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1.  Introduction and preliminaries

Let (X,  d) be a metric space, and let α α α= ( , , )1  n  be a multi-index satisfying 

α α α1 1
0 0 0 2 1 1> > ≥, , , , , .n i i

n
i n= −

=∑ and  In [2], the following notions were 

introduced:
The mapping T X X: →  is said to be a-Lipschitzian with constant k ³ 0,  if 

αi
i

i

n
id T x T y kd x y for all x y X( , ) ( , ) , .

=
∑
1

≤ ∈

The mapping T X X: →  is said to be a-nonexpansive (a-contraction), if T is  
a-Lipschitzian with constant k = 1 (k < 1 resp.).

Denote the Lipschitz constant with k (T) and the a-Lipschitz constant of T with k (a, T).
Define also d T d x Tx x X( ) : inf{ ( , ), },= Î  which we will call the minimal displacement 

of T. Sometimes it is also called the approximate fixed point of T.
These notions are natural generalisations of Lipschitzian mappings, nonexpansive 

mappings and contractions from the point of view of the fixed point theory. For more 
information concerning a-nonexpansive mappings and other Lipschitzian mappings 
connected with the fixed point theory, we refer to [4].

In [2], the authors proved the following:
Theorem 1.1. (see also [4], chapter 3) Let X be a Banach space, let C be a nonempty, 

closed, convex and bounded subset of X. Let T C C be an n: ( , , )→ =α α α1  - 

-nonexpansive mapping where α1
1
12 0³ − =n Then d T. ( ) .

Notice that the problem of determining the set of multi-indices α for which each 
a-nonexpansive mapping T has d (T ) = 0 is still open.

The aim of this paper is to prove two results (Theorem 2.1, Theorem 2.2) which give 
a partial answer to the above open problem (see [4]).

Before proceeding further, let us recall the generalised Banach contraction principle 
(abbreviated to GBCP), which is formulated as follows:

Theorem 1.2. ([1], [5]) In complete metric space X if for some N ³ 1 and 0 < M < 1 
the  mapping T X X: →  satisfies min{ ( , ), } ( , )d T x T y j N Md x yj j 1£ £ £  for any 
x y X, ,Î  then T has the unique fixed point.

In author’s PhD thesis [6] the more general version of the above theorem was presented. 
Let us recall it without proof.

Theorem 1.3. Let (X,  d) be a complete metric space, N  ³  1. Assume that  
φ : [ , ) [ , ]0 0 1¥ →  is a continuous, non-increasing function  satisfying φ ( )t =1  if, and only  

if, t = 0. Let T X X: →  be such that min{ ( , ), } ( ( , )) ( , )d T x T y j N d x y d x yj j 1£ £ £ φ ⋅  
for all x y X, .Î  Then T has the unique fixed point.
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2.  Main results

Firstly, let us note a simple fact, there exist some a-Lipschitzian mappings which are not 
α-nonexpansive; however, their minimal displacement is equal to zero; moreover, they may 
have the unique fixed point.

This is illustrated by:
Example  2.1. Let T l x l x i l x l x ii i: { : , } { : , }∞ ∞ ∞ ∞∈ ≥ ∈ ∈ ≥ ∈∩ → ∩0 0N N  

be defined in the following way: T x x x Tx
x
x

x

x
: ( , , ) : , , ,= → =

+ +









1 2
3

3

2

2
1
2
1

1
2
1



 

2
1

1
2
1

5

5

4

4

x
x

x

x+ +









, , .  Then T is not a-nonexpansive for any a; however, for properly chosen 

α α α= ( , )1 2  the mapping T is a-Lipschitzian with constant k arbitrarily close to 1. Moreover, 
T has the unique fixed point.

Obviously, the mapping T has the unique fixed point (1, 0, 0, ...).

