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1.  Introduction

Let � …0 0= [0, ) 1 2 0+ = = ∪¥ , { , }, { }    and for every fixed m ∈  let
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where a n n n n n i ii∈ = = + + −+� …0 0 1 1 1 1, ( ) , ( ) ( ) ( ), .³
For a real-valued function f defined on the interval [0, ¥), the generalized Baskakov- 

-Durrmeyer type operators is defined by (see [11])
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In the present paper, inspired by operator (1.1), we introduce the following class of 
operators Mn

aα,  given by the formula
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m k∈ ∈ ∈ = − =+ + …, , , ( , , ), , , , .where forN R α α α α1 1 1 2>n a α  It is 

obvious that the operator Mn
aα,

 is linear and positive on +
m .  Basic facts on positive linear 

operators, their generalizations and applications, can be found in [3], [4].
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where
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Some properties of the operator defined by (1.1) in particular, an estimation of the rate 
of convergence, were studied in [11].

Lemma 1 [11]. Let ϕ αr rt t t r x a( ) = 0 1 00 0, , . For , ,∈ ∈ −+R N ≥ > ≥and  we have
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Using the definition of Mn
aα, ,M a

n
α  it is easy to prove the next theorem.

Theorem 1. Let f CB
m∈ +( ) .  Then
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for all n m∈� .n
This paper is devoted to a study aimed at obtaining approximation results by using 

the modulus of continuity and the Voronovskaya asymptotic formula for the Baskakov- 
-Durrmeyer type operators defined by (1.2) in the space of uniformly continuous and 
bounded functions of several variables. Approximation properties of various positive linear 
operators for functions of one, two and several variables have been investigated in many 
papers (for example [2], [5], [7], [8], [9], [10], [12], [13]).

2.  Rate of convergence

In this section we shall prove two theorems on the degree of approximation of functions 
belonging to the class C MB

m
n
a( )�+ by α, .M a

n
α

 We shall apply the method used in [6].
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Applying the Cauchy-Schwarz inequality we obtain
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From the above, using the linearity of Mn
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In the next theorem we will use the modulus of continuity of f CB
m∈ +( )  given by
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From Theorem 3, using the properties of modulus of continuity for uniformly continous 
function (see [1], [4]), we can derive the following corollaries.
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Corollary 2. Let f Lip CB
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3.  The Voronovskaya type theorem

Let n n n m= ( , , )∈ .n  In this part, we will consider the operator Mn
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to state  the Voronovskaya type theorem we need the following result, which is a simple 
consequence of Lemma 1.
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Proof. Let x be a fixed point in +
m .  By Taylor’s formula we get
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 satisfies the assumption of Corollary 1. Hence
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Observe that

	 M x M x x Mn
a

x n
a

j

m

j
j

m

n
aj jα α αφ ϕ ϕ, ,( ) (2

=1

1 4

=1

, 1; = ( ) ; = (∑ ∑−












−− x xj j) ; .4 )M Mx xxn
a a

n
α α 	

Using (3.1) we obtain

	
n

n
a

x xnM x
→∞
lim ( ),α ψ φ ; = 0.M xx xn

aα 	 (3.3)

From (3.2), (3.3) and Lemma 2 we get the assertion. 	 

Corollary 3. Let x m∈ +� .x  If  f  satisfies the assumption of Theorem 4, then

	 M f x f x O
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


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 → ∞M x xn
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