Example 2.2. Schwartz functions and tempered distributions. Let S(R") be the space of all
¢ € C~ (R") for which P - D%p is a bounded function, for every polynomial P and for every

multi-index o. It is known that D(R") is dense in S(R”) and S(R") is a Fréchet space with
the family of seminorm

4,(9) = sup sup (1+[x|")" | D“p(x)|

xeR" |a|<m

form =20, 1, 2, ... . Let us remember that a distribution 7' e D'(R", B) is tempered when
it is continuous in topology of S(R"). This is equivalent to the fact that there is the unique

extension T of T'to S(R"). It is customary to identify 7 with its extension 7. Contrary to that,
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we will avoid this identification and denote by the space of tempered distribution D,

and by the space of their extensions into S(R”) L(S(IR"), B) . Consider the family of mappings
L((SR"), g,), B) = L(S(R"), B)
forallm=0,1,2,.... According to (2) it introduces inductive limit topology into the space
L(SR"), B). O
Since the linear map
¢ :L(S,B)>5T—T(p)e B

is continuous for every @ € S, it is clear that the inductive limit topology in £(S, B) is stronger
than the weak’-topology. The following example had been communicated to the author
by K. Holly. It shows that the inductive limit topology in £(S, B) is actually strictly stronger.

Example 2.3. Let K = [0, 1], S= D (R), B = R. Suppose that on the contrary, the inductive
limit topology, denoted by top (D, (R))’, coincides with the weak’-topology in (D (RR))’,
Let (¢,),,, . < D(R) be linearly dense in the Hilbert space L?([0, 1]). Consider the linear
operator

n: (D (R) 5T > (;T(%), —L 7)), ...]elm.
q0(®g) (9p)
Since forany m,n e {0, 1, ...}
1
9,(¢,)

so the map n : (D(R))" — [~ is correctly defined and continuous. Thus
{T & (D (R)) :[n(T)|, <1} € top (D (R))"

We assumed that top (D,(R))’ and the weak’-topology in (D,(R))" coincide, thus there are
Y, ..., Y, € D (R)and &> 0 such that

T(o)|<M-|T], |

N
o=[vi"(-&.6) < {T e (D (R : (1) <1}
i=1

Letfe L¥([0, 1]) be such that | f'|» >0 and f L,,...,y . Define the functional
1
T :De®)> 9~ [ o0/ (¥)dx R
Since
1
VT =T ) = [ v (x)dr =0,

it follows that 7 € o, and consequently RT eo for any R € N. Thus
n(T,)=0. 3)



45

On the other hand there is v € {0, 1, ...} such that @, is not orthogonal to £, for otherwise
(¢,), would not be linearly dense in L*([0, 1]). Thus T, (¢) # 0 and so n(Tf.) # 0 which
contradicts (3). ' ‘ O

3. L(S, B) — valued functions

Let M be an open interval in R. We shall consider mappings of M into L(S, B).

Definition 3.1. 4 mapping T: M — L(S, B) is continuous if there exists a seminorm q € sn S
such that T(x) € L((S, q), B) for all x e M and the mapping T: M — L(S, q), B) is continuous.

It is obvious that a mapping 7 : M — L(S, B) is continuous iff there exists m € N such
that 7(x) € L((S, g, ), B) for all x € M and the mapping T': M — L((S, g,), B) is continuous.
Remark 3.2. If T: M — L(S, B) is continuous, then the map M 3 x — T(x)y € B is continuous

Jforeveryy e S.
Indeed, there is a seminorm ¢ € sn S such that T(x) € L((S, ¢), B) for all x € M and

the map T': M — L((S, q), B) is continuous. Let y € S. Then the operator
Vis.am  L(S.q).B) > B

. . . sk . .
is linear and continuous. Thus ¢ o7 : M — B is continuous and

(W7 o T)(x) =y (T(x)) =T(x)y
forxe M.
Definition 3.3. 4 mapping T : M — L(S, B) is differentiable if there exists a seminorm

q € sn S such that T(x) € L((S, q), B) for all x € M and the mapping T : M — L((S, q), B)
is differentiable.

