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Abstract
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1. Introduction

A convenient interpretation of ZFC which agrees with that of [8] is our basic set-theoretic
assumption. An evident frequent use of the axiom of countable choice (CC) makes it
impossible to rewrite in ZF most of the results of this work (cf. [4] and [6]-[8]); however,
some of the theorems presented below are also theorems of, for instance, ZF+UFT+CC
(cf[6]).

In what follows, X = (X,7) is a non-void metrizable space, *B(X) is the o-field of all Borel
sets in X, and ‘B (X) is the collection of all separable Borel sets in X. Moreover, M is a o-field
of subsets of a set E, while W is an infinite o-finite measure on M. Let M(E, X) be the
family of all (91,2 (X))-measurable functions f/: £ — X such that p[f (X \B)] = 0 for some
B.e B (X). Of course, a function f: E — X'is (9N, B(X))-measurable if and only iff'(Vyem
whenever V' e 1. If one wants to try to work without CC, since second countability and
separability are not equivalents in ZF+—CC, it might be more preferable to define B (X) as
the collection of all these Borel sets of X that are second-countable as topological subspaces
of X. Clearly, the second definition of 9B (X) is equivalent in ZFC to our previous definition
of B (X) but not equivalent to it in ZF.

Every compactification of X is assumed to be Hausdorff. For a compactification o.X of X,
the collection of all bounded continuous real functions on X that are continuously extendable
over o.X is denoted by C (X). As usual, BX stands for the Cech-Stone compactification of
X. The collection of all bounded continuous real functions on X is C,(X). A great role in the
theory of compactifications is played by the collection £(X) of all sets F' < Cﬁ(X) such that
the evaluation mapping e, : X — R” is a homeomorphic embedding where [e,. (x)](f) = f(x)
for all fe F and x € X (cf. e.g[1], [2] and [11]-[13]). If F € &X), then the closure in
R” of the set e, (X) is a compactification of X called generated by /" and denoted by e X.
In particular, every compactification oX of X'is generated by C (X). Since, in ZF, the sentence
that Tikhonov cubes (called Hilbert cubes in [6]) are compact is equivalent with the ultrafilter
theorem UFT (cf. Theorem 4.70 of [6]), it is true in ZF+UFT that, for every F € &X), the
compactification e X of X exists. This is why some theorems on compactifications in ZFC
are also theorems of ZF+UFT. It is still an open problem to investigate all significant details
on compactifications in ZF+UFT and show possible differences between the theories of
compactifications in ZFC and in ZF+UFT. Let us leave this problem for future considerations
not described in this article and, for simplicity, let us work in ZFC to avoid troublesome
disasters without AC. All topological and set-theoretic concepts that we use are standard and
they can be found in [2], [3], [6]-[8] and [10]. Useful facts of measure theory are taken from
[5] and [9].

The paper is mainly about the following concepts of metric and functional convergence
in measure:

Definition 1. Let d be a compatible metric on X and let /, /* be functions from M(E, X)
where n € . We say that the sequence ( fn> is d-convergent in measure | to f'if, for each

positive real number ¢, the sequence
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(n(ir e E:d(f,(0), f(1) = &})

converges to zero in R with the usual topology. For every compatible metric p on X, the
p-convergence in U will be called a metric convergence in L.

Definition 2. Suppose that & = F' < C3(X) and let f, /' be functions from M(E, X)

where n € ®. We say that the sequence ( fn> is F-convergent in measure W to f'if, for each

positive real number ¢ and for each ¢ € F, the sequence
(n(ir € E:[0(/,0) =6/ (1) = )

converges to zero, i.e. if for each ¢ € F, the sequence <¢° fn)> converges in [l to ¢o £
For each set H € £(X), the H-convergence in 1 will be called a functional convergence in L.

Definition 3. Let d, p be compatible metrics on X and let F, H be non-void subsets
of Cy(X). Fori,j € {d, p, F, H}, we say that:

1. i-convergence in W implies j-convergence in W if every sequence of functions from
M(E, X) which is i-convergent in [ to a function f € M(E, X) is also j-convergent
in L tof;

2. i-convergence in L is equivalent with j-convergence in W if i-convergence in [ implies
Jj-convergence in [L and j-convergence in WL implies i-convergence in L.

