UNIVERSITATIS IAGELLONICAE ACTA MATHEMATICA
doi: 10.4467/20843828 AM.12.007.1125 FASCICULUS L, 2012

THE DEGENERATE J-FLOW AND THE MABUCHI ENERGY
ON MINIMAL SURFACES OF GENERAL TYPE

BY JIAN SONG AND BEN WEINKOVE

Abstract. We prove existence, uniqueness and convergence of solutions of
the degenerate J-flow on Kéhler surfaces. As an application, we establish
the properness of the Mabuchi energy for Kéhler classes in a certain subcone
of the Kéhler cone on minimal surfaces of general type.

1. Introduction. Let M be a compact Kahler surface with two Kéahler
metrics wp and xp. Let P, be the space of smooth functions ¢ with x, :=
Xo + dd°p > 0. The J-flow is a parabolic flow defined on P,, by

0 2X<p A wo
(1~1) &90 =Co — Ta 90|t:0 = Yo € me
where cq is defined by
co = 2[xo] - wo
[xo]?

The J-flow was introduced by Donaldson [7] in the setting of moment maps
and by Chen [2] as the gradient flow of the J-functional which appears in his
formula for the Mabuchi energy. Smooth solutions to (1.1)) exist for all time
and are unique [3].

Under the assumption

(1.2) colxo] — [wo] > 0,
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it was shown in [32] that the solution to the J-flow converges smoothly to ¢
solving the critical equation

(1.3) 2X oo NWo = COX?DOO'

The fact that smooth solutions to (1.3 exist under the condition was
conjectured by Donaldson [7] and proved by Chen by reducing the equation
to the complex Monge—Ampere equation solved by Yau [34]. In higher dimen-
sions, it was shown in [33] that the flow converges under the cohomological
assumption co[x] — (n — 1)[wp] > 0. Necessary and sufficient conditions for
convergence of the J-flow in terms of [yo| and wp were found in [26].

In |9,11], convergence results were proved for generalizations of the J-flow
known as inverse op-flows. In [10|, Fang—Lai analyzed the behavior of the
inverse oy-flow on general Kahler classes for metrics with Calabi symmetry.
The J-flow has been investigated on Hermitian manifolds by Y. Li [20], and
the critical equation on Hermitian manifolds with boundary by Guan-Li [13].
An equation bearing strong similarities to the critical equation for the J-flow
is the complex Hessian equation (see for example [1,/5,/14},(15,19]); it has
been studied intensely in the last few years, and the existence of solutions on
compact Kéhler manifolds was recently established by Dinew—Kotodziej [6].

We now return to the discussion of the J-flow. In complex dimension two,
the behavior of the J-flow was investigated [12] in the case where co[xo] —
[wo] = 0, where 8 > 0 means that the cohomology class § admits a smooth
nonnegative representative. A uniform L estimate for ¢ was established, and
it was shown that the J-flow converges smoothly to a singular Kahler metric
away from a finite number of curves of negative self-intersection.

In this paper, we generalize the result of [32] in a different direction. We
consider the case where wy is no longer a Kéahler metric, but a closed (1,1)
form satisfying a certain nonnegativity condition. More precisely, assume that
we have a background Kéahler metric @ and an effective divisor D on M with
associated line bundle [D]. Let H be a fixed Hermitian metric on the line
bundle [D], and let s be a holomorphic section of [D] which vanishes exactly
along D. Our assumption on wy is:

wo is a smooth closed (1,1) form

14 1 1
(1.4) with wo > —|s|12f<21 and wg — pRy > —,
Co Co
for some positive constants Cy, 3, p. Here, Ry = —dd¢log H denotes the cur-

vature form of the Hermitian metric H.

Clearly holds if wg is Kéahler. It is not uncommon for non-Kahler
cohomology classes to admit a closed form wy satisfying . Indeed, we will
see below that if M is a minimal surface of general type then the canonical
class, if it is not ample, is such an example. Also, it is well-known that such
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classes can be found on the boundary of the Kéhler cone of blow-ups of Kéahler
manifolds, as discussed in [27] for example.

