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EINSTEIN DOUBLY WARPED PRODUCT MANIFOLDS WITH
SEMI-SYMMETRIC METRIC CONNECTION

BY PuNAM GUPTA AND ABDOUL SALAM DIALLO

Abstract. In this paper, we study the doubly warped product manifolds
with semi-symmetric metric connection. We derive the curvature formu-
las for doubly warped product manifold with semi-symmetric metric con-
nection in terms of curvatures of components of doubly warped product
manifolds. We also prove the necessary and sufficient condition for a dou-
bly warped product manifold to be a warped product manifold. We ob-
tain some results for an Einstein doubly warped product manifold and
Einstein-like doubly warped product manifold of class A with respect to a
semi-symmetric metric connection.

1. Introduction. In 1969, Bishop and O’Neill [4] introduced singly
warped products or warped products. They used this concept to construct
Riemannian manifolds with negative sectional curvature. The warped product
B xp, F of two Riemannian manifolds (B, gp) and (F, gr) with a smooth func-
tion h : B — (0, 00) is a product manifold of form B x F' with the metric tensor
g =g ® h?gr. Here, (B, gp) is called the base manifold, (F,gr) is called the
fiber manifold and h is called the warping function. In 1983, O’Neill [16] dis-
cussed warped products and derived curvature formulas of warped products in
terms of curvatures of components of warped products.

In general, doubly warped products are generalization of singly warped
products. The doubly warped product By X ,F' of two Riemannian mani-
folds (B, gp) and (F, gr) with smooth functions, which are known as warping
functions, h : B — (0,00), f : ' — (0,00) is a product manifold of form
B x F with the metric tensor g = f2gp ® h%gr. Doubly warped products are
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studied by many authors: Allison [2] studied pseudoconvexity of Lorentzian
doubly warped products; Gebarowski considered conformal properties of dou-
bly warped products in ([8], [9]). Geodesic completeness of Riemannian and
Lorentzian doubly warped products have been studied by Unal [25]. In 2003,
Ramos et al. [19] gave an invariant characterization of doubly warped space-
times in terms of Newman-Penrose formalism, and proposed a classification
scheme. Recently, the first author [10] studied the compact Einstein doubly
warped product manifold and established some interesting results.

In 1924, Friedmann and Schouten [7] introduced the idea of a semi-sym-
metric linear connection on a Riemannian manifold. Later, in 1932, Hayden
[12] introduced the concept of semi-symmetric metric connection. A metric
connection is a Levi-Civita connection when its torsion is zero and it becomes
the Hayden connection [12] when it has a non-zero torsion. Thus, metric
connections include both Levi-Civita connections and Hayden connections. In
1970, Yano [26] considered the semi-symmetric metric connection and studied
some of its properties.

In 2001, Sular and Ozgur [21] studied the warped product with semi-
symmetric metric connection and established some results. Motivated by these
results, we study doubly warped product manifolds with a semi-symmetric
metric connection and derive the curvature formulas for doubly warped prod-
uct manifolds with semi-symmetric metric connection in terms of curvatures
of components of doubly warped product manifolds. We also obtain results
for Einstein doubly warped product manifold and Einstein-like doubly warped
product manifold of class A with respect to a semi-symmetric metric connec-
tion.

2. Preliminaries. Let M be an n-dimensional Riemannian manifold with
Riemannian metric g. A linear connection V on a Riemannian manifold M is
called a semi-symmetric connection if the torsion tensor T' of the connection
V given by

(2.1) T(X,Y)=VxY —VyX — [X,Y]

satisfies

(2.2) T(X,Y) =n(Y)X — n(X)Y,

where 7 is a 1-form associated with the vector field P on M defined by
(2.3) m(X)=g(X,P).

A semi-symmetric connection V is called a semi-symmetric metric connection
if Vg = 0. Let V be the Levi-Civita connection of a Riemannian manifold,
then the unique semi-symmetric metric connection V given by Yano [26] is

(2.4) VxY =VxY +7(Y)X — g(X,Y)P.