In the sequel, the notions of d-convergence and F-convergence in W are applied
to a comparison of compactifications of X. Recall that, for compactifications oX and yX
of X, the inequality oX' < X holds if and only if C (X) < CY(X); moreover, oX and yX
are equivalent if and only if C (X) = C(X). We write o.X = yX to say that o.X is identified
with X, i.e. to denote that oX and y.X are equivalent. One of the most interesting theorems
of this paper asserts that if there exists a metrizable compactification oX of X such that
C,(X)-convergence in W implies Cy(X)-convergence in L, then the space X is compact.
Moreover, among other results, it is shown that if oX and yX are metrizable compactifications
of X, then oX < pX if and only if C(X)-convergence in p implies C_(X)-convergence in (L.
Ideas of simple examples relevant to convergence in [ are described.

2. Metric convergence in measure and minimum uniform compactifications

For a compatible metric d on X, R. Grant Woods investigated in [14] the compactification
u X generated by the collection U;(X) of all these bounded real functions on X that

are uniformly continuous with respect to d and the standard metric induced by the absolute
value on R. If the metric d is not totally bounded, u X is not metrizable (cf. Theorem 3.3 (b)
of [14]). If the metric d is totally bounded, then u X is the Hausdorff metric completion of
the metric space (X, d) (cf. Theorem 3.3 (a) of [14] and Problem 4.5.6 of [3]). If one wants
to consider minimum uniform compactifications in ZF, one should be warned that models
of ZF in which there are infinite Dedekind-finite dense subsets of R (cf. [6]-[8]) can be used
to deduce the following:
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Proposition 1. If X is an infinite Dedekind-finite dense subset of the unit interval [0; 1]
and d(x,y) = |x - y| for x,y € X, thendis a totally bounded complete metric on X such that

u X = [0; 1], while the Hausdorff metric completion of (X, d) is (up to an obvious isometry)
X, d). Therefore, it is unprovable in ZF that, for every totally bounded metric space (X, d),
the minimum uniform compactification u X is the Hausdor{f metric completion of (X, d).

That u X = [0; 1] for each dense in [0; 1] infinite Dedekind-finite set X in the proposition
above can be shown in ZF by using Lemma 4.3.16 of [3]. Interesting problems on Hausdorff
metric completions of metric spaces in ZF are described in [4]. To avoid misunderstanding,
let us recall that ZFC is our basic assumption throughout this paper.

For every metrizable compactification aX of X, there exists a totally bounded metric
p on X such that aX = u X To apply metric convergence in measure to minimum uniform
compactifications, the following notion is useful:

Definition 4. Let d and p be compatible metrics on X. We say that d is uniformly smaller
than p if the following condition holds:

V ee(0400) Foe(0:+00) Y x,yex [P(X, 1) <8 = d(x,y) <e].

Proposition 2. Let d and p be compatible metrics on X such that d is not uniformly
smaller than p. Then there exist functions f,,f € M(E,X) where ne€ ®, such that the
sequence <fn> is p-convergent in L to f but <fn> is not d-convergent in L to f.

Proof. Let us take € € (0,+00) such that, for each & € (0, +00), there are x,y € X such
that p(x,y) < 8, while d(x,y) > & Using CC, we find sequences (x,) and (y,) of points
of X such that lim,_,, . p(x,,y,) =0, while d(x,,y,)>¢ for cach n € . Let (E,) be

a sequence of sets from 9% such that (), ., E, =9, W(E\E,) <400, WE,)=+oco and

E,,  CE, foralln e o.Suchasequence (E,) exists because the measure |1 is infinite and

o-finite. Define f(f) =y, for t € E\E and, for each t € ENE, | let f(¢) =y, if i < n, while
f.() =x,if i > n. Moreover, put f(¢) =y, fort € E\E, and, for each i€ o,let f(t) =y, when

new

te E\E, . The sequence < fn> p-converges in | to fbut it does not d-converge in L to f. O

The proof to Proposition 2 can serve as a scheme of examples of sequences p-convergent
in W that are not d-convergent in [L.

