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Abstract

The aim of this paper is to prove two theorems on the existence and uniqueness of mild and
classical solutions of a nonlocal semilinear functional-differential evolution Cauchy problem in
a Banach space. The method of semigroups, the Banach fixed-point theorem and the Bochenek
theorem (see [3]) about the existence and uniqueness of the classical solution of the first order
differential evolution problem in a not necessarily reflexive Banach space are used to prove the
existence and uniqueness of the solutions of the considered problem. The results are based on
publications [1 — 8§].
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Streszczenie

W artykule udowodniono dwa twierdzenia o istnieniu i jednoznacznosci rozwiazan catkowych i
klasycznych nielokalnego semiliniowego funkcjonalno-rézniczkowego ewolucyjnego zagadnie-
nia Cauchy’ego w dowolnej przestrzeni Banacha. W tym celu zastosowano metode potgrup,
twierdzenie Banacha o punkcie stalym i twierdzenie Bochenka [3] o istnieniu i jednoznacznosci
klasycznego rozwiazania ewolucyjnego zagadnienia rézniczkowego pierwszego rzedu w nieko-
niecznie refleksywnej przestrzeni Banacha. Artykul bazuje na publikacjach [1 — 8§].

Stowa kluczowe: zagadnienie ewolucyjne, zagadnienie funkcjonalno-rézniczkowe, zagadnienie
nielokalne
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1. Preliminaries

In this paper, we prove two theorems on the existence and uniqueness of mild and
classical solutions of a semilinear functional-differential evolution nonlocal Cauchy
problem using the method of semigroups, the Banach fixed-point theorem and the
Bochenek theorem (see [3]) about the existence and uniqueness of the classical solution
of the linear first-order differential evolution problem in a not necessarily reflexive
Banach space.

Let E be a real Banach space with norm ||| and let A : E — E be a closed
densely defined linear operator. For an operator A, let D(A), p(A) and A* denote its
domain, resolvent set and adjoint, respectively.

For Banach space E, C(E) denote the set of closed linear operators from E into
itself.

We will need the class G(M, ) of operators A satisfying the conditions:

There exist constants M > 0 and 8 € R such that

(Cy) A€ C(E), D(A) = E and (8, +) C p(—A),
(Cs) H(A—l—f)_kH <M(E—pB)Fforeach € >Band k=1,2,...

We will use the assumption:

Assumption (Z). The adjoint operator A* is densely defined in E*, i.e. D(A*) =
E*.

It is known (see [5], p. 485 and [7], p. 20) that for A € G(M, ) there exists
exactly one strongly continuous semigroup 7'(¢t) : E — E for t > 0 such that —A is
its infinitesimal generator and

IT(t)] < MePt for t > 0.

Throughout this paper, we assume (C7), (C3) and assumption (Z).
In this paper, we assume that tg > 0, a > 0,

J = [to,to+a], A = {(t,s) : to <s<t<to+al,
M = sup |[T(t)], (11)
te(0,a]
X = C(J,E)
and
F, « JIxE™"™ SFE F: AxE*>SE G: X—E,
f i AXxE—E o,: J—=>J(@{=1,...,m)

are given functions satisfying some assumptions.



17

The functional-differential evolution nonlocal Cauchy problem considered here is
of the form

u(t) +  Au(t) = Fi(tu(t),u(d1(t)),...,u(dm(t))) +

+ t Fg(t,s,u(s),/: f(s,mu(r))dr)ds, t € T\ {to}, (1.2)

u(to) + G(u) = uo, (1.3)

where ug € E.
To study problem (1.2)—(1.3) we will need some information related to the following
linear problem:

u'(t) + Au(t) = k(t), teJT\{t}, (1.4)
u(to) 9 (1.5)

and the following definition:
A function w : J — E is said to be a classical solution of problem (1.4)—(1.5) if

(i) w is continuous and continuously differentiable on J \ {to},
(i) /() + Au(t) = k(t) forte J\ {to},
(iil) wu(tp) = =.
To study problem (1.2)—(1.3) we will also need the following theorem:

Theorem 1.1 (see [3]). Let k : J — E be Lipschitz continuous on J and
x € D(A).
Then u given by the formula

u(t) =T(t —to)x + /t Tt —s)k(s)ds, teJ (1.6)

to

is the unique classical solution of the Cauchy problem (1.4)—(1.5).
2. On mild solution