Also, we have Tx Ty x y T x T y x y ii i− − − −≤ ≤ ≥2 2and ,  for any 

x y l x l x ii, { : , }.∈ ≥ ∈∞ ∞∩ ∈ 0 N  On the other hand, taking x
n

n = 





0 0 1 0 0, , , , ,  and 

y
Tx Ty

x y
n

n

n
n

nn
n n

n n
=

−

−
=

⋅

+
=

+
→ →( , , ) we have , ;0 0

2 1

1 1
2
1

2 ¥  therefore, k(T  )  =  2. 

Similarly, k T k T ii( ) ( ) , .2 1 1 3= and ³ ³

In l¥ ,  it is not possible to choose a such that a1 >  0 and T is a-nonexpansive; 

however, 
1 1 12 2

n
Tx Ty n

n
T x T y n

n
x y− +

−
−

+
−£ ;  therefore, assuming n to be big 

enough, the  mapping T is α = −







1 1
n

n
n

, -Lipschitzian with constant k T( , )α  arbitrarily  

close to 1.
It is worth mentioning that the existence and uniqueness of the fixed point 

of  T also follows from Theorem 1.3. Indeed, we have T x x

x

x
x

2 2

2

3

3
1
1 3
2

1 3
=

+ +








, , ,
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x

x

x
x

4

4

5

51 3
2

1 3+ +









, ,  and 
x

x

y

y

x y

x y x y

x y
x y

i

i

i

i

i i

i i i i

i i

i i1 3
2

1 3
2

1 3
2

9
4

1+
−

+

−

+ + +

−

+ +
£ £ £

( )
 

≤ ≤ ∈
x y
x y

x y
x y

ii i

i i

−

+ +
−

+ −1 1
, .N  The latter inequality follows from the fact that t t

t
→

+1  

is an increasing function on [ , ).0 ¥  Similarly, 
x
x

y
y

x y
x y

i

i

i

i1 3 1 3 1+
−

+
−

+ −
£ ;  therefore, 

T x T y
x y

x y2 2 1
1

−
+ −

−£ ,  so T satisfies the assumptions of Theorem 1.3 with 

φ( ) : .t
t

=
+
1
1

Now, let us exchange the condition α1
1
12³ −n  with the other regularity condition 

of a mapping T.
Theorem 2.1. Let X be a Banach space, let 0ÎC X⊂  be nonempty, closed, convex 

and bounded. Let T C C: →  be a α α α= ( , , )1  n -nonexpansive mapping such that 

T x T y T x T yi i i i( ) ( ) ( ) ( )µ µ λ λ− −£  for any x y C i n, , , { , , }.∈ ≤ ≤ ∈0 1µ λ 

Then d T( ) .= 0

Proof. Fix k ³ 1. Define S
k
Tk : .= −






1 1  Obviously, S x

k k
Tx Ck = ⋅ + −








1 0 1 1
Î .  Then 

S x S y
k

Tx Tyk k− = −





 −1 1 .

Next, we have:

S x S
k
Tx

k
T

k
Txk k

2 1 1 1 1 1 1
= −
















 = −






 −
















 ;

therefore, by assumptions:

S x S y
k
T

k
Tx

k
T

kk k
2 2 1 1 1 1 1 1 1 1
− = −






 −
















 − −






 −


















= −





 −
















 − −












Ty

k
T

k
Tx T

k
Ty1 1 1 1 1 1







−





 −£ 1 1 2 2

k
T x T y .
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Similarly, for i ³ 3 we have:

S x T
k
Tx

k
T

k
T

kk
i

k
i= −
















 = −






 −






 −


−1 1 1 1 1 1 1 1 1

 
































Tx  ;

therefore:

S x S y
k
T

k
Tx

kk
i

k
i− = −






 −


























 − −






1 1 1 1 1 1

  TT
k
Ty

k
T

k
T

k

 



1 1

1 1 1 1 1 1

−



























= −





 −






 −




































 − −






 −













Tx T
k
T

k
Ty 1 1 1 1























−





 −
































 £ 1 1 1 1
k
T T

k
Tx







 − −






































−







T T
k
Ty

k
T i

 1 1

1 1
£ xx T yi− .