A relation between the curvature tensors RNand R of the Levi-Civita con-
nection V and the semi-symmetric connection V is given by

R(X,Y)Z =R(X,Y)Z+g(Z,VxP)Y —g(Z,VyP)X
+9(X,Z)VyP —g(Y,Z)VxP
(2.5) +7(P) (g(X, 2)Y — g(V,2)X)
+ (Y, 2)n(X) — g(X, 2)n(Y)) P
+7(2) (V)X —n(X)Y), X,Y,ZecX(M),
where X(M) is the set of smooth vector fields on M [26]. Yano proved that
a Riemannian manifold is conformally flat if and only if it admits a semi-
symmetric metric connection whose curvature tensor vanishes identically. This
result was generalized onto vanishing Ricci tensor of the semi-symmetric metric

connection by T. Imai (see [13], [14]). For a general survey of various kinds of
connections (see Tripathi [24]).

3. Doubly Warped Product Manifolds. Doubly warped product man-
ifolds were introduced as a generalization of warped product manifolds. Let
(B,ggp) and (F, gr) be two Riemannian manifolds with real dimension n; and
na, respectively. Let h : B — R* and f : I — RT be two smooth functions.
Consider the product manifold B x F' with its projections p: B x F' — B and
o: B x F — F. The doubly warped product By x pF'is the product manifold
B x F furnished with the metric tensor

g=(fo0)*p" (gB) + (hop)*s™ (gr),
where * denotes pullback. If X is tangent to B x F' at (p,q), then

9(X, X) = [2(¢)gn(dp(X), dp(X)) + h*(p)gr(do(X), do(X)).
Thus, we have
(3.1) 9= f*g98+ h’gp.
The functions h and f are called the warping functions of the doubly warped
product. The manifold B is called the base of (M, g) and the manifold F' is
called the fibre of (M, g). If the warping function f or h is constant, then
the doubly warped product By x ,F' reduces to a warped product B x ,F' (or
By x F), Yvhere the fibre F' is just [’ with metric grp given by h%gp (or where
the base B is just B with metric g given by f%gB). If the warping function
f or his equal to 1, then the doubly warped product By x j,F' reduces to a
warped product B x pF (or By x F'). If both f and h are constant, then it is
simply a product manifold B x F, where the fibre F'is just F' with metric gp
given by h—lng and the base B is just B with metric gp given by #gB. If both
f and h are equal to 1, then it is simply a product manifold B x F.
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The sets of all smooth and positive valued functions h : B — RT and
f: F — Rtare denoted by F(B) = C*®(B) and F(F) = C*®(F), respectively.
The lifts of h and f to M are defined by h = hop € F(M) and f=fooe
F (M), respectively. If X, € T,,(B) and g € F, then the lift )N((nq) of X, to M

is the unique tangent vector in 7{, . (B x {q}) such that dp(, ;) (f((p’q)) =X,

and do, 4)(X(pq)) = 0. The set of all such horizontal tangent vector lifts will
be denoted by L, 4)(B). Similarly, we can define the set of all vertical tangent
vector lifts L, o) (F).

Let X € X(B), where X(B) is the set of smooth vector fields on B. The
lift X of X to M is the unique element of X(M) whose value, at each (p,q),
is the lift of X, to (p,q). The set of such lifts will be denoted by L(B). In a
similar manner, we can define £(F'). Throughout the paper, we assume that
X,Y,Z € L(B) and U,V,W € L(F). The connections V, BV and 'V are
Levi-Civita connections on M, B and F, respectively. We will denote by R, PR
and R the Riemann curvatures on M, Band F, respectively; S, BS and 'S
the Ricci tensors for the connections V, BV and 'V, respectively; r,Br and
Fy- are the scalar curvatures for the connections V,2V and 'V, respectively.

We need the following lemmas for later use. For more details see 1,11,
18, 25].

LEMMA 3.1. Let M = By x pF be a doubly warped product manifold. If
X,Y € X(B) and V,W € X(F), then

tan VY = — gr?dfg(x,y),
nor VxY s the lift of VxY on B,
Xh, V
VxV=VyX =52V + ffX,
dh
nor Vi W = — grah g(V, W),

tan Vy W s the lift of VyW on F,

where tan and nor stand for tangent part to F and normal part to B, respec-
tively.

LEMMA 3.2. Let M = By x ,F be a doubly warped product manifold. If
X,Y,Z € X(B) and U, V,W € X(F), then

lgrad f]*

R(X,Y)Z =BR(X,Y)Z + 7

(9(X,2)Y —g(Y, Z2)X),
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R(X,V)Y = Hg(f’nv + }g(X, V)V (grad f),
_Vi(Yh, Xh
R(X,Y)V = 7 ( X - Y),
f
R(X, V)W = —HF(‘;’W)X — %g(V, W)BV x (grad h),
Wy VS
RV, W)X = == ( 7 V- fW>,
2
R, w0 = "R w0+ B g iy — g0y,

where Hg and HIJ; are the Hessian of h and f, respectively.

