TECHNICAL TRANSACTIONS | CZASOPISMO TECHNICZNE
FUNDAMENTAL SCIENCES | NAUKI PODSTAWOWE

2-NP/2014

GRZEGORZ GANCARZEWICZ*

GRAPHS WITH EVERY PATH OF LENGTH k£ IN A
HAMILTONIAN CYCLE

GRAFY Z DOWOLNA SCIEZKA DEUGOSCI k ZAWARTA
W PEWNYM CYKLU HAMILTONOWSKIM

Abstract
In this paper we prove that if G is a (k + 2)-connected graph on n > 3 vertices satisfying
Pn+k) :
k
de(ay) =2 = max{d(@),d@)} > "L

for each pair of vertices  and y in G, then any path S C G of length k is contained in a
hamiltonian cycle of G.
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Streszczenie

W pracy udowodniono, ze W (k + 2)-spéjnym grafie G o n > 3 wierzcholkach, ktory spelnia
warunek P(n + k) :
n+k
2
dla dowolnej pary wierzcholtkéw x i y, kazda $ciezka S C G dlugosci k jest zawrta w pewnym
cyklu hamiltonowskim grafu G.

d(z,y) =2 = max{d(z),d(y)} =
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1. Introduction

We consider only finite graphs without loops and multiple edges. By V or V(G) we
denote the vertex set of the graph G and respectively by E or E(G), the edge set of
G. By d,(G) or d(z), we denote the degree of a vertex x in the graph G and by d(z,y)
or dg(z,y), the distance between x and y in G.

Definition 1.1 (cf [10]). Let k, s1, ... s¢ be positive integers. We call S a path system
of length k, if the connected components of S are paths:

1. 1.1 1
P TET -+ Ty,

. £
P TOXY - Ty,

and Zle si=k.

Let S be a path system of length & and let € V(S). We shall call x an internal
vertezx if x is an internal vertex (cf [3]) in one of the paths P!, ... P’.

If ¢ denotes the number of internal vertices in a path system S of length k& then
0<q¢<k—1.If g=0, then S is a k-matching (i.e. a set of k independent edges).

Let H be a subgraph of G. By G'\ H we denote the graph obtained from G by the
deletion of the edges of H.

Definition 1.2. The graph F' is said to be an H-edge cut-set of G if F C E(H) and
G\ F is not connected.

Definition 1.3. The graph F is said to be a minimal H-edge cut-set of G if F' is an
H-edge cut-set of G which has no proper subset being an edge cut-set of G.

Definition 1.4 (cf [7]). Let G be a graph on n > 3 vertices and k > 0. G is k-edge-
hamiltonian if for every path system P of length at most k there exists a hamiltonian
cycle of G containing P.

Let G be a graph and H C G a subgraph of G. For a vertex x € V(G), we define
the set Ng(x) = {y € V(H) : 2y € E(G)}. Let H and D be two subgraphs of G.
E(D,H) = {2y € E(G) : x € V(D) and y € V(H)}. For a set of vertices A of a graph
G, we define the graph G(A) as the subgraph induced in G by A. In the proof, we
will only use oriented cycles and paths. Let C' be a cycle and = € V(C'), then =~ is
the predecessor of x and z7T is its successor.

Definition 1.5 (cf [2]). Let W be a property defined for all graphs of order n and let
k be a non-negative integer. The property W is said to be k-stable if whenever G + xy
has property W and d(z) + d(y) > k then G itself has property W.
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J.A. Bondy and V. Chvatal [2] proved the following theorem, which we shall need
in the proof of our main result:

Theorem 1.1. Let n and k be positive integers with k < n— 3. Then the property
of being k-edge-hamiltonian is (n + k)-stable.

In 1960, O. Ore [9] proved the following:

Theorem 1.2. Let G be a graph on n > 3 vertices. If for all nonadjacent vertices
z,y € V(G) we have
d(z) +d(y) = n

then G is hamiltonian.
Geng-Hua Fan [4] has shown:

Theorem 1.3. Let G be a 2-connected graph on n > 3 vertices. If G satisfies

P(n): d(z,y) =2 = max{d(z),d(y)} > g

for each pair of vertices x and y in G, then G is hamiltonian.

The condition for degree sum in Theorem 1.2 is called an Ore condition or an Ore
type condition for graph G and the condition P(k) is called a Fan condition or a Fan
type condition for graph G.

Later, many Fan type theorems and Ore type theorems are shown.

Now we shall present Las Vergnas [8] condition £, s .

