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ON SOME FACTORIAL PROPERTIES OF SUBRINGS

BY PIOTR JEDRZEJEWICZ, LUKASZ MATYSIAK AND JANUSZ ZIELINSKI

Abstract. We discuss various factorial properties of subrings as well as
properties involving irreducible elements and square-free elements, in par-
ticular ones connected with Jacobian conditions.

Introduction. Throughout the paper, by a ring we mean a commutative
ring with unity. By a domain we mean a (commutative) ring without zero
divisors. By R* we denote the set of all invertible elements of a ring R. If R
is a domain, then by Ry we denote its field of fractions. If elements a,b € R
are associated in a ring R, we write a ~g b. We write a |g b if b is divisible
by a in R. Furthermore, we write arprgb if @ and b are relatively prime in R,
that is, have no common non-invertible divisors. We use a subscript indicating
the ring when we compare properties in a ring A and in its subring R. If R
is a ring, then by Irr R we denote the set of all irreducible elements of R, and
by Sqf R we denote the set of all square-free elements of R, where an element
a € R is called square-free if it cannot be presented in the form a = b%c with
be R\ R*, ce R.

Now, let A = k[x1,...,zy] be the algebra of polynomials over a field k of
characteristic zero. Let fi,...,fr € A be algebraically independent over k,
where r € {1,...,n}. Let R = k[f1,...,fr]. By Jacglfgw we denote the
Jacobian determinant of fi, ..., f, with respect to x;,, ..., x;.. We recall
from [17] the following generalization of the Jacobian Conjecture.

CONJECTURE. If ged (jacflofn . 1<y < ... <ir <n) € k\ {0}, then
R is algebraically closed in A.

Note that by Nowicki’s characterization the above assertion means that
R is a ring of constants of some k-derivation of A ([19], Theorem 5.4, [18],
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Theorem 4.1.4, [6], 1.4). Note also that case r = 1 is true (]2], Proposition
14, see also [14], Proposition 4.2). Moreover, we refer the reader to van den
Essen’s book [7] for information on the Jacobian Conjecture.

Generalizing the results of [16] and [4], the above gecd condition was ex-
pressed in terms of irreducible and square-free elements.

THEOREM ([17], 2.4) The following conditions are equivalent:
(i) ged (jacl-fm 1<y < ... <. <n)€k\ {0},

11,.‘.,113”7
(if) Irr R C Sqf A,
(iii) Sqf R C Sqf A.

Finally recall that condition (iii) is in a much more general case equivalent
to some factoriality property.

THEOREM ([17], 3.4) Let A be a unique factorization domain. Let R be
a subring of A such that R* = A* and Ry N A = R. The following conditions
are equivalent:

(i) Saf R C Sqf A,
(i) for every x € A, y € Sof A, if 2%y € R\ {0}, then z,y € R.

A subring R satisfying the above condition (ii) is called square-factorially
closed in A ([17], Definition 3.5). Under the assumptions of Theorem 3.4,
square-factorially closed subrings are root closed (|17, Theorem 3.6), see [1]
and [5] for information on root closed subrings.

The above theorem corresponds with the known fact that a subring R of
a UFD A such that R* = A* is factorially closed in A if and only if Irr R C
Irr A. Recall that a subring R of A is called factorially closed iff for every
z,y € A, zy € R\ {0} implies z,y € R. Rings of constants of locally nilpotent
derivations in domains of characteristic zero are factorially closed (see [8] and
[6] for details). In a more general setting, with respect to the multiplicative
structure only, a submonoid satisfying such a condition is called divisor-closed
(see [9] for details).

A general question stated in [17], when conditions (ii) or (iii) of Theorem
2.4 imply algebraic closedness of R in A, inspired us to study their relations
with other conditions of this type (see Proposition below). Theorem 3.4
above motivates us to investigate in Section [4] various properties having a form
of factoriality, in particular those similar to (ii).

The aim of this paper is to collect or develop various conditions related
to the ones above. Of course, the general question stated in the mentioned
conjecture is very difficult. This is why it may be helpful to study similar
properties first.
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1. Divisibility, relative primeness, etc. in a subring. In this section
we describe relationships between various conditions on a subring of a domain
of arbitrary characteristic.