LEMMA 3.3. Let M = By x ,F be a doubly warped product manifold. If
X, Y € X(B) and V,W € X(F), then

S(X,Y)=BS(x,Y) - %Hg(x,y)

2
(XY <(n1 1 ngajifH . Aszf),
—2)(Xh)(Vf)
hf ’
S(V, W) = FS(v,w) — %H}(V, W)

sx,v) ="

|lgrad h||>  Agh

where Apf and Agh are the Laplacian of f on F' and h on B, respectively.
LEMMA 3.4. Let M = By X , F' be a doubly warped product manifold. Then

1 5 Arf Apgh
r= 7 r+—r—2n1 7 — 2n9 N
Jgrad £ ligrad ||
(32) - nl(nl - ].>’f2’ - TLQ(TLQ - 1)T

4. Doubly Warped Product Manifolds Endowed with the Semi-
Symmetric Metric Connection. In this section, we consider doubly warped
product manifolds with respect to the semi-symmetric metric connection and
find new expressions concerning curvature tensor, Ricci tensor and the scalar
curvature admitting the semi-symmetric metric connection where the associ-

ated vector field P € X(B) or P € X(F).
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The following results hold true.

PROPOSITION 4.1. Let M = By x , I be a doubly warped product manifold
and let V, BV and F'V be the semi-symmetric metric connections on M, B and

F, respectively. If X,Y € X(B),V,W € X(F) and P € X(B), then

~ 1

(4.1) tan VxY = —?g(X,Y) grad f,
(4.2) nor VxY s the lift of BVxY,

Xh Vv
(4.3) VxV ="2V+ —fX

h f
Xh Vv
(4.4) VyX = TV + ffX +7(X)V,
- dh

(4.5) nor Vy W = — <grz;l + P> g(V, W),
(4.6) tan Vy W is the lift of YVyW on F,

where tan and nor stand for tangent part to F and normal part to B, respec-
tively.

PRrOOF. Considering P € X(B) and using (2.4), first equation of Lemma
3.1, we get (4.1). Simailarly, we can easily find the others statements by using
(2.4) and Lemma 3.1. O

PROPOSITION 4.2. Let M = By x ,F be a doubly warped product manifold
and let V, BV and IV be the semi-symmetric metric connections on M, B and

F, respectively. If X, Y € X(B),V,W € X(F) and P € X(F), then

(4.7) tanVyY = — (gra}df + P> g(X,Y),
(4.8) nor VxY s the lift of PVxY,
4.9 VXV—X—V—i—V—fX—i—wVX

h f
(4.10) Tox = Sty Yy

h f

(4.11) nor Vi W = _grz;ldhg(u W),
(4.12) tan Vy W is the lift of Yy W on F.

PRrROOF. Considering P € X(F') and using (2.4), first equation of Lemma
3.1, we get (4.7). Simailarly, we can easily find the others results by using (2.4)
and Lemma 3.1. L



13

PROPOSITION 4.3. Let M = By x ,F be a doubly warped product manifold
and let R, PR and 'R be the Riemannian curvature tensors with respect to the
semi-symmetric metric connections @, BN and F@, respectively. If X,Y, 7 €
X(B),U,V,W € X(F) and P € X(B), then

R(X,Y)Z = BR(X,Y)Z + W(g(x, 2)Y — g(Y, Z)X)
+ gV, 2)r(X) ~ g(X, 2)n(r) 2L,
R(V,X)Y = (Hg(]i(’m—kw(X)w(Y) —g(Y,B VXP)) v+ ‘;fw(Y)X
F
- <foP + %V + 7 (P)V — } Vy grad f) 9(X,Y),

R(X,Y)V = ((Vfli;Yh) + (‘;f)w(Y)) X

(| n,

hf f
R(V,W)X = ((th)J(th) _ (M;f)W(X)> v
_ <(fo)L§th) B a;f)Tr(X)) W
!
RX, V)W = _HF(‘;’ W)y W;f
BV x gradh  Ph