Definition 1.6. Let G be graph on n > 2 vertices and let s be an integer such
that 0 < s < n. G satisfies Las Vergnas condition L, s if there is an arrangement

T1,...,%y of vertices of G such that for all i,j if
1<i<j<n,i+jz2n—s, zz; ¢E(G),
d(z;) <i+sand d(z;) <j+s—1

then d(z;) + d(z;) > n+s.
Las Vergnas [8] proved the following theorem:

Theorem 1.4. Let G be a graph on n > 3 vertices and let 0 < s <n—1. If G
satisfies L,, s then G is s-edge hamiltonian.

Note that condition £,, s is weaker than Ore condition.

Later Skupieri and Wojda proved that the condition £, , is sufficient for a graph
to have a stronger property (for details see [10]). Wojda [11] proved the following Ore
type theorem:
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Theorem 1.5. Let G be a graph on n > 3 wvertices, such that for every pair of
nonadjacent vertices x and y

d(x) + d(y) > 4”3_ 1

Then every matching of G lies in a hamiltonian cycle.
In 1996, G. Gancarzewicz and A. P. Wojda proved the following Fan type theorem:

Theorem 1.6. Let G be a 3-connected graph of order n > 3 and let M be a
k-matching in G. If G satisfies P(n + k) :

n+k

d(z,y) =2 = max{d(z),d(y)} > 5

for each pair of vertices x and y in G, then M lies in a hamiltonian cycle of G or G
has a minimal odd M -edge cut-set.

In this paper we find a Fan type condition under which every path of length k in
a graph G lies in a hamiltonian cycle.
For notation and terminology not defined above a good reference should be [3].

2. Result

Theorem 2.1. Let G be a graph on n = 3 vertices and let S be a path of length
k in G. If the graph G is l-connected, where | = min{k + 2, n — 1} and satisfies
P(n+k) :
n+k
2

for each pair of vertices x and y € V(G), then S lies in a hamiltonian cycle of G.

d(z,y) =2 = max{d(z),d(y)} > (2.1)

Note that 1 < £ < n — 1 and since an (n — 1)-connected graph of order n is a
complete graph K,, which is obviously k-edge hamiltonian for any k the result is
interesting when k < n — 3.

For k =1, the path S is a 1-matching and we have a special case of Theorem 1.6
(the graph is 3-connected, so in this case we can not have a minimal S-edge cut set).

Unfortunately, in Theorem 2.1 we can not decrease the connectivity of graph G.
We can consider a vertex x and a complete graph K,,, m > 3. In the complete graph
K,, we choose a path S : s1...sky1 of length £ = m — 2. There is only one vertex
y € K,, not contained in S.

Let G be a graph of order n = m + 1 obtained from two complete graphs K; = {z}
and K, by adding edges zs;, for ¢ € {1,...,k+ 1} The path S is a path of length &
contained in G which is not contained in any hamiltonian cycle of the (k+1)-connected
graph G, see Figure (1).
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e——e edge from the path S.

Fig. 1: A (k + 1)-connected graph G with no hamiltonian cycle through the path S :
S1 ... Sk+1-

Note that we can replace the vertex x by a complete graph K,, ¢ > k+ 1. Let
{z1,...,2k+1} C V(K;) and let G be a graph of order n = m + [ obtained from two
complete graphs Ky and K, by adding edges x;s;, for i € {1,...,k+ 1} The path S
is a path of length k contained in G which is not contained in any hamiltonian cycle
of the (k 4 1)-connected graph G, see Figure (2).

3. Proof

Proof of Theorem 2.1:
Take G and S as in the assumptions of Theorem 2.1.
Consider the nonempty set

A= {2z e V(C): dol(C) > ”‘2”‘“}.

Note that if z and y are nonadjacent vertices of A, then the graph obtained from G
by the addition of the edge zy also satisfies the assumptions of the theorem. Therefore,
and by Theorem 1.1 we may assume that:

zy € E(G) forany z,y€ A andz#y. (3.1)

By (3.1), A induces a complete subgraph G(A) of the graph G.

In fact, since the property of being k-edge-hamiltonian is (n + k)-stable, we can
replace G with its (n + k)-closure.

Let G 4 be a graph obtained from G by deletion of vertices of the graph G(A) (i.e.
vertices from the set A).

Now take D, a connected component of the graph G 4.
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e——e ecdge from the path S.

Fig. 2: A (k + 1)-connected graph G with no hamiltonian cycle through the path S :
S1...Sk+1-

Suppose that there exist two nonadjacent vertices in D. Since D is connected, we
have two vertices z and y in D such that dg(z,y) = 2 and by the assumption that G
satisfies P(n + k), we have x € A or y € A, which is a contradiction.

We have proved that every component of G 4 is a complete graph K, , ¢ € I, joined
with G(A) by at least k + 2 edges.