By assumptions, αii

n i iT x T x x y
−∑ − −
1

£  for some α α α= ( , , )1  n  satisfying 

0 1 1
1

£ £α αi ii

n
and =

=∑ .  Therefore:

min , ,S x S y j n S x S y
k

x yk
j

k
j

i k
i

k
i

i

n

−{ } − −





 −

=
∑1 1 1

1

£ £ £ £α

By Theorem 1.2, Sk has the unique fixed point. Denote this fixed point by xk. We get:

x Tx S x Tx
k
Tx Tx

k
Tx kk k k k k k k k− = − = −






 − = → →1 1 1 0, ,¥

this completes the proof.

¨

For k  ³  3, there exists a mapping T which does not satisfy the assumptions of 
Theorem 1.1; however, for k ³ 2, it satisfies the assumptions of Theorem 2.1. This will be 
illustrated by the following example:

Example  2.2. Fix k ³ 2. Let τ : [ , ] [ , ]− → −1 1 1 1  be a non-decreasing function, 

having the Lipschitz constant k k( ) ,τ =  concave on [‒1,0], convex on [0,1] and such that  

t(0) = 0. Now define T B x x x Tx x k
k

x x x Bl l: ( , , ) : ( ( ), , , , ) .
1 11 2 2 2 3 4 51
∋ = → =

−
 τ Î

We will show that the assumptions of Theorem 1.1 are not satisfied for any multi- 
-index a of length n. Notice, that:
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Tx Ty x y k
k

x y x y

k x y k
k

x y

i ii
− = − +

−
− + −

− +
−

− +

=∑τ τ( ) ( )2 2 2 3 3 4

2 2 2 3 3

1

1

∞

≤ xx yi ii
−

=∑ 4

∞
,

T x T y k
k

x k
k

y k
k

x y x yi ii
2 2

2 3 2 3 2 4 4 51 1 1
− =

−






 − −







 + −

− + −
=

τ τ
∞∑∑

∑−
− +

−
− + −

=
≤

∞k
k

x y k
k

x y x yi ii2 3 3 2 4 4 51 1
.

Therefore, k T k k T k
k

ii( ) ( ) , .= =
−

and
2

2 1
1 2> ≥

It is easy to see that for k ³ 3, the assumptions of Theorem 1.1 are not satisfied for any 

multi-index a of length n. Indeed, we would need to have α1
1
1

1
1 32 2 2

2
1
2

≥ ≥ >− − =n
 

and thus for any such α α α= ( , , ),1  n  the mapping T would not be a-nonexpansive.
We will now show that T satisfies the assumptions of Theorem 2.1; therefore, 

d T( ) .= 0

It is enough to take n = 2. It is easy to check that 1 1 2 2

k
Tx Ty k

k
T x T y− +

−
− £

 

£ x y− ;  therefore, T is 1 1
k

k
k

, −





 -nonexpansive. We only have to show that

	 T x T y T x T y x y Bl( ) ( ) ( ) ( ) , , .µ µ λ λ µ λ− −≤ ∈ ≤ ≤for any
1
0 	

If τ µ τ µ τ λ τ λ( ) ( ) ( ) ( ) ,x y x y2 2 2 2− −£  then obviously,

T x T y x y k
k

x k
k

y x yi ii
( ) ( ) ( ) ( )µ µ τ µ τ µ µ µ µ µ

τ

− = − +
−

−
−

+ −
=∑2 2 2 3 2 3 41 1
∞

≤ (( ) ( )

( ) ( )

λ τ λ λ λ λ λ

λ λ

x y k
k

x k
k

y x y

T x T y

i ii2 2 2 3 2 3 41 1
− +

−
−

−
+ −

= −

=∑∞

It is enough to prove that τ µ τ µ τ λ τ λ( ) ( ) ( ) ( )v w v w− −£  for v w≠ < <and 0 µ λ.  
Firstly, assume that v w, .> 0  Without the loss of generality, we can assume that w < v. 
Therefore, 0< < <µ µ λ λw v w v, .
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Assume that 0< < ≤ <µ µ λ λw v w v.  Choose a w vÎ ( , ]λ λ  such that a w v w− = −λ µ µ .  