—g(V, W) (h + ==X +BvxpP

grad f

T(X)V

+7(P)X —m(X)P — 7r(X)>,

RU VYW =tRU, V)W — (;fg(v, W)P + ‘;fg(U, W)P

2
B (IIgrad RI” | 2PR 7T(p)) (g(V, WU — g(U,W)V).

h? h

PROOF. Assume that M = By x I is a doubly warped product and R
and R denote the curvature tensors with respect to the Levi-Civita connection
and the semi-symmetric metric connection, respectively.
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In view of the (2.5), Lemma 3.1 and Lemma 3.2, we can write

R(X,Y)Z =BR(X,Y)Z + ”gr‘ﬁf‘Q (9(X, 2)Y — g(Y, Z)X)
+9(ZBVxP)Y —g(ZPVyP)X
+ 9(X, 2)(BVyP + n(P)Y — n(Y)P)

—g(Y,Z)(PVxP+m(P)X — n(X)P)

+ (Y, Z)r(X) — g(X, Z)W(Y))gra}df

+7m(Z2)(m(Y)X —n(X)Y).
By using equation (2.5), we can write
R(V.X)Y = R(V.X)Y +g(Y,VyP)X — g(Y,VxP)V

(4.13) — g(X,Y)[Vy P +7(P)V —x(V)P]
+ 7)) [r(X)V = 7(V)X].

Since P € X(B) and by making use of Lemma 3.1 and Lemma 3.2, we get

HE(X,Y)
h

+7(X)m(Y) — g(V,B VXP)> V + fo ()X

Vip Lp
<f —|-TV—|— ( )V—? varadf>9(X=Y)‘

Replacing Z with V' in equation (2.5), we get

R(V,X)Y = <

(4.14) R(X,Y)V = R(X,Y)V 4 g(V,VxP)Y — g(V,VyP)X.
Using Lemma 3.1 and Lemma 3.2, we get
: (VDR (V)
R(X,Y)V = ( hf + 7
(WD D)y

By making use of (2.5) and Lemma 3.1 Lemma 3.2, we get

ROV, W)X = <(Wf]3}X h (V[;f)ﬁ( X)) ,
(4.15) - (<Vf}1§;<h> B (‘;f)w(X)) W
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From the equation (2.5), we find

R(X, V)W = R(X, V)W 4+ gW,VxP)V — g(W,VyP)X
(4.16) —g(V,W)(VxP+m(P)X —n(X)P).
Using Lemma 3.1 and Lemma 3.2 in (4.16), we have

D, _ _HIJ;(V7 W) - Wf
R(X, V)W = X

B
Vxgradh Ph
—9(V; W) (Xh+h

grad f
f

T(X)V

X +BvyP

+7m(P)X —w(X)P — 7T(X)>.

In view of equation (2.5), we have

RU, V)W = R(U, V)W + g(W,VyP)V — g(W,Vy P)U
(4.17) + g(UW)Vy P — g(V,W)Vy P
+7(P)[g(U, W)V — g(V,W)U].

By making use of Lemma 3.1 and Lemma 3.2 in (4.17), we obtain

RU VYW =TRU, V)W — L;fg(V, W)P + ‘;fg(U, W)P
rad h|®>  2Ph
- (”g AhE 2 w<P>> (G(V. W)U — g(U.W)V)
Hence, the proof is completed. O

PROPOSITION 4.4. Let M = By x , F' be a doubly warped product manifold
and let R, PR and 'R be the Riemannian curvature tensors with respect to the
semi-symmetric metric connections V,BV and TV, respectively. If X,Y,Z €

X(B),U,V,W € X(F) and P € X(F), then

R(X,Y)Z = BR(X,Y)Z + (g(X7 Z>Y7h — g, Zﬁ?) (P B gra}df)

+ 7T(P)> (9(X,2)Y —g(Y, 2)X),

. (ngadf!|2 | 2Pf

f? f
h
R(V,X)Y = — <%(2<Y) + ];fg(X,Y) + W(P)g(X,Y)) V- (Yhh)w(V)X

1 1
+9(X,Y) <h7r(V) gradh + (V)P — vy P — 7 ¥y grad f) :
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hf h
RV,W)X = <(WJ2}Xh) + ()ilh )W(W))V -~ <(Vf ;;Xh) + (ﬁh)w(vo W,

R(X, V)W = —g(V.W) <}1L PV x gradh + ]}fX +7(P)X + (Xhh)P>

f
_ (HF(? W) o (V)r(W) + g(WiF VvP)> X+ (?)W(WW?

lgrad h||*
——

+ (@ U)g(V, W) = g(U,W)m(V))

R(U,VYW =TR(U, V)W (g(V, WU — g(U,W)V)

grad h
T

PROOF. Assume that the associated vector field P is in X(F'). Then the
equation (2.5) can be written as

R(X,Y)Z =R(X,Y)Z + g(Z,VxP)Y — g(Z,VyP)X
+9(X,Z)VyP —g(Y,Z)Vx P
+7m(P)(9(X,2)Y —g(Y,Z)X).