. . B d o
Let ¢ € sn S be a seminorm from Definition 3.3, then (d_ T J denotes the derivative
i
q

of T: M — L((S, q), B). Suppose that there is another seminorm p € sn S such that
T(x) € L((S, p), B) for all x € M and the mapping 7 : M — L((S, p), B) is differentiable.
Let = max {p, g}. Then r € sn S and L, LS, q), B) = L((S, r), B), L, LS, p), B) >
— L((S, r), B) are linear and continuous. Consequently Lol : M- LS, r), B),
v ol:M— L((S, r), B) are differentiable and v, ol=v ol Thus

d d d d
— oT) = ol —T 1|, — rOT =1,.0° —T1 ,
(o oD = (dx jq D (dx J

(&), (&),

Therefore the derivative of 7: M — L(S, B) does not depend on the choice of a seminorm
in Definition 3.3.

and finally
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Definition 3.4. I[f a map T: M — L(S, B) is differentiable, then its derivative is defined by

dr_(dr )
dx dx
q
Similarly to Remark 3.2 we have

Remark 3.5. If T : M — L(S, B) is differentiable then the map M > x — T(x)y € B
is differentiable for every y € S and

d d
E(T OW)(x) = (a T j Owv

forallxe M.

Theorem 3.6. Let T : M — L(S, B) be differentiable. Additionally consider a Banach space
B, and a locally convex space S,. Assume that a mapping L : L(S, B) — L(S,, B)) is linear
and satisfies the condition

VpesnSIgens LIL(S,p)B) < L(S»q).B) and )
L\ﬁ((s,p),B) LS, p),B) > L((S,,9),B,) is continuous.
Then the map L : L(S, B) = L(S,, B)) is continuous, L o T: M — L(S,, B)) is differentiable
and

i(LoT):LoiT.

dx dx
Proof. To prove the continuity of L : £(S, B) — L(S,, B,), with respect to the inductive
limit topology on L(S, B), it is sufficient to show that for every p € sn S the map
lﬂﬁ((s,p),B) :L((S, p),B) > L(S,,B;) is continuous. Let p € sn S. According to (4)
there is a seminorm g € sn S, such that lﬂﬁ((s 2).B) (L((S, p),B) > L(S,9),B)) is
continuous. Since £(S,, B)) is equipped with the inductive topology, the canonical injection
L(S,, q), B)) = L(S,, B)) is also continuous. Thus L\c((s,p),B) 1 L((S, p),B) > L(S,B)

is continuous.
Assume now that 7 : M — L(S, B) is differentiable. Let p € sn S be such that
T(x) € L((S, p), B) forevery x € M and T: M — L((S, p), B) is differentiable. On account

of (4) there is ¢ € sn S, such that LM((s,p),B) :L((S, p),B) > L(S5,9),B,) is linear and

continuous. Hence lﬂ cs.pnp ol M — L((S,,9),B,) is differentiable and

d d d
= (LeT), = T Les.p ° T = Legs.ps) ET'

Note that if /: S, — §'is linear and continuous then its transpose
F:L(S,B)y>T—ToFe L(S, B) 5)
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satisfies (4). Indeed, for any p € sn Sthereis ¢ = p o F'e sn S, such that F'(L((S, p), B))

:L((S, p),B) > L(S;,9),B) is a continuous

< L(S,. 9). B) and the restriction Fy s ) )

map between Banach spaces.
On the other hand, if L : B — B, is linear and continuous then the map

‘L:L(S,B)>T— LoTe L(S,B) (6)

satisfies (4). Indeed for every p € sn S the map *L\L((s,p),g) LS, p),B) > L(S, p),B)

is continuous. In particular, for L(7) = AT, A € K we have

Corollary 3.7. If T: M — L(S, B) is differentiable then LT is also differentiable and
Lom=r<Lr
dx dx

It is also clear that

Proposition 3.8. If T, T, : M — L(S, B) are differentiable then T, + T, is also differentiable
and

d d_ d
ST +T)=—T +—T,.
Z(1 2) dxl dx 2

4. Distribution-valued functions

Let us consider a function 7: M > x +— T(x) € D'(, B).

Definition 4.1. A map T : M — D' (Q, B) is continuous if for any compact K < Q the map
Ty :M>3x— T(x)‘DK(Q) € L(Dg (), B)

is continuous.

We shall write T(x), for T (x)‘DK(Q).
Definition 4.2. A mapping T : M — D' (Q, B) is differentiable if for any compact K < Q
the map

Ty M3 x—T(x)g € L(D(Q),B)

is differentiable, and

(% Tj(x)@ - [% TKj(x)cp )

forsupppc K,xe M.

