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Abstract

This paper presents a study of the approximation properties of the Poisson integral for Hermite
expansions in the space L. The rate of convergence of functions of two variables by these
integrals is established.

Keywords: rate of convergence, Poisson integral; Hermite expansions, positive linear operators

Streszczenie

Artykut poswigcony jest wlasno§ciom aproksymacyjnym catek Poissona zwigzanych z wielo-
mianami Hermite’a. Udowodniono twierdzenie o rz¢dzie zbieznosci funkcji dwoch zmiennych
W przestrzeni L” tymi operatorami.
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1. Introduction

Let 1< p <o, we denote by L7(R?) the set of all the Lebesgue measurable functions f

defined on R? such that .[ J. | f(#,0,) [P dtdt, <o if 1< p<eo,andif P=2 we require f

—c0—00

to be bounded almost everywhere on R2.

In this paper, we present approximation properties of the Poisson integral A inthe space
IP(R?), 1< p < oo defined by:

Z(f;r,yl,yz): J. J.rK(r,yl,ZI)K(r,yz,Zz)f(Zl,Zz)lede, 0<r<l,

—o0—co

where:

I :;GX _l.1+?‘2( 2+22)+2ryz
K(r,y,2)= Y7r"h,(»)h,(2) 4 TP Ty VY -2
n=0 —-r

h(x) = (2" nWn )7 exp[—%szn (x)

and H is the n th Hermite polynomial (see [11]). The norm in L7(R?) is given by:

[Tj‘i|f(lpt2)|pdt1dtzJpa 1< p<eo,
INfI,=

sup ess | f(#.5,)], p=c
(1.12)eR?

Some convergence theorems, the Voronovskaya formula, and a boundary value problem
for the integral A were presented in [5]. The following result was proved (see [5]):
Theorem 1 Let ¥ = (3,,%,)€R? and f = £+ fo. where f, € L'(R?), f, €L"(R®). If fis
continuous at y, then:

lim  A(f;r,y) = f(P),
(r.)=>(17.5) (fir) =1 () y=00)-
In this paper we shall give an order of approximation of functions belonging to L?(R?) by

the operator 4 . It is worth mentioning that approximation properties of Poisson integrals for
orthogonal expansions and their various modifications were also studied in [4, 12, 6-10], in
one and two dimensions.

Some auxiliary results, which will be needed in the next part of this paper, are now

presented. It is clear that Z(f;”,yl,yz) =rA(f;r, y)A(fy57,3,) for f,, f, € L7 (R) and such

that /(z,,2,) = /1(2)) /3(2,) ,where A(/)(r,y) = A(f3r,p) = TK(r,y,Z)f(Z)dz, 0<r<IL
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The operator A4 is linear and positive. Basic facts on positive linear operators and its

applications can be found in [2, 3].
In paper [7], we can find the following equalities:

2 V7 11-72 ,
A(L;r,y) = exp| ——- ,
( Y) (1+r2) P 2 1+r2y

2 )" 1 1-72

A ry)= exp| ——- 2

(q)m’y Y) (l-i—rzj p[ 2 1+r2y
[%] 2\? 2 \"m2p
XZ m) (m—p)! 1-r _(1-r

=\ p)m-2p)27 \1+77 1+ 7
for0 <r<1, y € R, where [a] denotes the integral part of @€ R and 9,, ,(2) = (z—»)".

From the above, we have the following result in the bivariate case.

Lemma 1 Let 9,,,(z,2,)=(z,=%)", »,z,€R, i=1,2, ne N. It holds

- 2r (1-r* @-1* L) 11-7,,
A 15 Vs < ‘ + i €X — sebivummmre + 1
(. fi7231032) 147 (1+r2 A+ ) P T2 b))
forO<r<l.
Proof. Using Holder’s inequality, we get:

Z(|(1)1’y1 |;r, yl,yz) < ( T TrK(r,yl,ZI)K(r,yz,zz)dzldzsz

oo oo Py 1 l
X(J. .l.rK(r’yl’Zl)K(r9y2322)|Zl ) |2 ledzzjz Z(Z(lﬂ”ypyz))g (Z(q)Zyl §V’y1’y2))2
o @)

for (3,,¥,) € R* and 0 << 1. We have (see [5]):

- 2 11-7,,
A(l,r,yl,yz)—lJrr2 eXP(—E-Hrz (y1 +y2) ;

_ 2 (1= (r=1) 1172 .
Al0sm.51.01) = 1477 1+r2+<1+r2)2 y? |exp 2142 L) pi=12

From this and (2) we obtain (1) for i = 1. Analogously, we calculate (1) for i = 2.
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2. Rate of convergence

In this section, we give an order of approximation of function of two variables in the
space L”.

We achieve this using the modulus of continuity w(f3§,,5,), §,,8, >0 of f €L’ (R*)
defined as follows:

o(f;8,,8,) = sup{ sup | Sy +hyy +h)— ()|

OI=d1 (yy 1y)eR?
0<hp <8y

First, we prove the following lemma, which we will use in the proof of the approximation
theorem.
We shall apply the method used in [12].