By the use of Lemma 3.1 and Lemma 3.2, the above equation gives us

R(X,Y)Z =BR(X,Y)Z

2
. (ngad AP 2Pf p)> (9(X. 2)Y — g(¥. Z)X)

IE 7
+ (g(Y, Z)(Xh) - g(X, Z)(Yh)) (gr}j;f ~ 1;)

By (4.13), Lemma 3.1 and Lemma 3.2, we obtain

_ _ (HKX)Y) Pf (Y'R)
R(V,X)Y = — <Bh + 7g(X,Y) + 7(P)g(X, Y)) vV — T7r(V)X

1 1
+9(X,Y) <h7r(V) gradh 4+ (V)P — F'vy P — 7 ¥y grad f> ,

Replacing Z with V' in equation (2.5), we get

R(X,Y)V = R(X,Y)V + g(V,VxP)Y — g(V,VyP)X.
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Using Lemma 3.1 and Lemma 3.2, we obtain
~ Vi)(Yh) Yh
R(X,Y)V = (M() - W(V)> X

hf h
(V)(Xh) Xh
- (R -y

From equation (2.5), we get

RV,W)X = R(V,IW)X + g(X,VyP)W — g(X,VwP)V.
By Lemma 3.1 and Lemma 3.2, we get

R(V, W)X = ((Wf)(Xh) i (Xh)W(W)) v

hf I
(VH(XH)  (Xh)
‘( W h ”(V)>W'

From equation (2.5), we get
R(X, V)W = R(X,V)W +g(W,VxP)V — g(W, Vv P)X
—g(V,W)VxP —n(P)g(V, W)X +n(V)r(W)X.

Using Lemma 3.1 and Lemma 3.2, we get

R(X, VYW = —g(V,W) (;L BV x grad h + ];fX +7(P)X + (Xhh)P>
f
- (W R (V)R + g(WF va>> x+ BBy,

From equation (2.5), we have

R(U, V)W = R(U, V)W + g(W,VyP)V — g(W,VyP)U
+g(UW)VyP —g(V,W)VyP
(4.18) +7(P)(g(U, W)V —g(V,W)U)
+ (V. W)m(U) — g(U, W)= (U)) P
+7(W) (e (VYU —=(U)V).
By use of Lemma 3.1 and Lemma 3.2 in above equation, we obtain
RUVYW =FR(U, V)W

2
_ M(Q(V’ W)U — g(U,W)V)

h2
+ (r(0)g(V, W) — (U, Wym(v) B

Thus, we have completed the proof. O
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As a consequence of Proposition 4.3 and Proposition 4.4, by a contraction
of the curvature tensors, we obtain the Ricci tensors of the doubly warped
product with respect to the semi-symmetric metric connection as follows:

COROLLARY 4.5. Let M = By X p F be a doubly warped product manifold
and let S,BS and T'S be the Ricci tensors with respect to the semi-symmetric
metric connections V, BV and TV, respectively. If X,Y € X(B),V,W € X(F)
and P € X(B), then

S(X,Y) =BS(x,v) - %Hg(x, V) + nam(X)m(Y) — nag(V,B Vx P)

2
- ((m - 1)”gmf‘lf|| + nam(P) + ng% + ;Af> g(X,Y),
500,v) = (- DS 4 g,
5 _ (V)(Xh) (Vf)
S.X) = (g = IS — (n -2 r(x),
SV, w) =ES(v,w) — %Hg;(v, W)
_ (divP + %Ah + nl% b — 1)7r(P)> (V. W)
2
(2 —1) (”grjg"” w2 w<P>) gV, ).

