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LOWER AND UPPER BOUNDS FOR SOLUTIONS OF THE CONGRUENCE
x"=a(mod n)

DOLNE OSZACOWANIE NA NAJWIEKSZE I GORNE OSZACOWANIE NA
NAJMNIEJSZE ROZWIAZANIE KONGRUENCJI X" = g(mod n)

Abstract

Let n, m be natural numbers with n > 2. We say that an integer a, (a,n) =1, is the m-th power residue
modulo 1 if there exists an integer x such that x” = a(mod n). Let C(1) denote the multiplicative group
consisting of the residues modulo 7 which are relatively prime to . Let s(n, m, a) be the smallest solution
of the congruence x" = a(mod n) in the set C(n). Let t(n, m, a) be the largest solution of the congruence
x"= a(mod n) in the set C(n). We will give an upper bound for s(n, m, a) and alower bound for t(1, m, a).

Keywords: smallest solution, largest solution, upper bound, lower bound, congruence relation, residue class, n-th degree
equation

Streszczenie

Niech n, m beda liczbami naturalnymi, takimi ze n > 2. Powiemy; ze liczba calkowita a, (a, n) = 1, jest m-ta
reszta kwadratowa modulo n, jesli istnieje liczba catkowita x, taka ze ™ = a(mod n). Niech C(n) bedzie
grupa multiplikatywna zawierajaca reszty modulo 1, wzglednie pierwsze z n. Oznaczmy przez s(n, m, a)
najmniejsze rozwigzanie rownania x" = a(mod n) w zbiorze C(n). Oznaczmy przez t(n,m, a) najwicksze
rozwiazanie rownania x" = a(mod n) w zbiorze C(n). Podamy gérne oszacowanie na s(n, m, a) oraz dolne
nat(n,ma).

Stowa kluczowe: najmniejsze rozwiazanie, najwigksze rozwigzanie, gorne oszacowanie, dolne oszacowanie, kongruencja,
klasa reszt, réwnanie wielomianowe




1. Introduction

Let n, m be natural numbers with n > 2. Let a be an integer, with (a, n) = 1. By s(a, n, m),

t(a, n, m) we denote, correspondingly, the smallest and largest solutions of the congruence

x" = a(mod n), where 1 < x < n — 1. We will give an upper bound for s(n, m,

a) and a lower

bound for (1, m, a). Let C(n) denote the multiplicative group consisting of residues modulo

n, which are relatively prime to n (reduced set of residues modulo n).
Let C (n) denote the subgroup of C(n) consisting of k-th powers.
Denote v,(n) = [C(n): C (n)]. Let n have prime factorization n= pj" - p3*
a,>1.By [2]:

v (n)=v, (Pizl )'Vk (sz )'--“Vk(Pfr );

v, (2)=1, v,(2*)=(k,2)(k,2°7?), fora > 2.

“....py, where

If p is an odd prime and & > 1, then v, (p*) =(k,(p")). Also v,(n) < 2k".

Definition 1.1. Let
1=g,(nk)<g (nk)<...<g, (nk),
be the smallest positive representatives of the v = v,(n) cossets of C,(n).
Definition 1.2. Let
wo (n,k)<w,(n,k)<...<w,_ (nk)=n-1,

be the largest positive representatives of the v = v, (n) cossets of C,(n).
By Norton [2] we have:

Theorem 1.3. If n, k are positive integers 0 < i < v — 1, then
n 3 v % 1
gi(n,k)Sl-i-—(Z‘”("))z (—j n? logn,
o(n) v—i

where ®(n) is the number of distinct prime divisors of .
See [2].

Corollary 1.4. For each € >0

1
gv—l (ﬂ,k)ZO(nz J)

(2)

(3)

(4)



where the implied constant depends only on k, € and the number of distinct prime factors
of n. See [2].

Corollary 1.5.If p, g, r are odd distinct prime numbers and o, B, y are positive integers,
then

1+32k/nlogn  if n=p",

1+24k\/;logn it n=2p%

g1 (nk)<{1+8V2k\nlogn  if n=2%,0>2, (5)
1+15k2\/;10gn if n=p“g,

1+35\/5k3\/;logn if nzp“qﬁry.