If R is a subring of a domain A, the condition
RyNnA=R

appears in many situations, the most important example being Hilbert’s 14th
Problem. It appears also in characterizations of rings of constants of deriva-
tions ([19], Theorem 5.4, [18], Theorem 4.1.4, [10], Theorem 1.1, [11], Theo-
rem 2.5), as well as in assumptions of theorems concerning necessary or suffi-
cient conditions for p-bases of such rings (|12, Theorems 1.4, 1.5, [15], Propo-
sitions 2.1, 2.2). According to the multiplicative structure, a submonoid of
a (commutative cancellative) monoid satisfying the above condition is called
saturated ([9], Definition 2.4.1, p. 68, Corollary 2.4.3, p. 70).

PROPOSITION 1.1. Let A be a domain, and R be a subring of A. Then the
following conditions are equivalent:
(i) RoNA=R,
(i) R=LNA for some subfield L C Ay,
(iii) for everya € R, b€ A, if ab € R\ {0}, then b € R,
(iv) for every a,b € R, ifa |a b, then a |g b.

PROOF. (i) < (iv) Obviously, R C RyN A. Thus the equality RyNA =R
is equivalent to the inclusion RyN A C R, the latter meaning that for arbitrary
a, b€ R, a+#0,if g € A, then % € R, which is statement (iv).

(i) = (i) Put L = R,.

(i) = (i) f R=LNA, then R C L, and since L is a field, we have Ry C L.
Hence, RN A C LN A= R. The opposite inclusion is evident.

(iii) = (iv) Let a,b € R. If b =0, then obviously a |r b. Let b# 0. If a |4 b,
then b = ac for some ¢ € A. By (iii) we have ¢ € R, and consequently a |g b.
(iv) = (iii) If ab e R\ {0} for a € R,b € A, then a |4 ab. Therefore, a |g ab,
by (iv). Hence ab = ar for some r € R. If a # 0, then b =r € R, since A is a
domain. If @ = 0, then ab = 0, contrary to ab € R\ {0}. O

PROPOSITION 1.2. Let A be a domain, and R be a subring of A. Then the
following conditions are equivalent:

(i) R* = A*NR,
(ii) for every a € R, if a € A*, then a € R*,
(iii) for every a,b € R, if arpry b, then arprpb.
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PROOF. (i) < (ii) Clearly R* C A* N R. Therefore, the equality R* =
A* N R is equivalent to the inclusion A* N R C R*, the latter being actually a
formulation of condition (ii).
(ii) = (iii) Assume that (ii) holds and consider elements a,b € R relatively
prime in A. If ¢ is a common divisor of @ and b in R, then it is obviously their
common divisor in A. Hence ¢ is invertible in A, and then by (ii) it is invertible
in R. Consequently, a and b are relatively prime in R.
(iii) = (ii) It is sufficient to notice that a € R is invertible (in A or R,
respectively) if and only if it is relatively prime with 1. O

PROPOSITION 1.3. Let A be a domain. Let R be a subring of A. Consider

the following conditions:

(i) for every a,b € R, if a|a b, then a | b,

(ii) for every a,b € R, if a ~4 b, then a ~g b,

(iii) for every a,b € R, if arpra b, then arprpb.

(iv) for every a € R, ifa € Irr A, then a € Irr R.
Then

(i) = (ii) = (iii) = (iv).

PROOF. (i) = (ii) It suffices to note that a,b € R are associated (in A or R,
respectively) if and only if a | b and b | a.

(ii) = (iii) It suffices to observe that a € R is invertible (in A or R, respec-
tively) if and only if it is associated with 1. Then the assertion follows from
the equivalence (ii) < (iii) in Proposition

(iii) = (iv) Assume that (iii) holds and consider a € R reducible in R. Then
a = bc for some elements b,c¢ € R not invertible in R. From (iii) we deduce
that b and ¢ are not invertible in A (see Proposition , hence a is reducible
in A. O

As a consequence of Propositions and we obtain Corollary

COROLLARY 1.4. If A is a domain and R is a subring of A, then the
following implications hold:

RyNnA=R
A*NR=R* = RNIrAcChIrrR.
R* — A*
It is easily seen that none of the one-way implications of Proposition 1.3
can be reversed in general.