COROLLARY 4.6. Let M = By X ,F be a doubly warped product manifold

and let S,BS and FS be the Ricci tensors with respect to the semi-symmetric
metric connections V,BV and IV, respectively. If X, Y € X(B),V,W € X(F)
and P € X(F), then

HE(X,Y)
h

2
~(m - 1) ('gm}‘lf L, 2 ) o(X.Y)

_ <; FAF 4 (n— 2)7(P) +n2]}f +divP> 9(X,Y),
. (V) (Xh) Xh

SX.V) = (m = ) EIEE — (=2 S (),

S(X,Y)="59(X,Y) - ny
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S(V, W) ="S(V,w)

—nwaMFva—J%Hﬁmw0+nmuoﬂwq
P d h?
- (;L BAh + nlff + (ng — 1)ngah2H + n17r(P)> g(V,W).

As a consequence of Corollary 4.5 and Corollary 4.6, by a contraction of
the Ricci tensors, we get scalar curvatures of the doubly warped product with
respect to the semi-symmetric metric connection as follows:

COROLLARY 4.7. Let M = By X pF be a doubly warped product manifold
and P € X(B). Let 7, BF and I'F be the scalar curvatures with respect to the
semi-symmetric metric connections V, BV and 'V, respectively. Then

__BF Py Igrad £|* lgrad h|®
T :F —4—? —ni(ng — 1)T — na(ng — 1)T
Ph FA BAR
—2n2(n—1)7—2n1 ff—2n2 W — 2ngo div P

—na(n+ny — 3)w(P).

COROLLARY 4.8. Let M = By x I be a doubly warped product and P €
X(F). Let 7,87 and F'7 be the scalar curvatures with respect to the semi-
symmetric metric connections V, BV and F'V, respectively. Then

By Ff grad f 2 grad h 2
r = F +ﬁ —nl(nl - 1)7" f2 H —ng(ng — 1)7” 2 ||
P FA BAh
—2n1(n—1)ff—2n1 ff—2n2 . —2n; div P

—ni(n+ng — 3)w(P).

REMARK 4.9. Doubly warped product manifolds with a semi-symmetric
metric connection has also been studied by Sular [20], where the author has
taken the associated vector field P € X(M) as P = Pg + Pp, Pg and Pp are
the components of P on B and F', respectively.

5. Einstein doubly warped product manifolds endowed with the
semi-symmetric metric connection. In this section, we consider Einstein
doubly warped products and Einstein-like doubly warped product of class A
endowed with the semi-symmetric metric connection.

THEOREM 5.1. Let M = By x ,F' be a doubly warped product manifold
(n>2) and P € X(B). Then (M,V) is an FEinstein manifold with Einstein
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constant w if and only if
BS(X,Y) = ZLHB(X,Y) = nan(X)m(Y) + nag(Y.” VxP)

grad f||? Ph 1
61+ ((m R L RN A PESE)
TSV, W) = %H;i(v, W)
1 Ph
(5.2) + (divP + EAh + - + (n1 — 1)7r(P)> g(V, W)
rad h||>  2Ph

+ (n2 — 1) (”g 2 ” + A +7(P) +u> g(V,W).

PRrROOF. The proof follows from Corollary 4.5 and Corollary 4.6. O

THEOREM 5.2. Let (M, @) be an Einstein doubly warped product manifold
with Einstein constant p and P € X(B). Suppose that B is a compact Rie-
mannian manifold, F is a complete Riemannian manifold, n1 , ne > 2, and
H{,(V, W) is a constant multiple of gr. If p <0, Ph >0, 7(P) <0,divP <0
then M 1is a warped product manifold.

PROOF. Since HIJ;(V, W) is a constant multiple of gp, then by using the
result of Tashiro [23, Theorem 2|, we can say that F' is a Euclidean space, then
Ricci tensor of F' is zero. By (5.2), we get

0= (%2 (na = 1) (larad P+ 20Ph + 12m(P) + )

+ h%div P + hAh + nihPh + (ng — 1)h27r(P)> gr(V,W).