In much the same way as for the classical convergence in measure, one can prove
Propositions 3-5.

Proposition 3. Let d be a compatible metric on X and let f,g € M(E,X). If a sequence of
Sfunctions from M(E,X) is d-convergent in L to fand to g, then W({t € E: f(t) = g(t)})=0.

Definition 5. When d is a compatible metric on X, then we say that a sequence < fn> of

functions from M(E, X) converges (d, W)-uniformly on £ to a function f'e M(E,X) if, for
each € € (0,+00), there exists a set 4 € 9 such that W(E\A) < € and the convergence of < fn>
to f'is uniform with respect to d on A4.
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Proposition 4. When d is a compatible metric on X, then a sequence < fn> of functions
from M(E,X) is d-convergent in | to a function f € M(E,X) if and only if each subsequence
of < fn> contains a subsequence which converges (d,\\)-uniformly on E to f.

Proposition 5. If d is a compatible metric on X, then every sequence of functions
Sfrom M(E,X) which is d-convergent in |\ to a function f € M(E,X) contains a subsequence
which pointwise converges \\-almost everywhere on E to f.

In the light of Proposition 5, for every pair d, p of compatible metrics on X and for every

pair f, g of functions from M(E,X), it is true that if there exists a sequence < fn> of functions

from M(E, X) such that < fn> is both d-convergent in [ to f'and p-convergent in [ to g, then
f= g u-almost everywhere on £, i.e. W({t € E : f(f) =g(?)}) = 0.Therefore, if for compatible

n

metrics d and p on X, a sequence (h > of functions from M(E, X) is d-convergent in [ to

a function 7 € M(E, X) and the same sequence <hn> is not p-convergent in U to /4, then there

does not exist a function in M(E, X) such that (4, ) is p-convergent in 1 to it.

Theorem 1. For every pair d, p of compatible metrics on X, the following conditions are
equivalent:

1. d is uniformly smaller than p;
2. Ui(X)c U;(X);

3. uy X SupX;
4. for every pair A, B of subsets of X such that d(A, B) > 0, the inequality p(4, B) > 0
holds;

5. p-convergence in \L implies d-convergence in |\.

Proof. It is obvious that implications (i)=(ii)=(iii) and (i)=(v) are true. Suppose that
(iii) holds and consider an arbitrary pair 4, B of subsets of X such that d(4, B) = 0. Then
CIudXAOCIudXB = by Theorem 2.5 of [14]. Since u X < ulX, in the light of 4.2(h) of

[10], we have cl, x4 N cl, yB=2. This, together with Theorem 2.5 of [14], gives that
P P
p(4,B) =0. Hence (iv) follows from (iii). Now, assume that (i) is not fulfilled. Then, with CC

in hand, we deduce that, for some € € (0,+00), there are sequences (x,, ) and (y, ) of X such

that lim,_,, p(x,,y,)=0 and d(x,,y,)>¢ forall n,m € o (cf. hint to 8.5.19 of [3]). If
A={x :ne o} and B={y :ne o}, then p(4,B) = 0, while d(4, B) = 0. Therefore, (i) is
a consequence of (iv). That (v) implies (i) follows from Proposition 2. O

Corollary 1. Let d and p be compatible metrics on X. If p is totally bounded and
p-convergence in |\ implies d-convergence in \\, then d is totally bounded.

Proof. It is clear that if d is uniformly smaller than p and the metric p is totally bounded,
then d is also totally bounded. To complete the proof, it suffices to use the equivalence of (i)
and (v) of Theorem 1. 0O
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Theorem 2. Assume that d is a totally bounded compatible metric on X. Then d-convergence

in W is equivalent with Uy (X) -convergence in |L.

