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This paper presents a method for positioning an electric drive with an elastic mechanical part by applying 
the inverse problem of dynamics. The presented assumptions take into account technological requirements 
and limitations of dynamic variables. The desired trajectory of the mechanical part of the electromechanical 
system has also been determined. On this basis, an algorithm for determining the control voltage waveform 
is proposed.
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Nomenclature

x	 –	 position of the winding engine mass [m], 
x(1)	 –	 velocity of the winding engine mass [m/s],
x(2)	 –	 acceleration of the winding engine mass [m/s2],
xm	 –	 position of the point on the circumference of the drive wheel [m],
us	 –	 control signal calculated by the controller [V],
ε	 –	 correction signal (output of the correction block) [V],
ω	 –	 angular velocity of the motor [rad/s].

1. Introduction

Fast dynamic algorithms are a prerequisite in the positioning of real-time control 
systems of flexible manipulators and winding machines [2]. Analysis of elastic vibrations 
in such systems is usually carried out by investigating the drive transmission system.  
In general, the drive transmission system consists of a set of masses with elastic and 
damping connections. 

In a multi-mass system, the most significant oscillation frequencies should be selected. 
If a system has only one significant natural frequency, its dynamic properties may be 
reproduced with a two-mass system with a fair degree of accuracy. Flexibility in mechanical 
joints results in a dynamic torque variable component which makes it difficult to obtain the 
desired dynamic characteristics [1]. 

As a result, the system can only imperfectly reproduce a predetermined trajectory in the 
state space. These imperfections can be partly compensated for by classical methods, i.e. 
by adaptation of the gain factor feedback. [13]. An example of applying nonlinear feedback 
methods to reducing overshoots in the positioning system when the actuator reaches the 
desired position is shown in [9]. Another approach is presented in [8], where the authors 
discuss the inverse dynamics velocity control of a direct drive manipulator based on the 
sliding mode compensation technique. The compensated inverse dynamic velocity control 
scheme is robust against the detrimental effects of model uncertainties and exhibits robust 
tracking performance of the desired velocity trajectories. In [7], a discrete-time sliding mode 
control strategy combined with an inverse dynamics approach to motion control of robot 
manipulators is proposed. 

When positioning such systems, three key issues must be addressed – determination of 
the control system structure, calculation of parameter values and determination of control 
variable waveforms ensuring the desired trajectory.

Electrical drives with linear or angular position control require the use of specialized 
digital systems. Such systems often implement complex control algorithms [3]. The aim of 
this paper is to present a simple example of a drive system loaded with elastic and damping 
elements. The drive control system works by solving the inverse dynamics problem [4], 
which requires relatively little computational effort.
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The determination of input values (such as control voltages and electromagnetic 
moments) from the given kinematic elements of motion or from the given properties of 
motion is one of the main problems associated with the dynamics of electromechanical 
systems [13]. The inverse dynamics problem has attracted the attention of engineers due 
to its wide scope of potential applications and general solvability [14]. Computer-aided 
modeling of various systems by applying the of inverse problems of dynamics has led to 
a considerable broadening of the concept of the inverse problem itself [11]. If the given 
properties of motion of the electromechanical system can be represented analytically as 
first integrals of the appropriate equations of motion, then, in general, the solution of 
the inverse problem of dynamics is reduced to the construction of an adequate system of 
differential equations. The coefficients of these differential equations can be computed on 
the basis of technological requirements, limitations imposed on state variables and other 
properties known. Solving these differential equations yields information regarding the 
forces and moments which act upon the system [15].

2. Structure of the control system

It is assumed that the general structure of the control system comprises the following 
elements:
–	 a controller which implements the control task
–	 an object, i.e. a DC motor drive with a permanent magnet in a closed-loop control system 

with speed and current controllers, containing a transistor-based amplifier,
–	 mechanical load, involving a flexible damping element and the mass of the mechanism itself,
–	 a correction block which limits the impact of changes in system conditions and disturbances. 

It is assumed that the structure of the motor speed control system is a cascade consisting 
of two PI regulators whose settings have been optimized. The speed controller acts as the 
outer loop controller which controls velocity, while the current controller acts as the inner 
loop controller which treats the output of the outer loop controller as its setpoint and controls 
the current of the motor.

The structure of this electromechanical drive system is depicted in Fig. 1 with two 
additional labels: u – corrected control signal; z – disturbance signal.