The following lemma ensures that the definition is meaningful and that the derivative
ofamap 7: M — D'(Q, B) is a distribution-valued function.
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Lemma 4.3. For any compact K|, K,  Q if ¢ € Dy (Q) "Dy () then

d d
(E Ty, ](x)cp = (E Ty, )(X)cp-
d '
Moreover d_T (x) e D'(QQ, B) for everyx e M.
X
Proof. Let x € M, K|, K, < Q be compact and ¢ € Dy ()N Dy (€2). Since maps

0 :L'(DK‘_ (Q),B)>T (x)KI —T (x)Ki(peB are linear and continuous for i = 1, 2 and

(01" Ty )(X) =T (x)g, @ (93 oTg )x)=T(x)g, ¢, and both these maps M — B are
differentiable. From Remark 3.5

d d d d
E(‘M OTKI)(X):(aTKIJ(x)(Pa a(‘Pz OTKz)(x):(aTsz(x)(p’

hence

d d
(E Ty, ](x)@ 2 (E Ty, )(x)cp-
This proves that the relation given by (7) is a function on the domain D(Q) =
=U{D (Q): K = Q,K-compact}. The linearity and continuity of (% Tj(x) :D(Q)—> B

is obvious. O
From the above proof it follows that

Corollary 44. If T : M — D'(Q, B) is differentiable then for every ¢ € D(Q) the map
M > x — T(x)¢ € K is differentiable and, for every x € M

d d
= (TOe)(x) = (E T (X)j .

Remark 4.5.If T,, T, : M — D' (Q, B) are differentiable and ., A, € K, then A, T, + AT,
is also differentiable and

d d d
— ML +AT)) =0 —T, +A, —T,,.
dx(ll 1) N IR

Consider now additionally Q, € topR™, n, €N, and a Banach space B,.

Theorem 4.6. Let T : M — D' (Q, B) be differentiable. Suppose that a linear mapping
L:D'(Q, B) = D'(R,, B)) satisfies the condition:
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Jor any compact K < Q| there is a compact Z < Q and a linear map L, : L(D[(L2), B) —
L(D (L)), B)) that satisfies condition (4) and the diagram
L
LD, (@).B) > L(Dg().B)

vy 1 T ®)

L

D'(Q, B) - D'(Q,,B)

commutes.
Then the map L o T : M — D'(,, B)) is differentiable and for any x € M

d d
(LTI = L(a T(x)j.

Proof. Let K be a compact in £,. Due to (8) there exists a compact Z — Q and amap L, .
Since T: M — D'(L, B) is differentiable, the map T, : M — L(D (L), B) is differentiable.
We now apply Theorem 3.6 for S = D (Q), S, = D (L)), and deduce that L, o T, : M —
— L(D(Q)), B)) is differentiable and for every x € M

d d
— (L, oT )Nx)=L —T,(x) |.
o Lk 2 T7)() ZK(dx z( ))
As the diagram is commutative we get Ly, ot =iy oL, and so
Ly oT,; =Ly otyoT =1y oLoT =(LoT)g.
In consequence L o T': M — D'(£2,, B)) is differentiable. Moreover, for every x € M

d d d
E(L o)k (x) = a (Lzg oT7)(x) = Ly (a T, (x)j

hy, [%@ o T)(x)j Ly OL*Z)[% T(x)j

“ony L |=[ [ L
=(gol) (E T(x)j = [L ( o T(x)DK .
O

Observe that with any linear and continuous operator L : B — B, we may associate
the linear operator

L:D'(Q,B)>T— LoTe D'(Q,B)
(compare (6)). It is clear that for every compact K c Q the diagram
LO@.B) S LD@.8)
e T Ty
DB 5 DQB)

commutes, where (“L)g : L(Dy (Q),B)> T+ LoT € L(Dx (), B,). So we have



50

Corollary 4.7. If an operator L : B — B, is linear and continuous then "L : D'(Q, B) 5 T'+—
— Lo Te D'(Q, B)) satisfies condition (8).

On the other hand, with a linear continuous operator /' : D(€2,) — D(L2) we may associate
its linear transpose

F*:D'(Q,B)>T—ToFe D'(Q,B)

(compare (5)). The following lemma had been communicated to the author by K. Holly.
It indicates a wide class of operators that satisfy (8).