We call the equation with wg satisfying the degenerate J-flow.
Now is no longer a parabolic equation in general and we cannot expect to
obtain smooth solutions. The main result of this paper is that there exists a
unique “weak” solution to this degenerate parabolic equation, which converges
to a “weak” solution of the critical equation. More precisely, define a space

Pyt = {p € C®(M \ D) N PSH,,(M) N L>(M) |
Xo +dd¢ >0 on M\ D},

where we are writing D also for the subset of M defined by the divisor D. Here
PSH,, (M) consists of upper semicontinuous functions ¢ : M — [—00, 00) such
that ¢ +1)g is plurisubharmonic, where v is a (smooth) local Kéhler potential
for xo.

We have the following result.

(1.5)

THEOREM 1.1. Let M be a compact Kdhler surface, with Kdhler metrics
xo and &. Assume that wg satisfies and assume that
2[xo] - [wo

[xo]?

For any smooth pg € Py, there exists a unique solution ¢ = (t) € P;Zfak of
the degenerate J-flow

(1.6) co[xo] — [wo] >0, for co=

0 2Xp N wo

(1.7) a@ =Co — 7)(?0 on M\ D, ¢li=o0 = o,
‘ Oy _
with sup |—=—| bounded (independent of t).

Ast — oo,
Cix.(M\D)
So(t) 1 — Poos

where Yoo € Py(?ak solves the critical equation

(1.8) 2Xpoo NWo = coxioo on M\ D.

Moreover, ps € P;C”g’ak is the unique solution of the critical equation up to the
addition of a constant.

Note that (. coincides with the pluripotential solution of on M in
the sense of Bedford—Taylor (see [18], for example).

We recall now the J-functional of Chen [2]. Given a Kéhler form y( and
a closed (1, 1) form wy, define the J-functional by

1
(19 Toonol) = /0 /Msbs(ngos/\wO—Coxis)ds, for ¢ € Py,
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where ¢ is a smooth path in P, between 0 and ¢. In the case where wy is
Kahler, the J-flow is the gradient flow of the J-functional. A consequence of
our main result is that the J-functional is uniformly bounded from below on
the space Py, .

COROLLARY 1.2. As in Theorem let M be a compact Kdhler sur-
face with Kdhler metrics xo and . Assume that wy satisfies and that
@ holds. Then there exists a constant K depending only on the fized data
M, wg, xo such that

(1.10) Jwoxo (@) = K, for all o € Py,.

This result has an immediate application to the Mabuchi energy functional,
which we now explain. A well-known open problem in Ké&hler geometry is
to determine which Kéhler classes on M admit Ké&hler metrics of constant
scalar curvature. The Yau—Tian—Donaldson conjecture relates this to a notion
of stability in the sense of geometric invariant theory [8,28,35]. A related
question is to ask instead for which Kahler classes is the Mabuchi energy
functional proper (see Section (3| below for the definition). Indeed, according
to a conjecture of Tian [29], these questions are essentially equivalent, modulo
some issues which arise if M admits holomorphic vector fields.

It was shown by Chen [2] that if the canonical bundle Kj; of M satisfies
Kjr > 0 then the Mabuchi energy is bounded below on all Kéhler classes [xo]
satisfying

(1) ol
An alternative proof of this was given by the second-named author using the
J-flow [32]. Later, the authors observed [26] that under the same assumption
(1.11]), it follows from a result of Tian [29] that in fact the Mabuchi energy is
not just bounded below but proper. Moreover, we proved analogous results on
manifolds M of any dimension with Kp; > 0.

Fang-Lai-Song—Weinkove [12] recently showed that the assumption
can be weakened to

(2[X0] : KM) ol — Kp > 0.