Fig. 1. The control system structure of a DC drive control of an elastic element
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3. Electromechanical model and its motion control

The purpose of control is to carry the winding engine mass from the initial state  
(x0, x0

(1) x0
(2)) to the final state (xk, xk

(1) xk
(2)) in minimum time tk while satisfying limitations 

imposed on selected state variables such as  
x(1), x(2).

The paper presents the results of simulating 
this process in an electromechanical system. 
The corresponding block diagram is shown in  
Fig. 2. 

The problem can be reduced to computing the 
optimal waveform of the engine control variable, 
which limits transient oscillations of the winding 
engine mass. The desired trajectory of the winding 
engine mass can be calculated on the basis of 
limits imposed on state variables describing the 
dynamics of the motor and the winding engine 
mass while minimizing the duration of the 
process. 

The dynamics of the presented electro-
mechanical system is described by the following 
relationship: 

             x(t)(1) = f [x(t), u(t), t]	 (1)

where:
	 x(t) = {x1(t), ..., xn(t)}

T	 –	 vector of state variables, 
	 u(t) = {u1(t), ..., um(t)}T	 –	 vector of control variables, 
	 m, n	 –	 dimensions of each vectors, 
	 T	 –	 transpose of a vector,
	 f [x(t), u(t), t]	 –	 predetermined vector function (generally nonlinear), 
	 x(t)(1) 	 –	 first derivative of the state vector. 

In this paper, the following assumptions were made: 
–	 the desired trajectory of the winding engine mass in the state space was selected in such  

a way as to satisfy the following technological limitations:

		  (2)

where:
	 t0	 –	 initial time,
	 tk	 –	 duration of the transient state;

–	 the right side of the equation (1) can be expressed as the following sum: 

		  (3)

Fig. 2.	 The general scheme of the elec-
tromechanical system, where: 1 – 
motor, 2 – gear, 3 – drive wheel, 
M – winding engine mass on 
elastic rope

x t t t t t t tz k k( ) ( ); ;= < < + < < ∞ξ 0 0 0

x t g x t t h u t t( ) [ ( ), ] [ ( ), ]( )1 = +
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where the input vector function  may be represented as:

		  (4)

4. Specification of the control task

The control task can be expressed as follows: we need to find a vector control function u(t)
for which the trajectory of the winding engine mass corresponds with the desired trajectory 
ξ(t) with the assumed accuracy [5].

In practice, the j-th component of the vector function can typically be expressed as:

	 	 (5)

where the αji(t) coefficients follow from time-dependent parameters of the system and are not 
difficult to calculate.

An approximation of the difference ξ(t)(1) – g[ξ(t), t] can be computed using linear 
combinations α ji

i

m

it u t( ) ( )
=
∑

1
  for j = 1, ..., n.

By specifying for each state variable (j = 1, ..., n), the error of the approximation as:

		  (6)

and minimizing the functional: 

		  (7)

in each step of the procedure we can determine the coefficients αji(t) and the control functions 
ui(t).

Taking into account the technological limitations of the components of the state vector 
(e.g. regulator output signals, armature current, speed and acceleration of the winding engine 
mass), additional conditions may be obtained:  

	 	 (8)

where:
	 xj(t)min, xj(t)max	 –	 the lowest and highest admissible values of the j-th component of 

the state vector.

h u t t t g t t[ ( ), ] ( ) [ ( ), ]( )= −ξ ξ1

h u t t t u t j nj ji
i

m

i[ ( ), ] ( ) ( ) for , ...,= =
=
∑α

1
1
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i

m
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The limitations imposed on vector control signal components (e.g. speed setpoint signal 
voltage) can be expressed as follows:

	 	 (9)

where:
	 uj(t)min, uj(t)max	 –	 the lowest and highest admissible values of the j-th component of 

the vector control signal.

Taking into account the above mentioned conditions, the components of the input vector 
function h[u(t), t] may be defined as:

		  (10)

where: 
	 h*	 –	 in general, a nonlinear vector function of parameters (e.g. limiting values of   

state variables such as start and end time), which defines a desired trajectory of 
the winding engine mass,

	 α(t)	 –	 a time-dependent parameter matrix.

The control task leads to the solution of equation (10) with respect to vector control 
components.