A function v : J — X satisfying the integral equation

u(t) = T(t - to)’LL() - T(t - to)G(u) +
+ /t T(t—s)F1(s,u(s),u(o1(s)),...,u(om(s)))ds +
+ /tlT(t - s)(/tS Fy(s, 7, u(r), fo(T,,u,u(u))d,u)dT)ds, teJd,

is said to be a mild solution of the nonlocal Cauchy problem (1.2)—(1.3).
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Theorem 2.1. Assume that

(i) forall z; € E (i=0,1,...,m), the function

J ot Fi(t,z0,21,-..,2m) € E is continuous,

forallz; € E (i =

1,2), the function

A D (t,8) — Fy(t,s,21,20) € E is continuous,

for all z € E, the function

A3 (t,s)— f(t,s,z) is continuous,

G: X—>E 0,€CJ,J) (i=1,...,m) and ug € E.

(73) there are constants L; > 0 (i = 1,2,3,4) such that

||F1(t, 20y R1y -

,Zm) _Fl(t»50,51,--~75m)|| <

m
<le||zl—21|| fO’r‘th, Zi, éiEE(iZI,...,m);

[ Fa(t, s, 21, 22) —

for (¢
I1f(t,s,2) = f(E,
for (t
Hé(w) . (;(w)‘

=0
2

| < L2 llas — |

=1
,S)EA ziy2; € B, (Z:1,2),
s, Z)|| < Lz |z — Z]|
,8) €A, 2,z € E;

< Ly ||lw— @ forw,w € X;

Fg(t, S, 21, 22)

(iii) M[Lya(m + 1) + L2a®(1 + Lza) + L4) < 1.

Then the nonlocal problem (1.2)~(1.3) has a unique mild solution in J.

Proof. Introduce an operator § on X by the formula

Fw)(t) =
+

+

forwe X andteJ.

T(t — to)ug — T(t — to)G(w) +

J,m
.

+

T(t—s)Fi(s,w(s),w(o1(8)),...,w(om(s)))ds +

ths /Fg(srw /fw, ())du)df)ds
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It is easy to see that
F: X—-X (2.6)

Now, we will show that § is a contraction on X. For this purpose, observe that
from (2.5), (1.1) and (2.1)-(2.4),

I(Fw)(t) — (Fw) (1) < MLy H’w —wl + (2.7)
4 MLl/t (Thw(s) —w(@)] + Z Juw(or(s)) — ios()] ) ds +

£ o [ (/Os(nwm—w(f)u

T

) = ()| ) ds <

< MOL4 lw—w||+ MLia(m+ 1) |Jw — | +

b bt [ ([ o = o+ 2a [ ot - 2] dular)as <
< qlw—w|  forw,w e X,

where
q:= M(Lla(m +1) + Lya®(1 + Lza) + L4).

Then, by (2.7) and by assumption (7i),
[Fw — Fw| < q|lw—w| for w,@ € X with 0 < g < 1. (2.8)

Consequently, from (2.6) and (2.8), operator § satisfies all the assumptions of the
Banach contraction theorem. Therefore, in space X there is only one fixed point of §
and this point is the mild solution of the nonlocal Cauchy problem (1.2)-(1.3). So,
the proof of Theorem 2.1 is complete. O

3. On classical solution

A function v : J — E is said to be a classical solution of the nonlocal Cauchy
problem (1.2)—(1.3) on J if :

(1) u is continuous on J and continuously differentiable on J \ {¢o},

(id) '(t) + Au(t) = Fi(t, u( ), (Ul(t)) Su(om(t)))+
+fti Fy(t, s,u(s) ft (s, 7, u(T))dr )ds te T\ {to},

(ii1) u(to) + G(u) = u.
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Theorem 3.1. Suppose that assumptions (i)—(iit) of Theorem 2.1 are satisfied.
Then the nonlocal Cauchy problem (1.2)~(1.3) has a unique mild solution on J, denoted
by u. Assume, additionally, that:

(i) ug € D(A) and G(u) € D(A);
(#9) there are constants C; > 0 (i = 1,2) such that

HF1<t,zQ,Zl,...,Zm) —Fl(tN,Zo,Zl,...,Zm)H g Cl ’t—ﬂ
fort,te J, z € E(i=0,1,...,m) (3.1)

and

HFQ(t,S,Zl,Zg) Fz(t S,21,%2 || 02 ‘t—t|
for (t,s) € A, (t,s) €A, z € E (i=1,2); (3.2)

(43) there is a constant ¢ > 0 such that
lu(oi () = ules@®)]] < elul®) —w@]]
fort,tej(z—o,l,..., m). (3.3)

Then w is the unique classical solution of the nonlocal Cauchy problem (1.2)—(1.3)

on J.

