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megnesów na momenty zaczepowe W Silnikach 

Synchronicznych Z magnesami Trwałymi 

A b s t r a c t 

Two-phase permanent magnet synchronous motors are discussed in this paper and the influence 
of the magnet sizes on cogging torque (CT) is explored. The cogging torque has been calculated 
using ANSYS/Maxwell software. In more detail, influences of the magnet size, their positio-
ning and orientation to the CT in two basic rotor types were studied. The cogging torque wa-
veform for critical dimensions has been considered using the FFT analysis. The first rotor type 
is with semi-arc shaped magnets located on the rotor surface. The second motor type features 
magnets embedded in its rotor. The shape of the stator magnetic circuit has been predetermined.
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S t r e s z c z e n i e 

W artykule omawiane są dwufazowe silniki synchroniczne z magnesami trwałymi oraz analizo
wany jest wpływ rozmiarów magnesów na momenty zaczepowe. Momenty zaczepowe zosta-
ły obliczone za pomocą oprogramowania ANSYS/Maxwell. W szczególności rozpatrywany 
jest wpływ rozmiaru magnesów, ich ustawienia i orientacji na momenty zaczepowe dla dwóch 
podstawowych typów wirników. Kształt momentów zaczepowych dla krytycznych rozmiarów 
został przeanalizowany z użyciem analizy FFT. Pierwszy analizowany typ wirnika zawiera 
wygięte magnesy zlokalizowane na powierzchni wirnika. Drugi typ silnika zawiera magnesy 
wbudowane w wirnik. Kształt obwodu magnetycznego stojana został z góry określony.

Słowa kluczowe: momenty zaczepowe, silniki synchroniczne z magnesami trwałymi, dwufazowe 
silniki 
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1. Introduction 

In recent years, the utilisation of permanent magnet synchronous motors has dramatically 
increased. The advantage of excitation with permanent magnets (PM) is the resulting absence 
of Joule losses in excitation and especially the elimination of sliding contact. The disadvan-
tage is that excitation is uncontrollable and the recently increasing price of magnets presents 
an issue as well. 

Analysed in the present article is a two-phase two-pole motor with permanent magnets 
(NdFeB, Hc = –849 000 A/m, Br = 1.125 T). A ready-made stator stack has been used. The 
shape and number of stator slots could not be changed.

2. Permanent Magnet Synchronous Motor 

In the steady state, behaviour of a two-phase synchronous machine can be described by 
use of the equations below:

	 U I I I U1 1 1 1 1= + + +R X Xd d q q fj j 	 (1)

	 I I I1 1 1= +d q  	 (2)

where:
R1 	 – phase resistance, 
Xd 	 – d-axis synchronous reactance, 
Xq 	 – q-axis synchronous reactance, 
U1 	 – input voltage, 
I1 	 – one phase current, 
I1d and I1q 	– d and q axis stator currents, 
Uf 	 – voltage (EMF) induced by magnetic excitation flux of the rotor. 

Phasor diagrams of over-excited and under-excited motors are presented in Fig. 1. The 
equations clearly imply induced voltage Uf of the synchronous machine influences on its 
behaviour. This depends on the number of turns and the arrangement of the stator winding as 
well as on the arrangement and size of magnets. 

Moreover, the placement of magnets affects the reactance Xd and Xq.
For the PMSM electromagnetic torque, it holds that:
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where: 
U1 	 – the effective values of phase voltage,
Uf 	 – the voltage induced by excitation, 
θ 	 – the loading angle [2],
Te 	 – the electromagnetic torque that neglects CT.
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3. Dynamic Model of PMSM

The d-q dynamic model is expressed in a  rotating frame that moves at a  synchronous 
speed ωr. The general equation of PMSM working as a motor is as follows:

	
d
d
i
t

u
L

Ri
L

L
L

p id d

d

d

d

q

d
r q= − + ω 	 (4)

	
d
d
i
t

u
L

Ri
L

L
L

p i p
L

q q

q

q

q

d

q
r d

r

q

= − + −ω
ω

Φ  	 (5)

	 T p i L L i ie q d q d q= + − 
3
2

Φ ( )  	 (6)

where: 
id and iq 	 – the d and q axis stator currents, 
Ld and Lq 	 – the d and q axis inductances, 
ud and uq 	 – the d and q axis stator voltages, 
R 	 – phase resistance, 
p 	 – the number of pole pairs,
ωr 	 – the rotor angular speed, 
Φ 	 – excitation flux created by the PM. 

Electromagnet torque with considered CT is:

	 Te´ = Te + Tc	 (7)

Tc – depends on stator/rotor angular position.

a)

Fig. 1. Phasor diagrams of PMSM, a) over-excited motor, b) under-excited motor

b)
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ANSYS/Maxwell simulation explored the impact of the permanent magnet volumes and 
arrangement on the cogging torque. Two types of design were chosen, with both motors be-
ing two-pole versions. 

Type A has rotor surface-mounted magnets. The magnets are semi-arc shaped (rotor sur-
face-mounted magnets). With this type, it can be anticipated that the reactance Xd and Xq are 
identical.

Type B has two poles made of six magnets embedded in the rotor (Fig. 2). The width, 
thickness and angles among the magnets of one pole were altered.

a) b)

Fig. 2. Design types explored: a) A – motor with rotor surface-mounted magnets, b) B – motor with 
tangentially embedded magnets.  

Dimension of rotor: Drot = 55 mm, rotor length = 26 mm, air gap = 0.5 mm

4. Impact of the Magnet Geometry upon Cogging Torque

When designing 2-pole and 2-phase synchronous motors with permanent magnets, the 
cogging torque (CT) issue is emerging as more seriously than in the three-phase machines 
with PM. In this case, the situation becomes worse due to the fact that the magnetic circuit of 
the stator cannot be changed. The stator has a concentric winding.