2[xo0] - K
(112) (2Rl bl = s >0,
[xo]?
where ¢ > 0 means that the cohomology class ¢ admits a smooth nonnegative
representative.

In this paper, we instead allow K; to satisfy a more general nonnegativity
condition than being ample. We assume that K is big and nef, meaning that
K%J > 0 and Kps - C > 0 for all curves C on M. This is equivalent to saying
that M is a minimal surface of general type.
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COROLLARY 1.3. Let M be a minimal surface of general type. Then the
Mabuchi energy is proper on all Kdhler classes [xo] satisfying

2[xo] - Km
([Xo]g> [xo] — K > 0.

Thus one would expect constant scalar curvature Kéhler metrics to exist
in these classes. It is also expected that such classes are K-stable in the sense
of [8,28]. In fact, it follows immediately from results of Panov-Ross (see the
argument of [23, Example 5.9]) that algebraic classes satisfying are slope
stable in the sense of Ross-Thomas [24].

The main technical results are contained in Section 2l The idea is to
replace the degenerate (1,1)-form wp with a Kéahler form w, for ¢ > 0 and
obtain estimates for the J-flow away from D which are independent of €. As
¢ = 0, we have w. — wp and we obtain a solution of the degenerate J-flow
(cf. results of Song—Tian [25] in the case of the Ké&hler—Ricci flow). The key
estimates are contained in Proposition In Section [3| we prove Theorem
[l and its corollaries.

Finally, some words about notation. When we are given a (1,1) form 3, we
will often define a tensor with components 55 by 8 = \/jﬁﬁdzi Adzi. An

exception to this notation is that for a Kéhler form w we write w = v/—1 gijdzi/\

(1.13)

dz7, and similarly for wy, go, etc. Given a positive definite (1,1) form « and a
(1,1) form B, we write tr, 3 for aﬁﬁi;, where (aﬁ) is the inverse of (aﬁ). We
will often denote uniform constants by C,Cy, Cy,C’,C”, ... etc., which may
differ from line to line.

The authors thank the referee for some helpful comments and suggestions.

2. Estimates for solutions of the J-flow. The degenerate J-flow (1.7
defined in the introduction is not a parabolic equation. We peturb the equation
to make it parabolic.

Assume we are in the setting of Theorem Write we = wg +cw > 0 and
define
[xol - [we]

[Xo]?
Ase — 0, ¢ — ¢p. From (1.6)), we may choose g9 > 0 sufficiently small so that
for e € [0, 0] we have

(2.2) ce[xo] — [we] > 0.
Then consider the family of J-flows
0 2Xp N we

2.3 Qo= - Ko 0 = 9o,
( ) atgoé‘ Ce Xa (/75’15 0 (204}

(2.1) Ce:=2
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parametrized by € € (0,g0]. By Chen’s result [3], we know that there exists
a solution to on M x [0,00). The main result of this section is that we
have uniform (independent of £) L® bounds for ¢., ¢. and C* estimates for
e away from D.

PROPOSITION 2.1. In the setting described above, there exists a uniform
constant C' such that for all t and € € (0,¢eq],

(2.4) pellLoe(ary < € and  [|@ellpeoary < C.

Moreover, for any compact set Q of M \ D and k > 0, there exists Cqj > 0
such that

(2.5) [eeller@,x0) < Coak-

In order to prove the proposition, it suffices to establish the uniform L°°
estimates on M and a second order estimate on M \ D.

LEMMA 2.2. There exists a uniform constant C such that for all t and
e € (0,e9],

(2.6) el oo (ary < C-
PRrROOF. Put
(2.7) Qe = cexo — we > 0.

We are allowed to assume without loss of generality that a. is Kahler and in
addition, there exists § > 0 such that o, > dxo for all ¢ € [0,e0]. This is
possible since the condition implies that we can find a smooth function n
with coxo — wo + ddn > 26 for a small § > 0. Shrinking ¢¢ if necessary, we
may assume that c.xo —w:+ddn > dxo for all € € [0, g¢], and we can estimate
e — n instead of ..

