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A b s t r a c t 

This paper presents a methodology of error analysis in a mathematical model of an electrome-
chanical actuator using Hamiltonian equations in the description of energy conversion. As the 
basic quantity in numerical algorithms, the coenergy of magnetic field Ecm is employed. The 
reason for the application of coenergy as a  state function is the explicitness of its value for 
a given set of state variables, resulting from neglecting eddy currents and hysteresis phenom-
enon in the model.
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S t r e s z c z e n i e 

W artykule przedstawiono metodykę analizy błędu w modelu matematycznym przetwornika 
elektromechanicznego wykorzystującym równania Hamiltona w opisie przemiany elektrome-
chanicznej. Jako podstawowej wielkości w algorytmie obliczeniowym użyto koenergii pola 
magnetycznego Ecm. Wykorzystano w tym celu jednoznaczność określenia wartości koenergii 
dla danej wartości zmiennych stanu, wynikającą z pominięcia w modelu prądów wirowych 
oraz zjawiska histerezy. 
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1. Introduction 

In the case of electromechanical actuators, the main advantage of the Hamiltonian model 
compared to equivalent Lagrangian model is the canonical form of its equations [11]. This fea-
ture is particularly important in the computer implementation of this model due to the possible 
application of discrete databases concerning only currents and flux linkages as the input values. 
These values can be obtained using numerical analysis (e.g. using the finite elements method 
FEM [3, 4]) or through measurements. Due to the lack of a method for determining magnetic 
field coenergy by measurements, it is assumed that it is not available during the mathematical 
model construction, although there are numerical methods for its determination [8]. 

2. Error sources

Independently of the method for determining the input values, in the simulation model 
there are possible errors, the sources of which are:

a)	 simplicial approximation – this is a topological method of current-flux characteristic ap-
proximation based on the triangulation of the discrete databases which define this charac-
teristic,

b)	 uncertainty of currents and flux values related to numerical (using FEM, [8]) or measure-
ment [10] errors.

In this paper, an error resulting from the first source mentioned above is analysed. As the 
measure of this error, a local deviation ΔEcm from explicitness of the coenergy computation 
inside a single simplex from a triangulated current set is taken [1, 3, 6]. The obtained results 
are compared with a mathematically equivalent reciprocity principle, relating to the symme-
try of the dynamic inductance matrix in the case of an electromechanical actuator [11]. The 
mechanical equation was not considered as the analysis concerns a constant rotor angular 
position ϑ = const (Fig. 1).

3. Canonical equations

In the paper, a  3-phase synchronous reluctance machine SynRM with wye-connected 
stator windings without neutral wire is analysed as an exemplary electromechanical actuator 
(Fig. 1) [2]. The differential equation describing an electrical part of the model is:

	 e Ri= +
d
d
Ψ
t 	

(1)

where:
i = [iA, iB]T 	 – the generalized currents vector, 
Ψ = [ψAC, ψBC]T = [ψA – ψC, ψB – ψC]T 	– the generalized flux linkages vector, 
e = [eAC, eBC]T 	 – the generalized external voltages vector, 
R 	 – resistance matrix. 
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Fig. 1. A scheme of a SynRM machine

The choice of considering the wye-connected stator windings without neutral wire is 
made because of its great practical importance, as well as it ensuring the lowest possible 
state space dimension N = 2, which allows the electromechanical system as a whole to be 
graphically analysed [4].

Obtaining a set of canonical equations based on equation (1) requires setting state vari-
ables and dependent variables. The choice leads to one of the two forms of canonical equa-
tions [4, 11]:

a)	 Hamilton equations, in which flux linkages are state variables (such a model is called 
HMEA – Hamiltonian Model of Electromechanical Actuator):

	

d
d
Ψ

Ψ
t
= − ( )e Ri ϑ,

	  
(2)

b)	 Lagrange equations, in which currents are state variables:
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(3)

where:
ω 		  – mechanical angular velocity of the rotor,
Ld(ϑ, i) 	– dynamic inductance matrix [11].

4. Synergy features used in HMEA

In the considered electromechanical system, there are no elements that store potential 
energy. In this case, coenergy Ecm can be expressed as a scalar product of two generalized 
quantities relating to the magnetic field:
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E cm ϑ, i i

i

( ) = ⋅∫Ψ d
0 	

(4)

Due to the fact that coenergy is a state function of the considered system, its change along 
a closed path equals zero:

	
Ψ ⋅ =∫ di


0
	 (5)

It allows a flux linkage vector field defined in the current space RI (which is, for N = 2, 

a subspace of a three-dimensional Euclidean space E3 with a standard basis 
  e e ei i iA B C[ ] ) 

to be interpreted as a curless field (Stokes’ theorem):
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which yields:
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(7)

and is equivalent to the symmetry of the dynamic inductance matrix Ld(ϑ, i) of the analysed 
system.