5. Simulation studies 

Simulation studies were carried out for a DC motor drive with permanent magnets, 
manufactured by Wamel, series 5680, type DPM 56-DF4 K-7707, designed to feed the drives 
of numerically controlled machines [5]. Its basic parameters and the limiting values of the 
control system are as follows: armature resistance 1.75 Ω; armature inductance 0.037 H, 
motor torque constant, 0.85 Nm/A; rated torque with the rotor stopped 7.4 Nm, peak torque 
with the rotor stopped 62.0 Nm, rated speed 1200 rpm, rated current 9.0 A; peak current 
71 A; maximum supply voltage 107 V; reduced moment of inertia of the rotating masses 
0.015 kgm2; velocity measurement constant ktg = 0.301 Vs; current feedback gain 0.33 V/A; 
maximum control voltage umax = 8.5 V; gain rectifier built on power transistors 50 V/V. The 
signal delay introduced by the rectifier was seen as negligible.

The study used a cascade armature current control system with speed and current PI 
controllers. Settings have been optimized on the basis of the polynomial Ellert criterion, 
limiting the output signals of current and speed controllers to between –10.0 V and +10 V; 
gain of the speed controller: 4.084 V/V; time constant of the speed controller: 0.08 s; gain of 
the current controller: 0.698 V/V; time constant of the current controller: 0.021 s.

u t t u t j mj j j( ) ( ) ( ) , ...,min max< u < =1

h u t t t u t t g t t

h t

j ji
i

m

i j j

j

 [ ( ), ] ( ) ( )  = = − =

=
=
∑α ξ ξ

1

1( ) [ ( ), ]

[ ,

( )

* tt t u u x x tk0 , , , , , , ( )]max min min max α
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The parameters of the mechanical part of the system and limitations placed upon the 
state variables associated with it were as follows: mass of the winding engine M = 20 kg;  
elasticity modulus of the rope k = 100 N/m; substitute damping factor of the rope  
c = 20 Ns/m, radius of the drive wheel r = 0.2 m; speed limit of the winding engine mass 
 xmax

( )1  = 5.648 m/s; mass acceleration limits: –1.25 m/s2 ≤ xmax
( )2  ≤ 1.25 m/s2; derivative of mass 

acceleration limits: –5.0 m/s3 ≤ xmax
( )3  ≤ 5.0 m/s3; second derivative of mass acceleration limits: 

–25.0 m/s4 ≤ xmax
( )4  ≤ 25.0 m/s4. 

The aim of the process control was to position the winding machine mass. This was 
achieved by appropriately shaping the engine speed waveform. The whole dynamic process 
lasted 20 s and consisted of three stages: startup (0–5 s); movement with maximum established 
speed (5–15 s); and braking (15–20 s). 

To determine the trajectory of the winding engine mass x(t), iit is necessary to analyze the 
technological limitations and find the relationships between them. The maximum values of 
the speed and acceleration of the mass correspond to linear velocity and linear acceleration 
of a point on the circumference of the drive wheel. Peak values of the linear velocity xm

( )
max

1  
and linear acceleration of a point on the circumference of the drive wheel xm

( )
max

2  can be 
expressed as follows:

	 	 (11)

where:
	 r	 –	 radius of the drive wheel,
	 km	 –	 motor torque constant, 
	 ktg 	 –	 velocity-feedback gain factor,
	 umax 	 –	 control voltage limit,
	 imax 	 –	 larmature current limit,
	 xm

( )
max

1 	 –	 peak value of the linear position derivative of a point on the circumference 
of the drive wheel,

	 J	 –	 moment of inertia of the rotating masses (reduced to the motor shaft).

The armature current limit in a transient state is indirectly related to the limit of the second 
derivative of the linear position of a point on the circumference of the drive wheel. The 
differential equation of the drive transmission system can be expressed as:

		  (12)

where:
	 x(1)(t), x(2)(t)	 –	 first and second derivatives (respectively) of coordinates specifying 

the position of the winding engine mass.

The architecture of the electromechanical system described above is depicted in  
Fig. 3.