Lemma 4.8. Let I : D(QQ)) — D(Q) be linear and continuous. For every compact K < €,
there is a compact Z < Q such that F(D /(L)) < D/[Q), the restriction Fy :F\DK(Q])
is a continuous map of the Frechét spaces D (Q,), D (S2), and the diagram

(Fx)

L(D,(2),B) - L(Dy (€2)),B)
o1 o
D'(Q,B) i) D'(Q,,B)

commutes.
Proof. Let F' : D(Q)) — D(L2) be linear and continuous and K < €, be compact.

We put Z =U¢€DK(QI){F (@) #0} (the closure in R”). Suppose that, contrary to our
claim, either Z is not a subset of Q or Z is not compact. Then there is a sequence
(2,)yen CUQEDK(QI){F (p) #0} which contains no subsequence convergent in €. Let
ve N. Thereis ¢ € D)) such thatz € {F(9 )+ 0}. Then ¢ # 0 and g, (¢ )> 0 for any
norm g, in D,(Q,), m € N. Therefore

1o

v 9,(0)

is correctly defined for v € N and y, — 0 in (D,(Q)), g,) for any m € N. Thus y, — 0
in the Frechét space D, () and consequently F(y) — 0 in D(Q). In particular it

v

means that there is a compact set D < Q such that U, y{F(y,)# 0} = D. However

{Fly) # 0} = {F(¢) # 0} for any v € N. Hence (z,),.y €D and (z,),.y contains
a subsequence which is convergent in €. This leads to a contradiction. Therefore Z is
compact and Z < Q. Clearly F(D(£2))) € D(£), and F : D () — D (Q) is continuous.
O

Corollary 4.9. If F: D(Q)) = D(Q) is linear and continuous, then F* : D'(Q, B) > T +
— T o Fe D'(Q, B) satisfies condition (8).

Let us recall that if A € D'(Q, B), o is a multi-index, then D*A € D' (€2, B) and for any
9 e D)

(D*A)g = (=) | A(D%p).
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Proposition 4.10. Let T : M — D' (Q, B) be differentiable and o. € N". Then the map
D*T: M > x — D*T(x) € D'(Q, B) is differentiable and for every x € M

d am ol d
= D*T(x)=D (de(x)j.

Proof. The operator F : D(Q) > ¢ — (—1)*D% € D(Q) is linear, continuous and its
transpose is of the form
F':D'(Q,B)> T'— D*Te D'(Q, B).

Due to Corollary 4.9. F" satisfies condition (8) and, according to Theorem 4.6, F* o T: M —
— D'(Q, B) is differentiable and for every x € M

d d d d

—(D*T)(x)=—(F" oT)x)=F"| —T =D* —T(x)|.

(O = —( )(x) ( - (X)j ( = (X)j

Recall also that if A € D'(Q, B) and n : Q — K is a smooth function, g : Q — Q
is a smooth diffeomorphism, then NA, A o g are distributions on D(Q), D(L2)), respectively,
and

MA)e=AMme) for ¢eDQ),
(Aog)o=|dete™|Alpog™) for peD@,).
Thus, similarly to Proposition 4.10, we obtain

Proposition 4.11. Let T : M — D' (Q, B) be differentiable. Consider a smooth function
N : Q — K and a smooth diffeomorphism g : 2, — Q on an open set L. Then the mappings:
NT:M>x—mn-T(x)e D'(Q,B), Tog:M>x— T(x) o ge D'(Q, B) are differentiable
and for every x € M

d d
E(n~T)(x)—n~ET(x),

d d
S Teg)) = T()eg.

It is known that every locally summable function « defines a distribution, called regular
distribution, denoted by [u],

[u]o = I u(x)op(x)dx for e D).
Q
For h € D(R") and A € D'(R", B), the convolution /4 * A is well defined by the formula
(h=A)(x)=A(t h) for xeR",

where T,0(y) = ¢(x — y). Moreover, i*A e C*(R") and D*(h*A)=(D"h)* A =h*D"A.
For arbitrary fixed & € D(R") take

F:DR")>¢— ¢*heDR"),
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where fz( y)=h(-y) for y e R”. Its transpose is of the form

F*:D'R",B)3A—[h*Ale D'(R",B),
and satisfies (8), thus according to Theorem 4.6 we obtain

Proposition 4.12. Let T: M — D'(R", B) be differentiable and h € D(R"). Then the mapping
[h*T]:M>xw— [h-T(x)] € D'(Q, B) is differentiable and for every x € M

d d
a[h T)(x)= [h ET(x)}.