Claim 3.1. If K,,,K,, € {K,}.,er are such that vy # t1, then:

N(K,,) N N(K,,) = 0. (3.2)

Proof of Claim 3.1:
Suppose that N(K,,) N N(K,,) # 0. Then we have a vertex y € K,, and a vertex
y € K,, such that dg(y,y’) = 2 and by P(n + k) either y € A or y’ € A. This
contradicts the fact that K,, and K,, are two connected components of G 4 .
O

We have shown that the graph G consists of a complete graph G(A) and of a family
of complete components {K,},cr, of G 4, which do not have common neighbors in
G(A).

Since G is (k + 2)-connected, we have the following:

Claim 3.2. Every component {K,},cr, is joined with G(A) by at least three edges
such that end vertices of these edges are not internal vertices of the path S.
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We label vertices of path S : s1s5...5¢Sk+1 -

Graph G consists of complete graph G(A) and disjoined complete graphs {K, },c1,
joined with G(A) by at least three edges such that end vertices of these edges are not
internal vertices of path S.

Firstly we consider the case when path S is contained in one complete graph (i.e.
G(A) or one graph K,, € {K,},cr). In this case, by Claim3.2 we have a hamiltonian
cycle through S.

Now we assume that S is not contained in the complete graph G(A) or one graph
K,, € {K,},er and we can now define a cycle C C G containing the path S and all
vertices of G(A).

We shall consider four cases:

1. Both end vertices of S are in G(A) i.e. s1, sp+1 € G(A).
2. Both end vertices of S are in the same component K, of G 4 i.e. s1, sp41 € K,.

3. End vertices of S are in different components of G 4 i.e. s1 € K, , sp1 € K, ,
K, , K,, € {K,},er are such that ¢; # ts.

4. One end vertex of S is in G(A) and the other end vertex is in a component K,
of G 4. In this case, we can assume without loss of generality that s; € G(A)
and sx41 € K,.

It C C G isacyclein G, then by Gy, \ ¢ we denote a graph obtained from G by
deletion of vertices of cycle C.

Case 1: Both end vertices of S are in G(A) i.e. s1, sg+1 € G(A).

Note that even in this case, path S may pass through some components K, creating
a kind of ears of the complete graph G(A), on every incident graph K,. We can find
an example of such ears on Figure (3).

Since G(A) is a complete graph we have a cycle C' containing the path S and all
vertices of G(A) performing the following conditions:
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[ .
L

e——e edge from the path S.

Fig. 3: Example of ears of the graph G(A).

e ( contains all edges of E(S) N E(G(A)) and all vertices of A. (3.3)

e If K,, and K, are two different components of Gy, \C then (3.4)
N(KL0> mN(KL1> =0.

o Letz ¢ V(C), ye V(C) and zy € E(G) then: (3.5)

if y is not an internal vertex of S, then y € A,
if y~ is not an internal vertex of S, then y~ € A,

if 4t is not an internal vertex of S, then y* € A.

Properties (3.3 — 3.5) will allow us to extend C to a hamiltonian cycle.
Note that this cycle C' may not be contained in G(A).

Subcase 1.1: Extending the cycle C through components K, incident with
ears

Since graph G is (k 4 2)-connected, we have at least k 4+ 2 edges joining K, with
G(A), so at least one of these edges say uc;, u € V(K,), ¢; € V(G(A))\ S, is not
incident with S. If a component K, is incident with an ear, at least one interior vertex
of path S is contained in this ear, and we have an additional edge say u'c; , v’ € V(K,),
¢; € V(G(A))\ S, not incident with S joining K, with G(A). Using these two edges
uc; and u'c; , we can extend the cycle C' through the remaining vertices of K.

Without loss of generality, we can assume that on cycle C, the vertices are ordered
in the following way: s1...8x4+1Ck42...Ci-..Cj...51.
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C

e———e ecdge from the path S.

Fig. 4: Extension of the cycle C' through component K, incident with an ear.

We can replace cycle C, by the following cycle C’

IS
icj ... 81,

c': syl 5k+13$+1 P ciP(u,u')cjcj_ ...C
where P(u,u’) C K, is a path joining v with «’ containing all vertices of K, \ S.
Note that this cycle C’ satisfies conditions (3.3 — 3.5). We can find an example of

the cycle C' on Figure 4.

Case 2: Both end vertices of S are in the same component K, of G 4 i.e.
S1, Sk+1 € K.

Since the graph G is (k + 2)-connected, we have at least k + 2 edges joining K,
with G(A). In this case, at least two edges from the path S : s;s,41 and s;s,41 are
joining K, with G(A), so at least two independent edges uv, v'v’, u, v’ € V(K,), v,
v" € V(G(A)), not incident with S joining K, with G(A4).

Consider the following path:

/ !
P: wvusy...spP(spy1,u' )0,

where P(s;11,u’) C K, is a path joining siy; with v/ containing all vertices of
K, \{V(S)U{u}}. We can find an example of the path P on Figure 5.