The oscillation frequency of the cogging torque depends on the number of slots and is 
given by the following equation [2]:

	
f z

p
fc = ⋅1

	
(8)

where:
z1 – the number of stator slots, z1= 24,
p – the number of pole pairs,
f – the input frequency, f = 50 Hz.
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Analytical methods for calculating the cogging torque usually neglect the magnetic flux 
through the stator slot and the saturation of the magnetic circuit. The cogging torque can 
be computed by the derivative of magnetic energy W produced by permanent magnets with 
respect to the rotor position angle α:

	
T W

c =
d
dα 	

(9)

Upon adjustment and introduction of coordinate x that represents the air gap length, we 
have arrived at the equation below: 

	
T D W
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2
out d

d 	
(10)

where α = 2x/D2uot. It is anticipated that the rotor outer diameter is roughly equal to the stator 
inner diameter D2out ≈ D1in.

In addition to fc frequency in the timeline of the CT frequencies that are related to the 
arrangement of magnets can be found.

The waveform of CT can be, if disregarded is saturation of the magnetic circuitry, de-
scribed by equation [5]:
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where:
z1 	 – the number of stator slots,
Mk 	 – the related harmonic’s amplitude,
ϕk 	 – the phase shift of the respective harmonic,
α 	 – the rotor position.

The cogging torque can by minimised by a proper design [2]. Measures taken in the motor 
design to minimise the torque ripple include:

•	 elimination of stator slots,
•	 skewed slots,
•	 special shape slots and stator laminations,
•	 selection of the number of stator slots with respect to the number of poles,
•	 decentred magnets,
•	 skewed magnets,
•	 shifted magnet segments,
•	 selection of width,
•	 direction-dependent magnetization of permanent magnets.

ANSYS/Maxwell 2D cogging torque was calculated for the given magnetic circuit of the 
stator, for two principal rotor types (types A and B; Fig. 2), and for various shapes of magnets.
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In type A, which has two arched magnets on the surface of the rotor, the thickness (HM) 
and also the magnet central angle represented by the pole embrace were changed. Pole 
embrace = 1 corresponds to a central angle of 180° and a pole embrace = 0.5 corresponds 
to 90°.

In type B, which is made of 6 magnets forming 2 poles, the magnet thickness (HM), mag-
net width (SM), and arrangement of magnets that was characterised by the angle between one 
pole magnets were changed. (Fig. 2b).

In both cases, the magnet length equals the length of the magnetic circuit.

Type A
The dependence of CT from pole embrace is shown in Fig. 3. Multiples of the groove 

spacing (slot pitch) are represented by the dashed line. The smallest values and the minimum 
CT are for:

	 Pole embrace ≈ (π – k2π/z1+αod)/π	 (12)

where:
2π/z1 	– slot pitch in degrees (2π/z1 = 15°), 
k 	 – integer (k = <1.5>), 
αod 	 – corresponds to 1/4 of the angle corresponding with the slot opening.

Fig. 3. Average value of absolute values of CT as depending on the pole embrace  
(HM-thicknesses of magnets)

The smallest CT value can be seen with pole embrace = 0.59. This corresponds with the 
magnet central angle of 106.2°. Different content of higher harmonics in the cogging torque 
waveform can be for selected pole embrace seen in Fig. 4. Prevailing in local max values is 
the frequency of 1200 Hz (equation (6)).
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Fig. 4. Cogging torque as a function of time for different pole embrace. Rotor speed = 3000 rpm (pole 
embrace: 0.54, 0.59,0.635, 0.675, 0.72, 0.82)

Type B
In this motor type, each pole is composed of three magnets. They were placed in a sym-

metrical distribution, the angle between the magnets being 60°. Analysis has shown that the 
arrangement of magnets has significant impact on the cogging torque, and that there exists an 
angle at which is the cogging torque minimal. CT average value (avgabs[CT]), as depending 
on the angle between magnets, is shown in Fig. 6. The parameters are the magnet widths 
(SM) and thicknesses (HM), respectively. The curves show the minimum for the angle of 
55°. It is the angle between two magnets of one and the same pole.

The CT waveform dramatically changes with angles to the left and to the right of the 
minimum. The CT time waveforms for angles of 53°, 55°, and 57° for magnet thicknesses of 
3 mm–s and for magnet widths of 18 mm and 19 mm, respectively, are shown in Fig. 7.

The distribution of individual harmonics can be seen in the harmonic analysis shown in 
Fig. 8. Prevailing are multiples of 1200 Hz. The 1200 Hz frequency is given by the number 
of slots (equation (8)).
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Fig. 5. Harmonic components of the waveform (mag(CT)) given in Fig. 4 (pole embrace: 0.54, 0.59, 
0.635, 0.675, 0.72, 0.82)

Fig. 6. The average value of the CT (absolute values) depending on the angle between PM (HM – 
heights of magnets, SM – widths of magnets)
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Fig. 7. Cogging torque as function of time for different width of PM and the angle between PM. Rotor 
speed = 3000 rpm

5. Conclusions

This paper has demonstrated cogging torque dependencies upon the dimensions and geo
metry of placement of magnets. Fourier analysis of CT waveforms shows a changing spec-
trum that changes with the arrangement of magnets. Prevailing in both cases are frequencies 
of fc = 1200 Hz that are determined by the number of slots, and also multiples of fc. In areas 
with a minimum value of CT, these frequencies are significantly suppressed. 

Better results, while decreasing cogging torque, can be reached by the skewing of mag-
nets or by the skewing of stator slots. This issue has been resolved although it was not dis-
cussed in this article. 
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Fig. 8. Harmonic components of the waveform (mag(CT)) given in Fig. 7
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