The top branch of the electromechanical control system comprises a trajectory controller 
which is used to solve the inverse problem of dynamics, as well as a DC drive system with PI 

x u  r
k

x i   k   r
J     M  rm

tg
m

m( )
max

max ( )
max

max;1 2
2        = =

+

M x t c x t k x t c x t x tm m ( )           ( ) ( ) ( )( ) ( ) ( ) ( )2 1 1+ + = +
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Fig. 3. The general structure of the model tested electromechanical system
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speed and current controllers. The bottom part of the system includes a model elastic damping 
element of the winding engine with mass M. It should be noted that the natural frequency of 
the mechanical part of the system is approximately 2.25 Hz, whereas the time constant of the 
armature is 0.0211 s. The significant differences between the own frequencies of the motor 
and the driven mechanical system, and the excess power of the DC motor, make it possible 
to reduce the control problem to control over rotating masses connected to the rotor, linear 
motion of the winding engine mass and a point on the circumference of the drive wheel. As 
can be seen, fast transients in the motor control system are sufficiently quickly suppressed 
and do not have a significant influence on the dynamics of the winding engine. Taking this 
into account, and based on the limit condition (11) which should be achieved as soon as 
possible, we can build a computational algorithm which determines the desired trajectory of 
the winding engine mass. Subsequently, we can apply equation (10) and differential equation 
(12) to construct an algorithm for the inverse dynamic controller.

The velocity controller in the DC drive control system limits the rate of rise in armature 
current. Equation (12) imposes a limit on the second derivative of the winding engine 
mass acceleration. The technological limitations (11) placed upon regulator output signals, 
armature current, speed and acceleration of the winding engine mass result in additional 
conditions.

To satisfy the technological limits imposed on the armature current and voltage 
control (11), the second derivative of acceleration is set to the maximum value xmax

( )4  in 

the interval T x
x1

3

4= max
( )

max
( )  = 0.2 s. The duration of the stage of linear acceleration changes 

is consequently calculated as T x
x

x
x2

2

3

3

4= −max
( )

max
( )

max
( )

max
( )  = 0.05 s. In the startup stage, the need

to minimize transient state duration results in the maximum speed being achieved in 

T x
x

x
x

x
x3 2

2

3

3

4= − −max

max
( )

max
( )

max
( )

max
( )

max
( )

(1)

 = 4.0684 s. This determines the duration of the startup and braking

stages when the DC motor produces the maximum permissible acceleration.
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Fig. 4 shows the first and second derivatives of the winding engine mass in the engine 
startup and braking stages. Calculations were performed using the trajectory controller, 
which implements the principle of inverse dynamics. In this way, we can obtain the desired 
waveforms of variables describing the motion of the winding engine, which define the 
components of the right side of differential equation (10) and allow us to proceed with 
its numerical integration. The waveform of the winding engine mass acceleration in the 
real system may deviate from the typical trapezoidal shape (dotted line) – the controller 
should therefore provide for a limitation of its second derivative (solid line), as can be seen  
in Fig. 5.

In order to calculate acceleration waveforms for the electromechanical transmission 
system, the controller implements the algorithm resulting from equation (12). The starting 
point for the calculation is provided by the computed acceleration of the winding engine mass 
and the initial condition imposed on the position of a point on the circumference of the drive 
wheel. The procedure consists of iterative numerical integration of equation (13), each time 
placing the integral calculated by the previous iteration on the right-hand side of the formula

		  (13)

Fig. 5 shows the waveform of the control voltage signal, which was calculated using the 
inverse problem of dynamics. On the basis of the mathematical model of the electromechanical 
transmission system, the controller calculates the linear velocity waveform of a point on 
the circumference of the drive wheel. Subsequently, by applying the mathematical model 

Fig. 4. The second and first derivative of the winding engine mass in the engine startup and braking 
stages, as calculated by the controller

x t M
c

x t  x t k
c

x t k
c

x tm m
( ) ( ) ( )( ) ( ) ( ) ( )1 2 1= + + − ( )  
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Fig. 5. Programmed waveform of the acceleration of the winding engine mass

of the DC motor control system, it calculates the control voltage signal. As can be shown, 
the controller modifies the motor speed waveform in stages corresponding to the assumed 
maximum allowed value of the second derivative of the winding engine acceleration 
coefficient:
–	 in the startup stage: 0.0–0.45 s and 4.55–5.0 s,
–	 in the braking stage: 15.0–15.45 s and 19.55–20.00 s. 

Fig. 6 presents a comparison between the linear velocity waveforms of the winding engine 
mass and a point on the circumference of the drive wheel. The aim of the control process was 
to position the winding engine mass. This was achieved by appropriately shaping the engine 
speed waveform.

Fig. 6.	 Control voltage waveform calculated 
using the proposed algorithm

Fig. 7.	 Linear velocities of the winding engine 
mass and a point on the circumference 
of the drive wheel
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Fig. 8.	 Linear velocities of the winding engine 
mass and a point on the circumference 
of the drive wheel during the early 
startup stage

Fig. 8 and Fig. 9 show the waveforms extending in the initial part of the startup stage 
(0.2–1.2 s) and in the final part of the startup stage (4.5–6.0 s). Fig. 10 and Fig. 11 show 
the waveforms extending in the early braking stage (14.8–16.2 s) and the late braking stage 
(15.9–20.7 s).