Proof. By theorem 1.3.

2. Theorems

The following theorem shows the relationship between g (n, k) and w __(n, k).

Theorem 2.1. For 0 <i<v -1, we have

g (nk)+w, . (nk)=n. (6)
Proof. Let us note that

n—gi(n,k)egj(n,k)ck(n) iff gi(n,k)e(n—gj(n,k))Ck(n), (7)
where 0<j,j<v-1.

We define a permutation G:{O,l,. . .,v—l} —){0,1,. . .,v—l} by the relation

(n=8:(nk))Ci ()= g; (n,k)Ce (1) =we,) (m,K)Cy (n). (8)
Then by definition of w_ (, k) we have
n—gi(n,k)SwG(l.)(n,k). (9)

On the other hand

(1= wagey (1,0)) C (m) = (=g, (%)) C (m) =g, (m,k)C, (n). (10)




Hence by definition of g (n, k) we get

g (mk)sn—wy, (nk). (11)
Therefore by (9), (11)
g (mk)+wy, (n,k)=n. (12)
Using (1) we obtain
W1y (1K) <wy, ) (nk) <...<wyy) (n,k) <wyq (nk)=n—1, (13)
hence by (2)
o(i)=v-1-i, (14)

and we are finished.
Using theorem 1.3 and theorem 2.1 we get the following lower bound on w (n, k).

Theorem 2.2. If n, k are positive integers 0 < i < v — 1, then

wi(n,k)Zn—l—ﬁ(Zw("))j((v_l—_i)vjzn; logn. (15)

Proof. By theorem 2.1 and theorem 1.3.
It follows that

Remark 2.3.

n—w, (n,k)=0(n;+8], (16)

for each € > 0, where the implied constant depends only on k, € and the number of distinct
prime factors of n.

Finally, in the proof of the following theorem, we will show how to reduce the problem
of finding bounds for s(a, n, m), t(a, n, m) to the problem of finding bounds for gi(n, k) and
w,(n, k).

Theorem 2.4. Let 1, m be natural numbers such that n > 2. Let a be an integer relatively
prime to n, which is m-th power residue modulo n. By s(a, n, m), t(a, n, m) we denote,
correspondingly, the smallest and the largest solution of the congruence

x™ Ea(modn), (17)
where 1 <x <n - 1. Then



3 1 1
n o(n) Y2 3,2
s(a,n,m)<1+——(2 v(v—1))2n?logn, (18)
(amm) <t eS (2 (o(v 1)) g
n 3 11
t(an,m)=n—1- (2‘”("))2 (v(v—l))g n?logn, (19)

o(n)

where v=v (1),
(o(n),m)

o(n)

Proof. It is sufficient to consider equation x™ = a in the group C(n). Let k= . We
may assume that there exist 0 < i, j, < v -1 such that (o(n),m)
(amm)eg, (1k)C, (), (20)
t(anm)ew, (nk)C, (n), (21)
since s(a, n,m), t(a,n,m) € C(n).
By definition of g, (n,k) and w, (n,k) we obtain
s(anm)>g, (nk), (22)
t(a,n,m)Sij (n,k). (23)
On the other side
g (n,k)es(a,n,m)C,(n), (24)
w, (n,k)et(a,n,m)C,(n), (25)
hence, there exist A, 0 € C(n) such that
g, (n,k)=s(a,nm)L", (26)
w, (n,k)=t(a,n,m)6". (27)

But ((p(n) ,m) |m, thus by Euler’s theorem we obtain

m o(n)
g, (n,k)" =s(a,n,m)" Akm =a[7\,(w(")’m)J =a, (28)




m o(n)
w, (k)" =t(a,n,m)" 6" :a[e(“’(”)””)J =a, (29)

hence g, (n,k) and w, (n,k) are solutions of the equation x™ = a in the group C(n).
By definition of s(a, n, m), t(a, n, m), we get

s(anm)<g, (nk), (30)

tanm)zw, (nk). (31)
By (22), (23), (30), (31)

s(an,m)=g, (nk), (32)