ExAMPLE 1.5. If A is equal to k[x], a polynomial ring in one variable over
a field k, and R = k[z?, 23], then condition (i) is not fulfilled, because z? is
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divisible by 2 in A, but it is not in R. However (ii) holds, because A* = k\ {0},
hence if f and g are associated in A, then f = cg for some ¢ € k\ {0}, that is,
f and g are associated in R.

EXAMPLE 1.6. If A = k(z)[y] and R = k[zy,y], where k is a field, then
condition (ii) does not hold, because zy and y are associated in A, yet they are
not in R. Condition (iii) is fulfilled, since A* N R = k(x) N k[zy,y] = k = R*
(see Proposition [1.2)).

EXAMPLE 1.7. If A is a field and R is not a field, then (iii) is not fulfilled,
because an irreducible element of R is not relatively prime with 1 in R, but is
relatively prime with 1 in A. Condition (iv) holds, since Irr A = (.

It is worth noting that the conditions in Corollary have no immediate
relationship with unique factorization in R. More precisely, the strongest con-
ditions in Corollary do not imply unique factorization in R, and unique
factorization in R does not imply the weakest of the conditions in question.
Here are examples.

EXAMPLE 1.8. Let A = k[z,y] and R = k[z?,y?, xy|, where k is a field.
Then both conditions R* = A* and Ry N A = R are fulfilled, but there is no
unique factorization in R, since z? - y? = (zy)>.

EXAMPLE 1.9. Let A = k(x)[y] and R = k[x,y], where k is a field. Clearly
R is a unique factorization domain, but RNIrr A C Irr R does not hold, because
xy is irreducible in A and reducible in R.

2. Factoriality with respect to a subring. We introduce the notion of
factorial closedness of one subring with respect to factors from another subring.

DEFINITION 2.1. Let B be a subring of A. The subring R of A is called
B-factorially closed, if, whenever a € A, b € B and ab € R\ {0}, then a € R.
If R is R-factorially closed, then we call it self-factorially closed.

Note that “A-factorially closed” in the sense of the above definition is
equivalent to the usual notion of “factorially closed” (in A).

Now, let A be a domain of characteristic p > 0 and let R be a subring of A.
An element a € A is called separably algebraic over R if w(a) = 0 for some
irreducible polynomial w(T') € Ro[T]\ Ro[T"], that is, a is separably algebraic
over the subfield Ry as an element of the field Ag (see [13], Definition 2.1).
The subring R is called separably algebraically closed in A if all elements of A
separably algebraic over R belong to R.

PROPOSITION 2.2. Let A be a domain of characteristic p > 0 and let R be
a subring of A such that AP C R, where AP = {aP, a € A}. Then the following
conditions are equivalent:
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(i
(ii

(ii

the ring R is separably algebraically closed in A,
RyNnA=R,
the ring R is self-factorially closed in A,

~— — ~— ~—

(iv) the ring R is AP-factorially closed in A.
PROOF. (i) < (ii) was stated in [13], Proposition 2.2,
(ii) < (iii) follows from Lemma
(iii) = (iv) is obvious.
(iv) = (iii) Assume that condition (iv) holds and consider a € A and b € R
such that ab € R\ {0}. Then ab? € R\ {0} so, by the assumption, a € R. [

If R is a finitely generated K-algebra such that AP C R, then the above
equivalent conditions characterize R as a ring of constants of some K-deriva-
tion of A.

3. A general diagram of implications. In this section we consider
various properties similar to Irr R C Sqf A and Sqf R C Sqf A, and we present
basic relations between them.

Given a ring R, we denote the following sets:

— Prime R of all prime elements of R,

— Gpr R of (single) generators of principal radical ideals of R,

— Rdl R of radical ideals of R (see [3], p. 67).

LEmMmA 3.1. If R is a ring, then:
a) Irr R C Sqf R,
b) Prime R C Gpr R.

PRrROOF. a) Consider an element = € R. Assume that x ¢ Sqf R, that is
xr =y%2, where y € R\ R*,2 € R. Then z = y - (y2), where y,yz € R\ R*, so
x ¢ Irr R.

b) This holds because every prime ideal is radical. O

LEMMA 3.2. If R is a domain, then:
a) Prime R C It R,
b) Gpr R C Sqf R.