Of course, such an a exists since λ( ) ( ).v w u v w− −³  Therefore, µ µ
µ

µv a v
a w

w=
−
−

+
 

+
−
−

µ µ
µ

v w
a w

a  and λ λ
µ

µ
λ µ

µ
w a w

a w
w w w

a w
a=

−
−

+
−
−

.  Due to the convexity of t on [0,1]

τ µ τ
µ
µ

µ
µ µ

µ

µ
µ

τ µ
µ µ

µ

( )

( )

v a v
a w

w v w
a w

a

a v
a w

y v w
a w

=
−
−

+
−
−











−
−

+
−
−

£ ττ( )a

τ λ τ
λ
µ

µ
λ µ

µ

λ
µ

τ µ
λ µ

µ

( )

( )

w a w
a w

y w w
a w

a

a w
a w

y w w
a w

=
−
−

+
−
−











−
−

+
−
−

£ ττ

µ µ
µ

τ µ
µ
µ

τ

( )

( ) ( )

a

v w
a w

w a v
a w

a=
−
−

+
−
−

Adding the above estimates side-by-side and taking into consideration the fact that t is 
non-decreasing, we get:

τ µ τ λ
µ
µ

µ µ
µ

τ µ
µ µ

µ
µ( ) ( ) ( )v w a v

a w
v w
a w

w v w
a w

a v
a

+
−
−

+
−
−









 +

−
−

+
−
−

£
µµ

τ

τ µ τ τ µ τ λ

w
a

w a w v











= + +

( )

( ) ( ) ( ) ( ),£

this implies that τ µ τ µ τ λ τ λ( ) ( ) ( ) ( ) .v w v w− −£

On the other hand, if 0< < ≤ <µ λ µ λw w v v,  then let us choose a v vÎ ( , ]µ λ  such 

that a v w w− = −µ λ µ .  Of course, such an a exists since ( ) ( ) .λ µ λ µ− −v w³  Then 

λ
λ
µ

µ
λ µ

µ
µ

µ
µ

µ
µ µ

µ
w a w

a w
w w w

a w
a v a v

a w
w v w

a w
a=

−
−

+
−
−

=
−
−

+
−
−

and .  Due to the convexity of t on 

[0,1], we have:

τ λ τ
λ
µ

µ
λ µ

µ

λ
µ

τ µ
λ µ

µ

( )

( )

w a w
a w

w w w
a w

a

a w
a w

w w w
a w

=
−
−

+
−
−











−
−

+
−
−

£ ττ( )a
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τ µ τ
µ
µ

µ
µ µ

µ

µ
µ

τ µ
µ µ

µ

( )

( )

v a v
a w

w v w
a w

a

a v
a w

w v w
a w

=
−
−

+
−
−











−
−

+
−
−

£ ττ

λ µ
µ

τ µ
λ
µ

τ

( )

( ) ( )

a

w w
a w

y a w
a w

a=
−
−

+
−
−

Again, adding the above estimations side-by-side, we get:

τ λ τ µ
λ
µ

λ µ
µ

τ µ
λ µ

µ
λ( ) ( ) ( )w v a w

a w
w w
a w

w w w
a w

a w
a

+
−
−

+
−
−









 +

−
−

+
−
−

£
µµ

τ

τ µ τ τ µ τ λ

w
a

w a w v











= + +

( )

( ) ( ) ( ) ( ),£

this leads to τ µ τ µ τ λ τ λ( ) ( ) ( ) ( ) .v w v w− −£

Similarly, it is easy to check that the estimation τ µ τ µ τ λ τ λ( ) ( ) ( ) ( )v w v w− −£  
remains true for v w, < 0  and for other cases. This shows that T satisfies the assumptions 
of Theorem 2.1.