So
0= <C"fl +(ng — 1) (ngad h||? + 20Ph + R2m(P) + uh2>
(5.3) + h%div P + hAh + nihPh 4+ (ng — 1)h27r(P)> ,

Let x € B such that h(z) is the maximum of h on B. Therefore grad h(xz) =0
and Ah(z) < 0. Then Ph(x) = g(grad h(x), P) = 0. So the equation (5.3) at
the point z is

0 = ((n2 — 1) (W3 (x)n(P) + ph? ()
(5.4) + h*(z) div P + h(z)Ah(z) + (n1 — 1)R*(2)7(P)).
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By eq(5.3) and eq(5.4), we have

0= (22 1 (ny— 1) (|lgrad h||2 + 2hPh + (h% — K2(z))w(P) + u(h? — h*(z))
(% (

+ (h? = h?(z)) div P + hAAh — h(z) Ah(z) + nihPh
(5:5)  + (- = R2@)r(P)).

Since p < 0, Ph > 0, w(P) < 0, div P < 0, then equation (5.5) implies that
h/Ah < 0, which shows that the Laplacian has constant sign and hence h is
constant. O

THEOREM 5.3. Let (M, g) be an Einstein doubly warped product manifold
M = Iy x I with respect to the semi-symmetric metric connection, where I
is an open interval, dimI =1 and dim F =n—1(n > 3). If P € X(I), then f
is constant on F' or Ph = hn(P).

PrOOF. Let (M, g) be a doubly warped product M = Iy x ,F', where I is
an open interval, dimI = 1 and dim F' = n — 1(n > 3). By Corollary 4.5, we
have

Sx,V) = (n—2) YL r(x),

~ V
(5.6) SV, x) = (n— )W (XP iy
f h
Since M is an Einstein manifold with respect to the semi-symmetric metric
connection, we can write

S(P,V)=ag(P,V),

where a is constant. But g(P,V) = 0, therefore S(P,V) = 0. By (5.6),

Ph
we have either Vf = 0 or o = = m(P). Therefore, either f is constant or

Ph = hr(P). 0

DEFINITION 5.4. [22] A Riemannian manifold (M, g) is said to admit a
cyclic-Ricci parallel tensor or is Einstein-like of class A if

(VxS)(Y, Z) + (VyS)(Z, X) + (Vz9)(X,Y) =0
for any vector fields X, Y, Z € X(M) or equivalently (VxS)(X,X) = 0.

PROPOSITION 5.5. Let M = By x pF' be an Einstein-like doubly warped
product manifold of class A with respect to the semi-symmetric metric con-
nection V and P € X(B). The Riemannian manifold B is an FEinstein-like
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manifold of class A with respect to the semi-symmetric metric connection v if
and only if BV xY = XhY BYxP =0 and

2
0 = nom(X) (ﬂX)ﬁh - ngadh”g(X,X))

2h2
h df|?
+ XTQ<X7X) ((TLQ — I)ngé}zf” — ngm(P) — nzjchf).

PRrOOF. By using (4.1), (4.2) and Corollary 4.5, we have
(Vx9)(X, X) = XS(X, X) = S(Vx X, X) - (X, Vx X)
— X (BS(X, X) - %Hg(x, X) + nam(X)m(X) — nag(X,B VXP)>

2
- X <<(n1 — 1)]gm]gﬂ + nom(P) —i—ng%h + }Af) g(X,X))

~ S(VEX— 79X, X) grad f,X) = S(X, VEX— Zg(X. X) grad f),

(VxS)(X,X) = (VES)(X, X) + TS XhHS(X, X) = 22X (HB(X, X))
+n2 X (1(X))? — n2 X g(X,P VxP)
2
— | (n1 — 1)@ + nam(P) +n2ﬂ + lAf Xg(X,X)
7 BT
Iz BT

chg(X, X)S(grad f, X) + chg(X, X)S(X, grad f).

_ <(n1 D lEred I oy x P L Af) g(X, X)

+

Since BV Y = %Y and BV P = 0, we have

2
(Vx8)(X, X) = (VE8)(X, X) + ma(X) (ﬂxffﬁ - 'gr;,(;h'g(X,X))

h d f|1?
+ XTQ(X, X) ((nz - 1)ng2}2f” — nam(P) — nQ;Af>.

The proof is completed. O

REMARK 5.6. Einstein-like manifolds are natural extension of Einstein
manifolds. Finstein-like manifolds admitting different curvature conditions
were considered by Calvaruso [6]. Einstein-like manifolds of dimensions 3 and
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4 are studied in [3,5]. Projective spaces and spheres furnished with class A
or class B Einstein-like metrics were classified in [17]. An interesting study
in [15] shows that Einstein-like Generalized Robertson-Walker spacetimes are
perfect fluid space-times except one class of Gray’s decomposition.
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