Proof. It is obvious that d-convergence in [ implies I{;(X) -convergence in . Since d
is totally bounded, u X is a metrizable compactification of X. By, for example, Propositions
3.4 and 3.5 of [11] or by Theorem 7 of [12], there is a countable collection F < (X)
such that e, X = u X and, moreover, ¢(X)<[0;1] for each ¢ € F. Let F ={¢,:i€w} and

define p(x,y) = Z

on X such that u X = u X. Hence, in view of Theorem 1, d-convergence in [ is equivalent
with p-convergence in L. However, one can easily check that F-convergence in | implies
p-convergence in L. In consequence, F-convergence in | implies d-convergence in [, which
concludes the proof. ©

%M)i (x) -9, (y)| for all x,y € X. Then p is a totally bounded metric

ico

Question 1. If d is a compatible but not totally bounded metric on X, must ;(X)
-convergence in [ imply d-convergence in [L?

A familiar theorem of ZFC states that a metrizable space X is compact if and only if
every compatible metric on X is totally bounded. The standard proof to this theorem
involves CC. However, one can easily prove in ZF that if X is a metrizable space such that
every compatible metric on X is totally bounded, then X is closed in every metrizable space
that contains X as a subspace. Indeed, let (¥, d) be a metric space and let X < Y be not closed
in (Y,d). Choose a point x, € (cl X)\X and, for x,y € X, define

R
|d(x,x0)  d(y,%))|

to get a compatible but not totally bounded metric p on X in ZF (cf. 4.3.E.(c) of [3]).
Unfortunately, this does not give a satisfactory answer to the following interesting question:

p(x,y)=d(x,y)+

Question 2. Is it consistent with ZF+—CC that there exists a non-compact metrizable
space X such that every compatible metric on X is totally bounded?

3. Functional convergence in measure

It has not been explained so far why it is assumed here that, for each function fe M(E,X),
there exists B e B (X) such that p[ f/~1(X\ B)]=0.1In fact, this assumption was needless
in the previous section; however, it is helpful to get the following theorem:

Theorem 3. Let us suppose that F € &EX), while < f,,> is a sequence of functions from
M(E,X) such that <fn> is F-convergent in |\ to functions f,g € M(E,X). Then the following

conditions hold:
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Lou({reE: f(0) = g(n})=0;

2. each subsequence of < fn> contains a subsequence that pointwise converges \-almost
everywhere on E to f,

3. if G € &X) is such that the sequence < fn> is not G-convergent in L to f, then there does
not exist a function h € M(E,X) such that < A > is G-convergent in \L to h.

Proof. Using CC, we deduce that there is a sequence <Bn> of separable Borel

neu)Bn

subsets of X and there are sets B/ Bge B (X), such that the sets X, =B, UB, vl

and E,=E\[f"'(X\X)ug '(X\X,)uU
KW(E\Ey) =0 and all functions f, f, g restricted to E| transform E into the separable Borel

fn_] (X\X,)] have the properties that

new

in X set X. It follows from Theorem 6 of [12] that there exists a countable collection H < F
such that the restriction to X, of the evaluation map e, is a homeomorphic embedding

of X into R” Let H ={¢, :i € w}. For each i € ®, choose a positive real number a, such

|¢i(x)_¢i(y)|

that |¢i| <a; and, for x,y € X, define p(x,y) = Z Y
IE® al

. Then p is a compatible

metric on X|. It is not difficult to check that the sequence < fn| y > of the restrictions f,, | 5 of
0 0

functions f, to £ is p-convergent in [ to fn| ;. and g| - Hence, in view of Proposition 3,
0 0

nw({te E: f(t) = g()}) =0. Now, to conclude that (ii) holds, it suffices to use Proposition 5.

Condition (iii) follows from (ii). O

Theorem 4. Let 0X be a compactification of X and let FF € £(X) generate 0.X, i.e. o.X=eX.
Then F-convergence in |\ and C (X)-convergence in |\ are equivalent.

Proof. Since F' c C (X), it is obvious that C (X)-convergence in | implies F-convergence

in . Now, assume that a sequence <fn> of functions from M(FE, X) is F-convergent in [
to a function /'€ M(E, X). Consider an arbitrary function ¢ € C (X) and a positive real
number €. By Theorem 4 of [13], there exist a non-void finite set H < F and a positive real
number 0, such that if

dyy (x,y) = max{|y(x) - y(y)|: y € H}
forx,y € X, then |¢(x) —o( y)| <& whenever d,(x,y) < 8. It follows from the F-convergence
inof (f,) tofthat
lim p(lr € E:dyy (/,(0./(0) 2 8) =0.
In addition,

{t e E:JoLf, (0]- 4L/ (O] > &} < it € E :dyy (f, (1), /(1) > 8}
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for all » € ®. In consequence,

Him p(lr € B[O/, (0] 4L (0] = ) =0.