A set satisfying λ λ λx y C y C0 1 0 1+ −( ) , [ , ]Î Î Îfor all  we call star-like set C with 
respect to x0.

Theorem  2.2. Let X be a Banach space, x X N0 Î Î, ,N  let C X⊂  be a bounded,  
star-like set with respect to x0. Let T C C: →  be such that

1.  min , , ,T x T y j N x y x y Cj j−{ } −1≤ ≤ ≤ ∈for all

2.  there exists 0 10£ £b  such that for all 0 1 10≤ ≤ ≤ ≤ ∈b b j N x y C, , ,−   
T T x T T y b T x T yb

j
b
j j j( ) ( ) ( ) ,− + −+ +£ 1 1 1

where T x b Tx bx Then d Tb = − + =( ) . ( ) .1 00

Proof. Fix arbitrary x y C, Î  and take j NÎ{ , , }1  such that T x T y x yj j− −£ .  
Let us note that:

T x T y T T x T T y

b T T x bx b T

b
j

b
j

b b
j

b b
j

b
j

− = −

= − + − −

− −

−

( ) ( )

( ) ( ) ( ) (

1 1

1
01 1 TT y bx

b T T x T T y

b b T x T y

b
j

b
j

b
j

j j

−

− −

−

= − −

− + −

1
0

1 11

1 1

1

)

( ) ( ) ( )

( )( )

(

£

£ −− −b x y2 )
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Therefore, for any x y C, Î  there exists j NÎ{ , , }1  such that T x T yb
j

b
j− £

 
£ ( ) .1 2− −b x y  Theorem 1.2 ensures, that Tb has the unique fixed point.

Now, fix an arbitrary ε> 0  and choose 0 0£ £b b  such that T z Tzb − =  
= − + − = −( )1 0 0b Tz bx Tz b x Tz £ ε  for any z Î C.

Let zb Î C be such that Tbzb = zb.
Therefore, z Tz z T z T z Tzb b b b b b b b− − + − + =£ £ 0 ε ε,  this proves that d T( ) .= 0

¨

Let us illustrate the possible application of Theorem 2.2.
Example 2.3. Let T be the same as in Example 2.2. Then T satisfies Theorem 2.2 

(we have already shown that T does not satisfy Theorem 1.1 for k ³ 3).
Indeed, let us calculate

T T x b k
k

x k
k

b x b x b xb( ) ( ) , ( ) , ( ) , ( ) ,= −
−







 −

− − −

τ 1

1 1
1 1 12 3 2 4 5 6 









and

T x k
k

x k
k

x x x2
2 3 2 4 5 61 1

=
−







 −









τ , , , ,

We have:

T T x T T y b k
k

x b k
k

y

k
k

b b( ) ( ) ( ) ( )− = −
−







 − −

−








+
−

τ τ1
1

1
12 3 2 3

2 11
1

1
1 1 1

1

4 2 4 5 5

2 3

( ) ( ) ( ) ( )− −
−

− + − − − +

−






 −

b x k
k

b y b x b y

k
k

x k



£ τ τ
kk

y k
k

x k
k

y x y

T x T y b T x T y

2 3 2 4 2 4 5 5

2 2 2 2

1 1 1

1

−






 +

−
−

−
+ − +

= − + −



£ ( ) ..

We have already taken into account the fact, that τ µ τ µ τ λ τ λ( ) ( ) ( ) ( )s t s t− −£  for any 

0 1 1≤ ≤ ∈µ λ, , [ , ].s t −  We proved this fact in Example 2.2.

The estimate min ,Tx Ty T x T y
k
Tx Ty k

k
T x T y x y− −{ } − +

−
− −2 2 2 21 1

£ £
 

shows that T satisfies Theorem 2.2.
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