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1. Introduction

Let Ry =[0,00), N={1,2...}, N, =NuU{0} and for every fixed m € N let
N" =n=(n,...,n,):n. €N for 1<k <mj,

R = {x=(x,...,x,):x, e Ry for 1<k <m}.

Analogously we define R”. We denote A =(A,A,...,A)e R”. For ne N” we write

n — & if and only if n, — 400 for k =1,2...m. Moreover, for a fixed x,y € R”, we will
use the notation

J;yf(s)dS= J:l‘[cym f(sp,...8,,)ds; ...ds,,.

We denote by Cy(R”) the space of all real-valued functions f uniformly continuous
and bounded on R’/. The norm on Cg(R) is defined by ||f||C 7y = SUp |/ (x)|. Let

m
xe]R+

ax k k
il k X X
W (x)=e 1+ [,J(n),. N
ok ; i KI(1+ x)™F

where a e Ry, (n)y =1, (n), =n(n+1)...(n+i-1), i>1.

For a real-valued function f defined on the interval [0, c0), the generalized Baskakov-
-Durrmeyer type operators is defined by (see [11])

o8]

M (f5x) = z Wl (x )mf e (ns)*™* f(s)ds, a>-1. (1.1)

=0
In the present paper, inspired by operator (1.1), we introduce the following class of
operators My given by the formula

ME(f; 9= Z EHW o ( )F(a T T s )M f(s)ds (1.2)

for xeR7, where neN", aeRY, a=(a,...,0,,), a, >—1 for k=12,....m. It is

obvious that the operator M, is linear and positive on R”. Basic facts on positive linear
operators, their generalizations and applications, can be found in [3], [4].

Observe that if f(s)= fi(s,)-...- f,,(s,,) for se R, then

Mua(f x) HM J? I(f’x)

Jj=1



99

where

»d; n.s; k.
M) = Z N e I RN L%
Some properties of the operator defined by (1.1) in particular, an estimation of the rate

of convergence, were studied in [11].

Lemma 1 [11]. Let ¢"(r)=¢", t e R}, r € N,. For x>0, a>~1 and a >0, we have
M (90 =1,

+1 ax
M% (o' x S AL ,
w050 n(1+x)

ME (ol )= S
n(1+x)

M‘”(((p )x) (0L+1)(0L+2)+2x+x N a*x? +2(0L+2)ax

n’ n 112(1+)c)2 n2(1+x) ’

lim n* M (@' —x)*;x) =12x% +12x° +3x"* —3ax’
n—0

A Bx=5)ax’ [12(a+2)+4]a’x’
l1+x (1+x)?

Using the definition of M,*?, it is easy to prove the next theorem.

Theorem 1. Let f e Cx(R"). Then

(L2l 00! S ) e
forall neN".

This paper is devoted to a study aimed at obtaining approximation results by using
the modulus of continuity and the Voronovskaya asymptotic formula for the Baskakov-
-Durrmeyer type operators defined by (1.2) in the space of uniformly continuous and
bounded functions of several variables. Approximation properties of various positive linear
operators for functions of one, two and several variables have been investigated in many
papers (for example [2], [5], [7], [8], [9], [10], [12], [13]).

2. Rate of convergence

In this section we shall prove two theorems on the degree of approximation of functions
belonging to the class C(R) by M, ?. We shall apply the method used in [6].
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We denote

Cp(R™):= {f e Cy(R™): ge Cyz(R™), 1sk3m}.
k

In order to prove the approximation theorem we need the following result. Let

(pl(sj)=sj, s eRy, j=12,..m, reN.
Theorem 2. If g € C5(R™), then
M2 (g3) - g ()

J=1

%
Ox n]2 n; njz»(1+xj)2 n5(1+xj)

5 5 5 12
{(ocj+1)(aj+2)+2xj+xj+ a’x’ +z(mj+2)ajxj]
Ilcy ey
Sorall xe R, where neN", aeR”Y, a=(a,...,a,), o, >—1 for k=1,2,...,m
Proof. Fix x € R”/. Forevery s € R’} we have

g@-g@=Y [ gy,
=1 T OU;

X

Where y] :(xl9"'7xj_1sujssj+19---asm)- ObserVe that
s; 0 og
Lajg(y,-)duj < o . |57 -]
’ Cp(RY)
and
|
o;.a; 0 . 6g o,a; 1 .
Mn/. [ Jjag(yf)d”j axj]é o Mn/ (‘(p —xj‘,xj).
! J T licyRY)

Applying the Cauchy-Schwarz inequality we obtain

" 1
&j-d; 0 . g a;j»d; 1 2. 2
' Cp(RY)

From the above, using the linearity of M, “ and Lemma 1, we obtain

M2 (g:) - g ()

Jj=1

g
ox

1/2
[(aj+1)(aj+2)+2xj+x§ a’x’ 2(aj+2)ajij
Cp(R)

2 2 2 2
i nj n; nj(1+xj) nj(1+xj)

whence the result. O
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In the next theorem we will use the modulus of continuity of f € Cx(R”) given by

/8= 300 80 lc, e SRRTVDL
1

0<hm gﬁm

where
AL f(x¥) = f(x+h)— f(x), xR,
Forafixed B=(By,....B,,). 0<B; <1 for j=12,....,m, wedenoteby Lip(Cy(R");B)

the class of all functions feCyz(RY) for which w(f;8)= O( +. +8B ) as

+ .
8, >0" for j=12,...,m

Theorem 3. Suppose that [ € Cz(RY). Then for all x € R, it holds

M (f3%) = f(0)| < 2(m+1Do( f35),

where
/2
(D0 +2) 2x 47 agxg L Ua; +2apx |
J 2 + + , j=L2,....m
nj n; nj(1+xj) nj (1+x )