Fig. 9.	 Linear velocities of the winding engine 
mass and a point on the circumference 
of the drive wheel during the late 
startup stage  

Fig. 12 and Fig. 13 present a comparison between the linear acceleration of the winding 
engine mass and the linear acceleration of a point on the circumference of the drive wheel 
during the final stages of startup and braking. It can be shown that the values of the second 
derivative of the linear acceleration of the winding engine mass satisfy the limit conditions  
–25.0 m/s4 ≤ xM

( )
max

4  ≤ 25.0 m/s4.
Fig. 14–Fig. 17 show a comparison between the waveforms of the electromagnetic 

moment of the motor and the dynamic load torque on the motor shaft in the working  
cycle.

Fig. 10.	 Linear velocities in the early braking 
stage

Fig. 11.	 Linear velocities in the late braking 
stage
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Fig. 12.	 Linear acceleration of the winding 
engine mass and a point on the 
circumference of the drive wheel 
during startup

Fig. 13.	 Linear acceleration of the winding 
engine mass and a point on the 
circumference of the drive wheel 
during braking

Fig. 16.	 Electromagnetic moment of the motor 
and dynamic load torque in the early 
braking stage

Fig. 17.	 Electromagnetic moment of the motor 
and dynamic load torque in the late 
braking stage

Fig. 14.	 Electromagnetic moment of the motor 
and dynamic load torque in the early 
startup stage

Fig. 15.	 Electromagnetic moment of the motor 
and dynamic load torque in the late 
startup stage
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6. Conclusions 

One of the major problems associated with the dynamics of electromechanical systems is 
deriving control variables from equations which describe the behavior of a physical system in 
terms of its motion as a function of time. The properties of motion of the electromechanical 
system can be computed in many different ways, one of which is by applying the inverse 
dynamics method [10, 11]. In this paper, the construction of the programmed motion of 
a winding engine is reduced to equations of motion under which the motion of the winding 
engine mass is characterized by minimum oscillations. 

In order to solve the inverse problem of dynamics, the necessary and sufficient conditions 
for ensuring motion with specific properties were formulated. The motion properties of an 
electromechanical system whose state is defined by a vector of generalized coordinates and 
a vector of generalized velocities were given as a system of inequalities in compliance with 
technological requirements. The following interdependences were found in the scope of 
technological limitations. In a transient state, the motor velocity and winding engine mass 
limits depend on control voltage limits, while the motor and winding engine acceleration 
limits depend on armature current limits. It is assumed that the transient state should be as 
short as possible. 

The trajectory of the programmed motion was calculated by assuming that the variables 
should reach their limits in the shortest time. From the equations of motion constructed on 
the basis of inverse dynamics, controlling variables and corresponding parameters were 
determined. 

The inverse dynamics method is suitable for direct control over the motion of the winding 
engine mass in order to avoid negative dynamic effects. Nevertheless, disturbances in a real 
electromechanical system may result in the loss of control quality. If load torque disturbances 
are directly transmitted to the motor shaft, the presented engine control system compensates 
them well. When disturbances interact with the winding engine mass instead, and momentary 
values describing the dynamic state of this mass can be measured in real time, the correction 
block shown in Fig. 1 should be applied. Solving such problems is important in the context 
of hoisting machine control systems in the mining industry [6].

Similar results can be obtained by formulating the issue as a problem of finding a control 
law for a given system assuming a certain optimality criterion with a square indicator  
of quality. The task of the control system is then to find a control variable waveform us(t) 
which will minimize energy losses during transients (e. g. startup or braking) at time ts.  
The work performed by the electromagnetic torque of the motor during startup is equal to 
the sum of the final kinetic energy of the motor and the actuator, and the action of dissipative 
forces.

The concept of minimizing energy losses during startup may be replaced by minimizing 
losses associated with the work of dissipative forces. This leads to minimization of the 
following functional:

		  (14)W c x x dtm

ts

1
1 1 2

0

= ( ) ( )−( )∫
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where:
	 c	 –	 is damping factor,
	 T 	 –	 is the startup duration,
	 xm

(1) 	 –	 is the linear velocity of a point on the circumference of the drive wheel. 
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