PRrROOF. a) This fact is well known.

b) Consider an element r € Gpr R. Let » = 2%y, where x,y € R. We have
(zy)? = ry, so (xy)? € Rr, and then zy € Rr, because Rr is a radical ideal.
We obtain zy = rz, so zy = ?yz, and hence 1 = zz. O

From these two lemmas we obtain the following proposition.
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PROPOSITION 3.3. Let A be a domain. Let R be a subring of A. Then the
following implications hold:

IrRCIirA = PrimeR C Irr A < Prime R C Prime A <= Vicgpec RAI € Spec A

J U U J
IrrR C Sqf A = Prime R C Sqf A <= Prime R C Gpr A <= Vicspec rRAI € RdlA
f f f f

Sqf RC Sqf A= GprRCSqfA <« GprRC GprA <« VicrairAl € RAlA

4. Some factorial conditions for subrings. The last section contains
various properties in a factorial form. In the first proposition we express a
condition from [17], Theorem 3.4 in terms of irreducible and square-free fac-
torizations.

PROPOSITION 4.1. Let A be a UFD and let R be a subring of A such that
R* = A*. Then the following conditions are equivalent:
(i) Va€ A, Vb e Sqf A, a®bh € R\ {0} = a,b € R,
(ii) Vs0,...,8n € Sqf A, s2"...s2s9 € R = s0,...,5, € R,
(ili) Vai,...,qn €T A, q; 4a qj, i # j, VEi,... .k, 20
e o™

¢ " e R=Vi, q' ...q7 €R,

where k; = c&j)Zr—i—...-i-céj)QO for 5 =1,...,n, and ng) € {0,1} for

1=0,...,7.

PROOF. (ii) = (i) Assume (ii) and consider elements a € A, b € Sqf A. Let
a=s2"...s¥sg, where sq,...,s, € Sqf A. If a®b = S?LRH ... 5%25(2)17 € R\ {0},
then sy, ...,s1,50,b € R by (ii), and then a = s2 ...s?s9 € R.

(iii) = (ii) Assume condition (iii). Let sq,..., s, € Sqf A satisfy s2" ...s%sq €
(1) (m)

R. We can write s; = uiq% ...qm , where u; € A*, q1,...,qm € Irr A with

qj #a q for j # land cZ(]) €{0,1}. Then s2" ...s%s0 = u2". ..u%ug-qlfl gl

where k; = cgf)2” + ...+ ng)2 + cgj). By the assumption, if qlfl ...qkm € R,

(1) (m)
then qi" ...qgt €Rfori=1,2,...,n. Hence sg,...,sn € R.
(ii) = (iii) Assume (ii). Let q]fl ...¢"F" € R, where qq,...,q, €TrT A, 4 *aq

for j # 1. Put k; = cg,j)2’"+. . .—|—c(1j)2+c(()j) forj =1,...,n, where cl(j) € {0,1}.
O

Let s; = qf" ...q7 . By the assumption, since s2"...s?sy € R, we obtain
S0y--+,8n € R.
(i) = (ii) Simple induction. O

Note that factorial closedness can be expressed in the following way.



50

PROPOSITION 4.2. Let A be a UFD and let R be a subring of A such that
R* = A*. Then the following conditions are equivalent:

(i) Ya,be A, abe R\ {0} = a,b € R,
(ii)) Vq1,...,qn € v A, Vky,... ky > 1, qlfl...q,li" cER=aq,...,qn € R.

In the next two propositions we consider factorizations with respect to
relatively prime elements.

PROPOSITION 4.3. Let A be a UFD and let R be a subring of A such that
R* = A*. Then the following conditions are equivalent:

(i) Ya,b€ A, arpryb, abe R\ {0} = a,b € R,
(ii) Yai,...,an € A, ajrprpa;, i # j, ai...an, € R\ {0} = a1,...,a, € R,
(iii) Yagi,....qn € Ir A, q; Aa g, 1 £ 5, VEki,... kp > 1,
q]fl...qfi” GR:>q’f1,...,qZ" € R.
PROOF. We see that (i) and (iii) are special cases of (ii).
(i) = (ii) Simple induction.
(iii) = (i) Assume (iii). Consider a,b € A, arpryb, such that ab € R\ {0}.