5. Tempered distribution-valued functions

Now turn to functions with values in the space of tempered distributions.

Lemma 5.1. Consider a map T:M — D, such that T:M>x— T(x)e L(S@R"),B)

emp

is differentiable. Then T : M — D' (R", B) is differentiable and %T(x)c%ﬁx).

d
In particular, the distribution d_T (x) is tempered for any x € M.
i

Proof. Let K ¢ R” be a compact. Then the injection F* : D (R") — S(R") is linear
and continuous, thus the map F*:L(S(R"),B)>T — ToF € L(Dx(R"),B) satisfies

condition (4) and from Theorem 3.6 the map F*oT : M — L(Dy (R™),B) is differentiable
and for any x € M

d P A * i_
E(F oT)x)=F (de(x)j.

Therefore the mapping Ty = F*oT : M — L(Dy (R"), B) is differentiable for any compact
K c R and from Definition 4.2, T: M — D'(R", B) is differentiable. Moreover for any x € M
d d——
[a Ty j (x) = ET(X)‘DK(]R”)‘
O
Now we are in the position to consider tempered distribution-valued functions.

Definition 5.2. 4 mapping T:M — D,

emp IS continuous iff  the mapping

T :M5x— T(x)e LSR"),B) is continuous.
Definition 53. 4 map T:M — D,

temp

T:M5>x— T(x)e L(S(R™),B) is differentiable. Moreover, for any x € M

is differentiable iff the mapping
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d d —
—T(x)=—T(x).
= (x) = (x)
Similarly to the Proposition 4.10, but using now Theorem 3.6 we have

Proposition 5.4. Let T: M — D, .., be differentiable and o. € N". Then

temp

DT : M > x— D°T(x) € Dy, is differentiable and for any x € M

emp

af d d T
D (ET(X)jCE(D T(x)).

Recall that if A eDyg,,,, n:R" > K is a smooth function which is polynominally

bounded together with all its derivatives, then nA € D;

temp

and for any ¢ € S(R")

nA(9) = A(g).

Consider F(9) =no for @ € S(R”). Then F" satisfies condition (4), and from Theorem 3.6
we obtain

Proposition 5.5. Let T:M — Dy,,, be differentiable and  : R" — K be a smooth
Sfunction which is polynominally bounded together with all is derivatives. Then
NT:M>x—n-T(x)e Dy, is differentiable and for any x e M

emp
d d ———
| —T(x) |c—M - T(x)).
n(dx ()j dx(n (x))
Similarly, taking F(¢) = ¢*h, where h(y)=h(-y) for ¢ € S(R"), we have
Proposition 5.6. Let T:M — Dt’emp be differentiable and h € SR"). Then
[A*T]: M >3 x—[h-T(x)]€ Dy, is differentiable and for any x € M

temp

d d ————
{h [E T(X)ﬂ c E([h T(x)D.
Let F: S(R") — S(R") denote Fourier transform, Fo(§) = $(&) =

=(2m) 2 J.]R” =7 o(y)dy for y e R". Recall that if A € D,

temp

then FA € D)/

femnp and

— — A
FA(@) = A(9)
for ¢ € S(R").
Proposition 5.7. Let T: M 5 x — T(x) € Dy, be differentiable. Then
FT:M>x— F(T(x))e Dt'emp is differentiable and for any x € M
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d d ———
}_(ET()C)) c E(]—"(T(x))).

Proof. Consider the operator F: S(R")> ¢ — $ e S(R™). 1t is linear and continuous,

so F*:L(SR"),B)— L(S(R"),B), where F*(A)=FA for AeD,

According to

temp *

Theorem 3.6 the map F*T : M — L(S(R"), B) is differentiable, but

(F*T)(x)9 = T(x)(®) = F(T(x) o

for ¢ € S(R"), x € M. Consequently, M 5 x — F(T(x)) € Dt'emp is differentiable and

d d ———
F [5 T(x)J = E(f (T (x))).
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