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ON THE COMPLEX MONGE-AMPERE OPERATOR
IN UNBOUNDED DOMAINS

BY PER AHAG AND RAFAL CzYZ

Abstract. In this note we give sufficient conditions on a measure pu, de-
fined on a unbounded strictly hyperconvex domain in C", to be the Monge—
Ampeére measure of some plurisubharmonic function. These generalize re-
cent results by Lé et al.

1. Introduction. In this note we shall generalize the main result of Ce-
grell’s seminal article [4] to certain unbounded domains. For the recent progress
of the complex Monge—-Ampére equation on unbounded domains we refer to |2,
11| and the references therein.

Recall that a function ¢ : Q — (—00,0) is called an exhaustion function
for a connected and open set 2 C C™ if the closure of the set {z € Q :
©(z) < ¢} is compact in Q, for every ¢ € (—o0,0). If Q is bounded (or
unbounded) such that we can choose ¢ to be bounded and plurisubharmonic,
then Q is called hyperconvez and if additionally ¢ can be chosen to be strictly
plurisubharmonic, then we call Q strictly hyperconver. The assumption that
Q is (strictly) hyperconvex is a standard assumption to ensure the existence
of sufficiently many plurisubharmonic functions that satisfy lim, .50 ¢(2) = 0.
The set PSH™(2) shall be the set of nonpositive plurisubharmonic functions
defined on Q. Followmg Cegrell in [4], we introduce the subsets &(2), F(Q),
and £(Q) of PSH™(Q) (see Sectlonifor details).

Our aim of this note is the following:
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THEOREM 1.1. Let Q be an unbounded strictly hyperconvex domain in C”,
and let p be a nonnegative Radon measure defined on Q, vanishing on pluripolar
sets such that there exists H € PSH () N LY(u), H # 0. Then there exists
u € E(Q) such that

(dd°u)" = p.

Here (dd“u)™ denotes the complez Monge—Ampére measure of u.

Theorem generalizes Corollary 5.4 in [11]. We leave out the question
about Cegrell classes with boundary values that was considered in |[11]. It
should be noted that it is not known wether the assumption that the domain
Q) should be strictly hyperconvex is necessary.

As said earlier this is a generalization of Cegrell’s result to unbounded
strictly hyperconvex domains. An example due to Jarnicki and Zwonek [9)]
shows that there exists an unbounded hyperconvex domain in C™ that is not bi-
holomorphically equivalent to any bounded pseudoconvex domain in C™. This
shows that the complex Monge-Ampeére equation on unbounded domains is
considerably different from the one considered on bounded domains ([9], see [2]
for details).

We would like to thank the referee for valuable comments and suggestions.

2. Preliminaries. In this section we shall state some known definition
and results that we shall use in the proof of our main theorem. In the original
references they are stated and proved under the assumption that the underlying
domain is bounded, but by following the ideas one can repeat the proofs line
by line and see that the results hold for unbounded domains as well.

Following the notation introduced by Cegrell in [4] (see e.g. |7] for a detailed
overview) for bounded hyperconvex domain, we define the following classes of
plurisubharmonic functions on an unbounded hyperconvex domain 2 in C™:

E(Q) = {ap € PSH NL>(Q) : lim ¢(z)=0, lim go(z):O,/Q(ddcgo)"<oo},

z2—00Q |z| =00

F(Q) = {90 € PSH™(Q) : IH{u;} C &(D), 5 o, Sljlp/Q (ddpj)" < OO},

EQ)={pePSH () :Vw € Q J¢, € F(Q) such that ¢, = ¢ on w}.
Note that in case of bounded hyperconvex domain €2 the condition

lim ¢(z) =0

|z]—o0
in the definition of & () is superfluous.

The following theorem is Theorem 2.1 in [4]:



THEOREM 2.1. For any negative plurisubharmonic function u defined on an
unbounded hyperconvex domain Q@ C C" there exists a sequence {u;} C & ()
such that u; \, u pointwise, as j — oo.

PRrOOF. We shall follow the original proof from [4]. Let w € & (), w # 0.
Choose an increasing sequence, €2;, of strictly pseudoconvex subsets of (2 such
that for every j € N there is 2; € ;41 and

GQ]-:Q.
j=1

In other words, €2; is a fundamental sequence of 2. Furthermore, this funda-
mental sequence can be chosen so that for each j € N there is

w> - on OQ\Q;.

Let now {vg;}72; C PSH ™ (j4+1) N C*®(€Q;41) be a decreasing sequence that
converges pointwise to u, as k — oo, and such that v;; > v;q1 j41. Set

o1 .
max(vm j,jw) on €,

i =
Jjw on Q\Q;.
Then on Q41 \ ©; there hold
. 1 1 1
]w2—2—j>—3>vj,j—;.

Hence, @; € £ (Q2) and the sequence u; converges pointwise to u on €2, as j —
oo. Note that the sequence {@;} is not necessarily decreasing, and therefore
define
Uj = SUp Uy, .
k>j

The construction of @; implies that

B> g

G = > i

J i~ j+1 j+1 ’

which implies that for each fixed j € N it follows that the sequence

. 5 - 1
max <uj,uj+1, ey Um—1, Uy, + ey

decreases pointwise to u; on €2, as m — oo. Thus, u; is an upper semicon-
tinuous function and we get that u; € (). Finally, {u;} is decreasing and
converges pointwise to u on 2, as j — co. U
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REMARK. If in Theorem we assume that £ (Q) NC(Q) # (), then we
can choose the functions in the approximating sequence to be continuous on 2.
Under the additional assumption that € is bounded the assumption & (2) N
C(Q) # () is superfluous (Theorem 2.1 in [4]).