Proof. Since all the assumptions of Theorem 2.1 are satisfied, the nonlocal Cauchy
problem (1.2)—(1.3) possesses a unique mild solution which, according to the assump-
tion, is denoted by wu.

Now we will show that u is the unique classical solution of the problem (1.2)-(1.3)
on J. To this end, introduce

Ny = max HF1 (s,u(s),u(a1(s)), ..., u(om(s))) H (3.4)
and
Ny := Jhax Ey(&m,u / JAUNTRY (3.5)
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and observe that

u(t+h) —u(t) = (3.6)
T(t —to)(T(h) — I)up — T(t — to) (T(h) — I)G(u) +

to+h
+ /t T(t+ h— $)F (s, u(s), u(01(3)), ... ulom(s)))ds +
n /tT(t—s)(Fl(s+h,u(s+h),u(al(s+h)),...,u(am(s+h)))—
— Fi(s,u(s),u(o1(s)),. .. ,u(am(s))))ds +

+ /:HhT(t—i— h — s)(/s Fg(s,r,u(r),/tT f(T,M,u(,u)du)dT)ds +

to

/t: T( )(/t: (F(s+ h, r,u(T)y/t: F(r pyu(p))dp) —

o (S,T,u(r),/tT f(T,,u,u(u))d,u)dT)ds +

+
|
»

+ /:T(t - s)(/:—i_h Fg(s + h,T,u(T),/tT f(T,p,u(u))du)dT)ds

for t € [to,to +a), h > 0 and t + h € (to, to + a.
Consequently by (3.6), (1.1) and (3.1)—(3.5),

lu(t + R) — u(t)]| < hM ||Aug| + hM HAé(u)H n (3.7)

t
+ hMN1+ahML1+ML1/ (\|u(s+h)—u(s)||+
to

+ S Juloi(s + b)) — u(oi(s))] )ds + a®MLoh + 2aMNoh <
=1
t
< Ch+MLi(14+me) [ |u(s+h)—u(s)|ds

to

for t € [to,to+a), h > 0 and t 4+ h € (tg, to + h], where

C = M( || Auo | + | AG(w)

|+ Ni+ oLy + a*La + 2a0;).
From (3.7) and Gronwall’s inequality,
[u(t + h) — u(t)]| < CeaMEri+melp

for ¢ € [to,to + h], h > 0 and t + h € (to, to + a.
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Hence u is Lipschitz continuous on J.
The Lipschitz continuity of v on J and inequalities (3.1), (2.1), (3.2) imply that
the function

T2t k(t) = Fi(t,u®),ulo1(t)),...,om(t)) +
+ /t Fy (t,s,u(s),/t f(s,T,u(T))dT)ds ek

is Lipschitz continuous on J. This property of t — k(t) together with assumptions of
Theorem 3.1 imply, by Theorem 1.1, by Theorem 2.1 and by the definition of the mild
solution from Section 2, that the linear Cauchy problem

V() + Av(t) = k(t), te T\ {t},
v(te) = wo— é(u)

has a unique classical solution v such that

v(t)

T(t —to)ug — T(t — to)G(u) + /t T(t — s)k(s)ds =

to

= T(t—to)ug — T(t — to)G(u) +

+ / T(t — s)Fi(s,u(s), u(o1(s)), ..., u(om(s)))ds +

T

/ths / Fy (s, 7, u(r), t f(T,,u,u(u))dy)dT)dS:

+

¢

t
= u(t), teJ.

Consequently, u is the unique classical solution of the nonlocal Cauchy problem

(1.2)—(1.3) onJ. Therefore, the proof of Theorem 3.1 is complete.
O
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