The graph G(A) is complete, so we can extend P to a cycle C containing all
vertices of G(A) and satisfying (3.3 — 3.5).

Note that as in Case 1 the path S may pass through some components K; creating
the kind of ears of the complete graph G(A). Using the same argument as in the
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N—_———_—

~—_— — — =

e—— edge from the path S.

Fig. 5: Path P containing S with both end vertices in G(A).

Subcase 1.1 we can extend the cycle C' through components K; incident with ears
preserving the properties (3.3 — 3.5).

Case 3: End vertices of S are in different components of GA i.e. s € K,,,
sp+1 € K,,, K,,, K,, € {K,},cr are such that ¢ # (5.

Again, since graph G is (k + 2)-connected we have at least k + 2 edges joining
every component K; with G(A). In this case, for i = ¢; and i = 12 at least one edge
from the path S is joining K; with G(A), so we have at least two independent edges
w,u e V(K,),veV(GA)), v, v € V(K,,), v € V(G(A)), not incident with
S joining respectively K,, and K,, with G(A).

Consider the following path:

P: wvPi(u,s1)82...5:Pa(skp1,u )0,

where Pj(u,s;) C K,, is a path joining u with s; containing all vertices of
K, \{V(S)U{u}} and Pr(sxt1,u') C K,, is a path joining sxy; with ' containing
all vertices of K,, \ {V(S) U {u'}}. See Figure 6.

The graph G(A) is complete so we can extend P to a cycle C containing all vertices
of G(A) and satisfying (3.3 — 3.5).

Note that as in Case 1 path S may pass through several components K; creating
the kind of ears of the complete graph G(A). Using the same argument as in Subcase
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e——o edge from the path S.

Fig. 6: Path P containing S with both end vertices in G(A).

1.1, we can extend cycle C' through components K; incident with ears preserving the
properties (3.3 — 3.5).

Case 4: One end vertex of s is in G(A) and the other end vertex is in a
component K, of G 4. In this case, we can assume without loss of generality,
that s; € G(A) and sp41 € K,.

Since graph G is (k + 2)-connected, we have at least k 4+ 2 edges joining the
component K, with G(A). In this case, at least one edge from the path S is joining K,
with G(A), so we have at least one edge uv, u € V(K,), v € V(G(A)), not incident
with S joining K, with G(A).

Consider the following path:

P: s189...8:P(Sky1,u)v,

where P(sp41,u) C K,, is a path joining sxi; with u containing all vertices of
K, N\A{V(S)U{u}}, see Figure 7.

Both v and s; are in G(A) and the graph G(A) is complete, so we can extend P
to a cycle C containing all vertices of G(A) and satisfying (3.3 — 3.5).

Note that as in Case 1, path S may pass through several components K; creating
the kind of ears of the complete graph G(A). Using the same argument as in Subcase
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N—_———_—

~—_— — — =

e——e edge from the path S.

Fig. 7: Path P containing S with both end vertices in G(A).

1.1, we can extend the cycle C through components K; incident with ears preserving
the properties (3.3 — 3.5).

In all cases we have defined a cycle C' containing S and now we shall extend this
cycle to a hamiltonian cycle.

Extending the cycle C to a hamiltonian cycle

We have already a cycle C satisfying conditions (3.3 — 3.5) and containing the
path S| all vertices of G(A), all vertices from components K, containing vertices of
the path S.

Consider component K, not included in cycle C. This component does not contain
any edge from S and since the graph G is (k4 2)-connected we have at least k42 edges
joining K, with G(A), so at least one of these edges say uc; , u € V(K,), ¢; € V(G(A)),
is not incident with S and at least one edge say u'c; , v’ € V(K,), ¢; € V(G(A))\, not
incident with internal vertices of S, joining K, with G(A). In the worst case ¢; = 51
or Cj = Sk41-

Using these two edges uc; and u'c; , we can extend cycle C' through the remaining
vertices of K.

We consider the case c; = s; and without loss of generality we can, assume that
on cycle C, the vertices are ordered in the following way:
S1...Sk+1Ck4+2---C4 ... 51 .
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e——e cdge from the path S.

Fig. 8: Extension of cycle C through a component K, not incident with S.

Note that since uc; is not incident with S we have c; ¢;, ¢;cj € E(S) and we can
replace cycle C' with the following cycle C’

/. / + S + /
C': sy spya8y .87 ...l ciP(u,u'),
where P(u,u’) C K, is a path joining u with «’ containing all vertices of K,, see

Figure 8.

Note that this cycle C’ satisfies conditions (3.3 — 3.5), V(C) C V(C’) and
E(S) Cc E(C).

The case ¢; = 541 is similar.

Applying this argument for all other components K, we can extend C to a hamil-
tonian cycle containing the path S and the proof is complete.
O
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