To define the complex Monge—Ampere operator for unbounded domains
we shall follow Cegrell’s classical approach from [4] instead of subextension
techniques used in [11]. We need a decomposition theorem guaranteeing
that a smooth compactly supported function can be written as a difference
of two bounded plurisubharmonic functions. This allows us to check weak*-
convergence of the Monge—Ampére measures related to plurisubharmonic func-
tions.

Using the original proof from [4], but with a negative and bounded strictly
plurisubharmonic function 9 instead of |z|?, we obtain the following.

THEOREM 2.2. Let Q2 be an unbounded hyperconvex domain for which there
exists a negative, bounded strictly plurisubharmonic function . Then

Coo () C & () — &(9).
PRrROOF. Fix ¢ € &(Q). If f € C°(Q2), then there exists & > 0 such that
[+ ke PSH(Q).
Now fix a € R, b > 0 such that
a < igf(erkn/)) < sgp(erlw) <b
and define
u=max(f + k¢ — b, Myp),

where M > 0 is chosen so that M¢ < min(a — b, k¢ — b) on supp f. Then
u € E(N) since u > My, and u = f + ki) — b on supp f. Observe that

v =max(ky — b, Mp) € E(Q),
and v = kY — b on supp f. Thus, f =u —v. O

By following [4] it can be proved that the Monge-Ampére measure of a
function v € £(Q) is well defined in the sense that for any sequence {u;} C
Eo(Q2) with u; \ u, the corresponding sequence of Monge-Ampere measures
(dd°uj)™ is weak*-convergent to some measure p. Furthermore, the limit mea-
sure 1 does not depend on the approximating sequence {u;}.

We shall also need the following two theorems. Theorem is basically
Proposition 5.1 in [4].
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THEOREM 2.3. Assume that Q) is an unbounded strictly hyperconver domain
in C" and let {u;} C E() be a sequence such that uj \, u pointwise as j — 0.
Then u € £(Q). Furthermore, if a decreasing sequence {u;} C E(Q) is such
that it converges pointwise to a function u € F(Q), then for any given negative
plurisubharmonic function H defined on Q) there holds
lim [ H(ddu;)" = / H(ddu)" .
Q

j*}OO [¢)

Theorem was first proved in [3]| (for a proof in our setting see e.g.
Lemma 3.12 in |7]).

THEOREM 2.4. Let Q be an unbounded strictly hyperconvex domain in C",
w be a bounded negative plurisubharmonic function in Q and let v € F().
Then

n c, \T n—1 —w Cu)” .
/Q (—u)"(ddw)" < nlfjw]?s /Q (—w)(ddeu)

3. Proof of Theorem We shall need the following well-known lemma
that basically is contained in the proof of Theorem 4.5 in [4] (see also Proposi-
tion 4.5 in [11]). This lemma is a central tool in certain subextension techniques
(see e.g. [6)/8,/10,/12,13] for further information and references).

LEMMA 3.1. Let Q2 be an unbounded hyperconvexr domain in C™ and let
w € be a bounded hyperconver domain. For any v € F(w) we define
u=-sup{p € PSH (Q): ¢ <v onw}.
Then v € F(Q) and (dd“u)™ < x.,(ddv)™.

Next, we shall give a proof of Theorem

PROOF OF THEOREM [L.1. Assume that €2 is an unbounded strictly hyper-
convex domain in C", and let p be a nonnegative Radon measure defined on
), vanishing on pluripolar sets and such that there exists a negative plurisub-
harmonic function H € PSH () N L' (u), H # 0, which in particular means
that

(3.1) /Q(—H) dy < 0.

Theorem [2.1| yields that there exists a sequence {H;} C & () such that H; N\,
H, and then by (3.1)) we have

[)(_Hj)dﬂﬁ/g(—H)du<oo.
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Thus, we may without loss of generality assume that H € & (). Let {Q;}
be a fundamental sequence for Q as in the proof of Theorem [2.I] and set
Hj = X0, 1, Where xq, is the characteristic function for ;. Then there exists a
plurisubharmonic function v; € F(£2;) defined on ; such that (dd®v;)" = p;
(see e.g. [5]), and by the comparison principle (see e.g. [1]) we conclude that
{v;} is a decreasing sequence. Now define

uj =sup{p € PSH () : ¢ <wvj on Q;}.
Then by Lemma [3.1| we get u; € F(£2) and
(ddu;)" < xa, (ddv;)" = p; .

We know that v; is decreasing, and therefore so is u;. Using Theorem
and (3.1) together with H € &)(2), it follows that

/ (—uy)"(ddHY" < nl|[H|2t / (— H)(ddCu;)"
Q Q

<l 3=t [ (~)dy < 5 [ () d < e

Thus, there exists a function u such that w; N\, v and by Theorem we
conclude that u € £(Q2) with (ddu)™ = p. O

COROLLARY 3.2. Let Q be an unbounded strictly hyperconvex domain in C™.
Then the set of all nonnegative, finite Radon measures defined on Q, vanishing
on pluripolar sets belongs to the range of the complex Monge—Ampére operator.
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