5. Discrete model of the electromechanical actuator

The discrete model is formulated using data collected by a numerical analysis using the 
FEM method and a FEMM computer program [7]. A FEM model of a prototype SynRM 
machine was created. This prototype machine is based on a stator from a mass produced RSg 
80-4A induction motor by the BESEL company. Its basic characteristic features, fundamental 
for a mathematical model construction, are as follows:

•	 Rated current 	 In =	 2.2 A,
•	 Number of stator poles 	 2p =	 4,
•	 Number of stator slots	 Qs =	 36,
•	 Number of rotor poles	 Qr =	 4,
•	 Rotor’s length 	 lr =	 72 mm,
•	 Number of turns per slot 	zs =	 90,
•	 Air gap length 	 δ =	 0.25 mm. 
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Fig. 2. A pictorial view of a stator (a) and a rotor (b) of a modeled SynRM machine

The numerical analysis was made for a  currents set I k, which is a  Cartesian product 
of a sequence I = {-4 A; -3.5 A; …; 4 A}, i.e. I k = I × I. For each point ip ∈ I k (Fig. 3) a flux 
linkages vector Ψp was computed, thus constructing a set Ψ k = {Ψ1, Ψ1, …, ΨK}, K – number 
of points (Fig. 4). The set Ψ k is a subset of a flux linkage space RΨ ⊂ EN.

6. Error definition in HMEA

Due to a homeomorphism between currents space RI and flux linkages space RΨ, com-
ing from assumed uniqueness of magnetization characteristic, further analysis concerns a Tk 
triangulation defined on a set I k using Delaunay algorithm (Fig. 5) [1, 6]. The triangulation 
result is a simplex grid (which are triangles for N = 2), which enables flux linkage computa-
tion in every point of space RI using the simplicial approximation [3, 6].

Fig. 3. Currents set Ik Fig. 4. Flux linkages set Ψ k
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Fig. 5.Currents subspace triangulation T k(I k)

Because flux linkage values, obtained either from numerical analysis or measurements, 
are taken with an error and because of the use of simplicial approximation, coenergy in every 
simplex is computed with an error. Therefore, the influence of this error value generated by 
both of the aforementioned factors on the computed integral values needs to be explored [9]. 
As a measure of this error, a local deviation ΔEcm from explicitness of the coenergy computa-
tion inside each simplex ΔI

k
, j of the triangulated currents set is used:

	
Ψ ∆⋅ =

∂
∫ di
S

cm

I

E


	
(8)

where:
∂SI	 – analysed simplex boundary (Fig. 6). 

Fig. 6. A Simplex SI in the currents subspace

Fig. 7. Graphical interpretation of the error related to the curvature of the current-flux characteristic
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The ΔEcm value is equal to 0 for an accurate values of currents and flux linkages (dashed 
line, Fig. 7). For a linear approximation of a current-flux characteristic an error appears (solid 
line, Fig. 7).

The exact measure of an error for a given simplex ΔI 
k
, j is a relative error value expressed 

as [10]:

	
δE E

Ecm
cm

cm

=
∆

	
(9)

where Ecm 	 – average value of coenergy in a given simplex (Fig. 6).

For simplicity, Ecm  is defined as an arithmetical average of the coenergy value in the 
vertices of a given simplex [4].

7. Error definition in a Lagrangian model

Similar to the HMEA, a relative error in a model based on Lagrange equations was de-
fined. As a measure of it, a violation rate of the reciprocity principle was chosen. This error 
is related to the symmetry of the dynamic inductance matrix:

	
∆L
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According to equations (5) and (7), this value is an analogue to the ΔEcm parameter ex-
pressed by equation (8). The relative error value is defined as:
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In formulas (10) and (11) for the derivatives approximation a central difference algorithm 
is used [9].

8. Computational results

In Figures 8–10, it can be seen that in both cases, the absolute error value is the largest at 
the transition between the linear area of the current-flux characteristic and the area in which 
magnetic saturation is observed (Fig. 10).
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Fig. 8. Absolute error in HMEA

Fig. 9. Absolute error in the Lagrangian model

Fig. 10. Current flux characteristic ψAC(iA, iB, ϑ = 30°)
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This result is as expected as in this region, the curvature of the current-flux characteristic 
is the highest (Fig. 10). These results are consistent with the computed relative error values in 
the HMEA model (Fig. 11). In the case of the Lagrangian model, a relative error distribution 
is far from prediction (Fig. 12).

For computation, a rotor angular position ϑ = 30° is chosen, as a coupling between gen-
eralized windings is the largest for this angular position [3, 4].

Fig. 11. Relative error in HMEA

Fig. 12. Relative error in Lagrange model

9. Conclusions

General conclusions that come from the comparison between relative errors in both the 
HMEA and Lagrangian model are as follows:
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a)	 relative error range is similar in both cases (15%–20%),
b)	 a possible simple algorithm of error minimization can be used in HMEA (barycentric 

subdivision [6]) due to the lack of necessity of complicated numerical differentiation [9]. 
This results in a reduction of the region, where computed errors are the largest, to the 
region of the highest curvature of the current-flux characteristic (Fig. 10),

c)	 there is a necessity for much more precise methods for computing elements of dynamic 
inductance matrix in the Lagrangian model. It has to be done probably as early as during 
FEM numerical analysis [5],

d)	 in case of the Lagrangian model, a relative error distribution is stochastic in the whole 
analysed currents subspace (Fig. 12), which makes its minimization harder, as it requires 
increased database accuracy in the whole considered range.
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