Proof. Let f; be the Steklov mean of f e C5(RY)

]} J;f(x+u)du

for x e R", 8; >0 for j=1,...,m. Wehave

Jo@) = [Ha

L
50— () = (Hsj] [~ ronda
=1

and

-1
%fs(x)=[l_[6]} EE f f’”(f(x+u*)—f(x+u*))dul...duj,ldujﬂ...dum
J Jj=1

. *
for j=1,...,m, where u" = (uy,...,u; 1,0, jyysensthy,)y U = (Upseestly g, 0,054,000 0,,).
From this we obtain

||f5 _f"CB(RT) < O)(f,s), (21)
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s

axj

<257 (f;9), 22
Cy(RY)

which implies f5 € Cy(R”). Hence, for every 8 R”\ {0}, xeR” and neN", we can
write

M2 (f33) = 0| <|ME(f = fy0)] + | Mg i) = fs0)] +| f0) = £ ().
Using Theorem 1 and (2.1), we get
b2 (f - fym)| <15 - 1] < 0 £:8).
By Theorem 2 and (2.2), it follows
M2 fy30)~ ()

<2

1/2
szm(f;&Zs,.l[(f o, 4D Byvy |4 A, )],]
=

Y5

]

2 2T
nj n; nj(l—i-xj) ni(1+x;)

2 ) 1/2
{(ocj+1)(otj+2)+2xj+xj Ly 2(aj+2)ajij
Cy(RY)

nj2 n; nj(l-i-xj)2 njz-(1+xj)

Consequently
My (f33)- /(0)| < 20(/:8)

1/2
z OC +1 OL +2 2x +x a2x2 2(a; +2)a;x;

] n; nj(1+)cj)2 n5(1+xj)

forall 8 € R”\{0}. Choosing & with

12
5, (aj+l)(otj+2)+2xj+x12-+ ajzsz +2(0Lj+2)ajxj
! n; n; ni(l+x,)"  m(1+x;)
j=1,...,m, we obtain the assertion. O

From Theorem 3, using the properties of modulus of continuity for uniformly continous
function (see [1], [4]), we can derive the following corollaries.

Corollary 1. If f € Cx(R"), then
lim M%(f;x) = f(x)
n—>oo

for every x € R". Moreover, this convergence is uniform on every compact set 7 — R/
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Corollary 2. Let f e Lip(Cz(R");B) with some fixed meN and B=(B,,...,3,,),
0<B; <l for j=12,...m. Then for all axeRY, a=(a,...,a,), o, >-1 for k =
=1,2,....mand ne N", it holds

(oc (e, +2) 2 +X; ax; 2o, +2)a;x; g
+ +

M (f5x)— f(%)
‘ = nj2 n; nj(l-i-xj)2 n5(1+xj)

3. The Voronovskaya type theorem

Let 7 =(n,...,n)e N". In this part, we will consider the operator Mz**. In order
to state the Voronovskaya type theorem we need the following result, which is a simple
consequence of Lemma 1.

Lemma 2. Let x=(x,,...,x,,) € R be a fixed point. Then

q o4 1 . _ a;x;
li)m nM,”" (¢ _xj’xj)_aj +1+r,
n—00 xj
Tim M7 (9! =5 x )M (0! = x;3,) =0, =

lim n M7 (o' —x,)*;x,) =2x, +x7,
Tim 2 M7 (91 =) x) = 1207 +12x] 4 3x] = 3a,]

" (3x; —5)a;x; 12 +2) +4]a’x; (3.1)

l+x; (1+x;)?

forj=1,2,...,m.

Theorem 4. Let f e Cy(RY) and x e RY. If f'is of the class CB (R in a certain
neighbourhood of a point x and f"(x) exists (in the Fréchet sense), then for every

x e R, we have

: o,a - 0, 1 0
Jim (M <fsx>—f<x>}=2[a “nHJﬂx’ >3 L

J=1
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Proof. Let x be a fixed point in R”’. By Taylor’s formula we get

L 2
f(s):f(x)+2(sj—x_- f(x)+_{2( Zai(x)
Jj=1

J

1/2
2 Z (s; = x,)(s; —x) (x)} (s)(Z(s —x)] :

i#j,i,j=1

where the function y_ is uniformly continuous and bounded in R’ and limy,(s)=0.
§X

From linearity of M,"?, we obtain

- x
M (f300— () = 0> MO (@ —x,3x) L)
— Ox ;
Jj=1 J
LIS 0 ! WAC)
+—n M, =35)f 5%
: {lej (GRS AR P~ 32)
—~ al o’ f(x)
+2 MY (@ —x ;5% YM® 5 (@' — x5 x,
. zf w @ )M (e l)ax-am
i#j,i,j=1 [y
+nMye (Y, 0,5 %),
. 1/2
where ¢,(s) = (Zj:](s i xj)“) . Using the Cauchy-Schwarz inequality we obtain
1/2 1/2
[ M (w0 < M (W3] [ M 63:%)
Moreover, the function \Vi satisfies the assumption of Corollary 1. Hence
lim M (y3:%) = w3 (x) = 0.
n—00
Observe that
M4 (03;%) = My [Z(cpl —x_,)“;x} =D M@ = x)) ;).
I I
Using (3.1) we obtain
lim M5 (y,0,;%) = 0. (3.3)
n—00
From (3.2), (3.3) and Lemma 2 we get the assertion. O

Corollary 3. Let x e R". If f satisfies the assumption of Theorem 4, then

M,?’a(f;x)—f(x)‘=0(%j as n— oo.
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