This means that < fn> is C_(X)-convergentin L tof. O
We consider the set CB(X) as the metric space (CB(X)’ o) where the metric ¢ on CB(X) is

defined as follows: o(f,g)=sup{f(x)—g(x)|;x € X} for f,g € Cy(X). In view of, for
example, Theorem 7 of [12], when /" € &(X), then the compactification e, X of X is metrizable
if and only if F is second-countable in (Cﬁ()(), o). In what follows, every subset of CB(X)
is equipped with the topology inherited from the topology on CB(X) induced by the metric c.

Theorem 5. Let aX and ¥X be compactifications of X such that 0.X is metrizable and
C (X)-convergence in | implies C(X)-convergence in | Then yX is also metrizable
and yX < aX.

Proof. Since ouX is metrizable, there exists a totally bounded compatible metric p on X
such that u X =oX. Consider any function ¢ € Cy(X) and let /"= C_(X) U {¢}. Of course,
F e &X). The compactification e, X is metrizable because /" is second-countable. There
is a totally bounded metric d on X such that e, X = u X. It follows from Theorem 2 that
p-convergence in W implies d-convergence in U. Therefore, u X < u X by Theorem 1. This
implies that ' < C (X) and, in consequence, C (X) < C (X). Then X < oX and C (X) is
second-countable. Hence X is metrizable. O

Corollary 2. Let oX and YX be metrizable compactifications of X. Then oX < yX if
and only if Cy()()—convergence in W implies C (X)-convergence in L.

From Theorems 4 and 5 we immediately deduce the following:

Corollary 3. Suppose that F, G € &(X) are such that F-convergence in | implies
G-convergence in \\. If F is second-countable, then G is second-countable and e X < e X.

Our final theorem is a nice conclusion from Theorem 5.

Theorem 6. If there exists a metrizable compactification 0X of X such that C (X)-
-convergence in y implies CB(X)-convergence in W, then X is compact.

Proof. Let us assume that oLX is a metrizable compactification of X such that C_(X)-
-convergence in W implies CB(X)-convergence in L. Since oX < BX, it follows from
Theorem 5 that B.X is metrizable and BX = oX. If X were non-compact, BX would be non-
-metrizable (cf. 3.6. G of [3]). O

Corollary 4. A metrizable space X is compact if and only if there exists a totally bounded
metric d on X such that d-convergence in |\ implies Cy(X)-convergence in |1.



145

References

Ball B.J., Shoji Yokura, Compactifications determined by subsets of C*(X), Topology Appl., 13
(1982), 1-13.

Chandler R., Hausdorff Compactifications, Marcel Dekker, New York 1976.

Engelking R., General Topology, PWN, Warsaw 1989.

Gutierres G., The Axiom of Countable Choice in Topology, thesis, Department of Mathematics,
University of Coimbra, 2004.

Halmos P., Measure Theory, New York 1950.

Herrlich H., Axiom of Choice, Springer—Verlag 2006.

Jech T.J., The Axiom of Choice, North-Holland, Amsterdam 1973.

Kunen K., The Foundations of Mathematics, College Publications, London 2009.

Lojasiewicz S., An Introduction to the Theory of Real Functions, PWN, Warsaw 1976 (in Polish),
Wiley 1988 (translation into English).

Porter J.R., Woods R.G., Extensions and Absolutes of Hausdorff Spaces, Springer—Verlag 1987.
Wajch E., Subsets of C*(X) generating compactifications, Topology Appl., 29, 1988, 29-39.
Wajch E., Compactifications and L-separation, Comment. Math. Univ. Carolinae, 29 (3), 1988,
477-484.

Wajch E., Sets of functions generating compactifications via uniformities. Connectedness,
Demonstratio Math., 26 (2), 1993, 501-511.

Woods R.G., The minimum uniform compactification of a metric space, Fund. Math., 147, 1995),
39-59.