Eamm)=w, (nk). (33)

By theorem 1.3 and theorem 2.2 we get
1

s(a,n,m) =g, (n,k)<g,., (n,k)ﬁl+$(2m(") )E (v(v—l))% n2 logn, (34)

3 11
t(a,n,m)=wj (n,k)=w, (n,k)Zn—l—L(Zw(") )2 (v(v—l))g n*logn.  (35)
’ ¢

(n)

Corollary 2.5. Under the assumptions of theorem 2.4 we have that

31
s(a,n,m)Sl+L(2(”("))2 vn? logn, (36)
o(n)
n 31
t(a,n,m)Zn—l——(Zm("))2 vn? logn. (37)
(n)

Remark 2.6.1fm = @(n), thena=1,k=1C (n) = C(n),v,=1,5(1,n,¢(n)) = 1,
t(1,n,@(n)) =n - 1.In fact, we get optimal bounds using (18) and (19).
Remark 2.7. We may assume that m|@(n). Indeed, let d be a natural number such that

d—" = 1(mod¢(n)), we have equivalent congruencies

(9(n),m)

x" =a(modn) if x00m) — g (modn). (38)




Thus s(a,n,m)= (a n ((p(n),m)),t(a,n,m)=t(ad,n,((p(n),m)).
Note that the left-hand side of inequalities (18), (19) does not depend on a.

Remark 2.8. Let n = p% where p is an odd prime and a is a positive integer. We may

assume that m|@(n), (see remark 2.7). Then

N ) )
(ol . m m
By corollary 2.5

3 3

2] 2]
- t(a,n,m)Zn—l—Z\/En -l (40)

s(an m)<1+2\/_

m

Remark 2.9. Let n = 2% where a.is a positive integer greater or equal 2. We may assume

that m|@(n). and m<@(n)=2%" (see remarks 2.7 and 2.6). Then

' s (= ()= 2 [ 2] e a2 g

(o(n)m) m

By corollary 2.5
3
21 1

s(anm)<1+4\/_n o8 t(anm)>n 1- 4\/—11 ogn (42)
We will now give an application of theorem 2.4.
Theorem 2.10. Let p be an odd prime number. For the congruence

p1
x 2 =—1(modp),1<x<p-1, (43)

we have that:

1) the congruence (43) has a solution, i.e. -1 is -th power residue modulo p,

p—1
2

-1
2) the smallest solution s(—l,p,ij is a prime number,

1 1
3) ( lp,P ]<1+4 plpzlogp,
P




1
4) the largest solution t( ,p,p j>p 1- 4Lp210gp
p-

Proof. If gis a primitive root modulo p (such primitive root exists, since p is a prime number),

p1 p1

then ¢ 2 # 1(modp) and ¢’ =1(mod Hence ¢ 2 =—1(mod p) and 1) holds.
g (modp) and g p)- g p

_1 —
fs(—l,p,pT) were a composite number, it could be expressed as s(—l,p,p—lj =s=ab
2

1 1
where a,beN,a,b>1. Note that a 2 # —l(modp) and b 2 7=é—1(m0dp), since s is
the smallest solution of the congruence (43). By Fermat’s little theorem, we know that

p1 1
2

a"" =1(modp) and b*” =1(mod p). Hence a > =1(modp) and b > =1(modp).

p1
Thus s 2 = (ab) 2 =1(modp), acontradiction with definition of s.

Therefore the initial assumption, that s is a composite number, must be false. Hence 2)
holds.

‘We have k—L))—Z,v—vz(p)—(z,(p(p))—Z ( ) ( (v— 1))%

Thus 3) and 4) follows by theorem 2.4.
Example 2.11. For the congruence x> = —l(mod 719), we have
s(—1,719,359)=11, t(-1,719,359)="718, (44)
in this case theorem 2.10, says that s(~1,719,359) is a prime number and

s(—1,719,359)<707, t(—1,719,359)>12.
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