Lemma 2 Let f € C'(R*)NL*(R*), 1< p < oo, Therefore

- - 2 1 1-72
[4(73m.3002) = G A7, 31,0, ) SH;exp(—E-ﬁ(yf yz)J

y [ L=y J 2 0w, [ L=y J U (31.3)
su sup |22
1472 (l+r > ) o y2)6R2| W | A+ ) el
for0<r<1andall (y,y,)€R".
Proof. Let (»,,,) € R®. be a fixed point and f € C'(R*) N L” (R*). We have:
Zl 6 22 a
S@z) =S 0i) = [ s z)du+ [ == f )
ou ov
N Yy
for all (z,,z,) € R*. Let us denote:
Zl a Zz a
by (az) = [ - fnz)du, t, (2,2) = [ 2= 1Oy
N 2
Observe that:
i (y, o (1,,)
|7\.y (zl,zz)|s|zl -»| sup LAY |’cy (zl,zz)|<|z2 ¥,| sup M (3)
! ) 2 )
(1.32)eR od O1.32)eR? V2
From (3) and Lemma 1, we obtain:
= o (»1,1,)
A(|}\'y1|;r7yl’y2) (|('p1}1| r y1>y2) sup |-
2| dy
(1,2)eR 1




2r (r 1)4 22 1 1-r7,, , I (3,,)
< exp| ——- + sup \—— |
1+r2(l+r (1+r )2 P 2 1477 (yl y2> (11.12)eR? aJ’1
- 2r L= )'y; 2 11—/
ATy, i ys0) < exp| ——- P4y,
(| y2| : 2) 1+ (1+r (1+7%)? P 2 1477 (yl yz)
9
sup f(ylayz).
Gromer?| OV

Hence:

+
147 N T

4 2 P 4 2 2
X( LDy J wp [Y 002 ( LDy ) o
1+72 (1+” )’ (71,72)eR? | s | L+r? (1+r )’ (1.32)eR?

and the proof of the lemma is completed.
We are now in a position to prove the approximation theorem.

_ —_ _ .2
[A(fir300) = F )ALy < zrzexp[—l-l :(2 Z)J

af()’la)’2)
9y,

Theorem 2 Let f € C(R*)NIF(R*), 1< p<oo. Therefore

[ACf57, 315 32) = £ 192 A5 7,313

2 4 2 4
r=-0n" , [I=-r (r=1)" ,
< 6w ol , +
[f \/l+r (1+7%) g 1+7°  (1+7%) 2

for0<r<1andall (,y,) €R’.

Proof. Let (»,,¥,) € R? be a fixed point and I 5,8, be the Steklov mean defined by:

318y

1
Fos, 002) = 55 — [ [7 Oy +uy, +vydudy for  (3,,y,) € R*,5,,8, > 0.

200

From this definition, we conclude that:

818y
1
Jonos G2 = F01o32) = = [ [ A f 01,35 )eludly,
8,8, 9%
)

0 1
5 T 013 = 55 j (Mg f G 32) =g f (31,3 b,
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8y

f (8,5, /013 = A, 0 S (7)) s

0

fa1 5, (V1:32)

where

A S D) = f O+, yy +v) = f (7, 0))-
Hence, if f € C(R*)NL’(R?), then f55, € C'(R*)NL"(R*). Moreover

sup |f5152(y1,y2) f(Y1aJ’2)|<w(f 8,,8,),

1 yz)eR

<28'0(f;5,,8,),

sup
(71,12)€R

d
. a—ylj%l,ﬁz(yl,yz)

for all §,,8, > 0. Observe that

|Z(f;r,y1,y2)—f(yl,yz)z(l;r,yl,yz)|

<[ACf = Fop oy 3730 0| H [ AU 3705 92) = Foy 00 AL 7,31, 02)

+|fal,52 (yl’yz)_f(y19y2)|'A(l;rayl’yZ)’ (7>,) €R*,3,,8, >0.

From Lemma 2 and (4) we obtain
(A, 5037 310092) = Foy sy G 92 ) A7, 303,
1

5 . 1_ ] 1— 14 2 2
< eXp( (y1 +y2)] 2511(”(][;81’82)(1 2_’_(” ) J

T+ 2 1+r (1+7%)

(r 1)*y3 :
1+7 (1+r)

+28,'w(f;8,,9, )(

1

<20(f38,.8,) 51‘( LD J2+6 [ N Gl) & Jz .
Lo (14 L+ (1+77)

“4)
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Using (4) we have:
| foy50 G 92) = S 0o 9)|- AL, 1, 9,) S AL,y 3,)0(f38,,8,) S 0(f38,,8,)

and

(A = Sy sy 00)| < [ [rKG3 20K 0,002 | £(2022) = fiy s, (2102,) ez,

—c0—00

< sup |J%1,52(y1,yz)—f(yl,y2)|fer(r,yl,zl)K(V,yz,Zz)dzldzz

(1,»2)€eR —oo—co

<AL, 3,,0,)0(f38,,8,) S o(f38,,3,).

Finally, we get:

|Z(f;r,y1,y2)—f(y,,yz)z(l;r,yl,yz)|

1 1

<20(/33,,8,) 1+5;1(1‘r2+ (r=1)* yzj2+5_l( L= 1)2”)

1472 (147227 1477 (1+r)

for all (;,»,) € R?,8,,8, >0. Choosing:

(r-1) (r=1)
% = (1+r (1+r )zy]J >, 8= (1+r (1+r )Zyzj

we obtain the desired estimation for 4 .
From Theorem 2, we can derive the following result.

Corollary 1 Let f € C(R*)NL'(R*), 1< p<eco. Then it holds

1477 (14732 e

| ACF 7 002) - f(yuyz)|<6w[f\/ Gl MY J:;m—n y2]

+ SO 0) | -|A(1;r,yl,y2)—1|

for0<r<1andall (3,y,)€R’.
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