Put a = uqlf1 ...qF and b= vqffll ...qkn where u,v € A%, q1,...,q, € IrT A,
¢ # 4 q; for i # j. By the assumption, since ab = uvqlf1 e quqfiﬁl e q,’i" € R,
we have q]fl,...,q?ﬂqfiﬁl,...,qﬁ” € R. Finally, a = uqlf1 ...¢% € R and
b:vqffll...qﬁ" € R. O

PROPOSITION 4.4. Let A be a UFD and let R be a subring of A such that
R* = A*. Then the following conditions are equivalent:
(i) Va,b€ A, arpryb, Vk > 1, (a*b € R\ {0} = a,b € R),
(i) Yaqi,...,qn € Irr A, q; ba qj, @ # J, Vk1,... k. > 1,7 < n,

q’fl...ququrl...qn6Rz>q1,...,qr,qr+1...qnGR.

PrOOF. (i) = (ii) Assume (i). Let qlfl o @ qri1...qn € R for some
pairwise non-associated qi,...,q, € Irr A and for some ki,...,k. > 1. By
the assumption we have ¢; € R and q§2 . qfrqrﬂ ...Qqn € R, then ¢2 € R and
q]?f?’ . qfrqrﬂ ...qn € R, and so on, until we obtain ¢, € R and ¢y41...q, € R.
(ii) = (i) Assume (ii). Consider a,b € A such that arpr, b and a*b € R\ {0}

for some k > 1. We can write a = uqll1 ...q and b = vqffjll G st )

where u,v € A*, q1,...,qn € Ir A, q; %4 q; for i # j and l,41,...,ls > 1.

ly
We have: a¥b = ukv(qll1 ...qir)quif i@ qss1...qn € R. Then q1,qo, ... ,qs,
Qs+1---qn € R. Finally, a,b € R. O

The following proposition shows that if we omit the restriction b € Sqf R
in Proposition then we obtain usual factorial closedness.
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PROPOSITION 4.5. Let A be a domain. Let R be a subring of A. Then the

following conditions are equivalent:

(i) Va,be A, abe R\ {0} = a,be R,

(i) Ya,b € A, a®b € R\ {0} = a,b € R,

(iii) Va,b € A, a®b € R\ {0} = a,b € R,

(iv) Va,b € A, (a*b€ R\ {0} Va®b e R\ {0}) = a,b € R,

(v) Va,b€ A, Vk > 1 (a*b € R\ {0} = a,b € R),

(vi) Ya,b€ A, Yk > 1 (a*b€ R\ {0} = a,b € R).

PROOF. (ii) = (i) Assume that (ii) holds. Let ab € R\ {0} for some
a,b € A. Then a?b? € R\ {0}. By the assumption we have a,b?> € R. Again
using assumption for b2 - 1 € R we have b € R. Finally, a,b € R.

(iii) = (i) Assume that (iii) holds. Let ab € R\ {0} for some a,b € A. Then
a®b® € R\ {0}. By the assumption we have a,b® € R. Again using assumption
for > - 1 we have b € R. Finally, a,b € R.

Implications: (vi) = (v), (v) = (iv), (iv) = (ii), (iv) = (iii) are obvious.
(i) = (vi) Simple induction. O

The last proposition is motivated by a modification of Proposition

PROPOSITION 4.6. Let A be a domain. Let R be a subring of A. Then the
following conditions are equivalent:

(i) Va,b€ A, ab,a’b € R\ {0} = a,b € R,

(ii) Va,b € A, a®b,a®b € R\ {0} = a,b € R,

(iii) Va,b€ A (Vk > 1a*b € R\ {0}) = a,b € R,
(iv) Ya,b € A (Vk > 1a*b € R\ {0}) = a,b € R,
(v) Va,b€ A (3ko, Yk = ko, a*b € R\ {0}) = a,b € R.

PRrROOF. (iii) = (i), (ii), (v) Assume that condition (iii) holds. It is enough
to prove that if a*b, a6 € R\ {0} for some a,b € A, then a*T2b € R\ {0}
and (if k£ > 1) ak_lb € R\ {0}.

Assume that a*b, a**1b € R\ {0}, where a,b € A. Since

(akb)l . ak+2b _ (ak+1b)2 . (akb)l—l €R

holds for every I > 1, from the assumption we obtain a*+2b € R. Moreover, if
k > 1, since
(ak-i-lb)l . akz—lb _ (akb)Q . (akz-i-lb)l—l cR
also holds for every [ > 1, we infer also a*~'b € R.
Implications: (v) = (iv), (iv) = (iii), (i) = (iii), (ii) = (iv) are obvious. O
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