We begin by proving an L estimate for ¢, which is independent of e. We
follow an argument similar to that in [12]. It uses the trick of [2] of rewriting
the critical equation as a complex Monge-Ampeére equation, together with
Yau’s L™ estimate.

There exists a smooth solution ). of the equation

(2.8) (e + Csddc¢5)2 = w?, Qe + ceddipe > 0, pr e = 0.

Indeed, since

[ac]” = Cg[XO]Q + [WE]Z — 2¢e[xo0] - [we] = [W€]2>

this follows from Yau’s theorem [34]. Moreover,
[Pelle < C,

for C' independent of €. This follows from Yau’s original proof using Moser’s
iteration, since ag is a smooth family of Kahler metrics which satisfy a. > dxo

}2
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and hence w?/a? is uniformly bounded from above. Here we are using the fact
that the Sobolev constant, used in Yau’s iteration argument, remains bounded
on any set of Riemannian metrics which is compact in the C° topology and
has a uniform lower bound.

Note that Yau’s C* estimates for 1) may indeed depend on &, but in what
follows we only need uniformity in the L* estimate. Observe that

X = Xo + ddp. > 0,

since xy. = é(ae + cedd®t). + we) and ae + c.dd). > 0.
We have

w? = (CeXupe — w.)? = ch?pg — 2¢e Xy N we + wZ,

and hence x., satisfies the critical equation chig = 22Xy N We.
Now put 0. = . — 1. and compute

0 0 2Xype Nwe  2Xp. A We /1 d [ 20y N\ we
2. —0. = —p. = 2 — = = — | —— ) d
( 9) 3t 3 atgpa Xis X?DE 0 dU 7712) v,

-, which is

where 7, = vxy, + (1 —v)x,. for v € [0,1]. Define Tt = nzkngi(gg)ij,

positive definite, and compute

6 1 d 7'1'
o= [ (niitas ) o
o 7 d
= —/ My (dm> (ge)zdv
(2.10) 0 vk

1 _
7k
= —/0 T (Xape = Xooe ) v

1 _
- ( / Tf’fdv> 050-.
0

Since ( fol Tgkdv) is a positive definite tensor, we apply the maximum principle

to see that 6. is uniformly bounded by sup,; |6:| at t = 0. Since ¢.|;—0 = ¢ and
1. is uniformly bounded it follows that . is uniformly bounded independent
of . Hence (. is uniformly bounded independent of €. O

Next we estimate the time derivative of ¢.. First some notation: define an

operator A, := hgiai&j, where hl' == x* x% (g.)pg. Then:

LEMMA 2.3. There exists a uniform constant C such that for all t and
e € (0,e9],

l@ell oo (ary < C-
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Hence we have

1

1
(2.11) Xpe 2 7We = = (Wo + &),
Pe C’ C’

for a uniform C" > 0.

ProOF. This follows immediately from the maximum principle as in [3].
Indeed, differentiating ([2.3) we obtain

0 . <.
aSOa = Acpe.
Then by the maximum principle, . is bounded uniformly in time. Moreover,

the bound is independent of e. In particular, try, w. < C’, and this gives
@-11). O

It is important to note Lemma does not give a uniform bound for x.,,
away from zero which is independent of €. In particular, we have no a priori
upper bounds for try,_w or trj, g := hé'i(g)ﬁ.

Next we wish to prove an estimate for x,.. For ease of notation, we drop
all subscripts € and write x for x,. Write u = trgyx. We denote by R%; the
curvature of g, and raise indices using g.

We first derive an evolution equation and differential inequality for logwu.

LEMMA 2.4. The evolution equation of logu is given by

0 A 1 tkp ji ~ 173D qre v
(875 - A> logu = - (—heleJ "Xig = 9 PPXT VixesVixeg

— §/TRTXP %X@@jqu + 2Re (!?j PP ﬁ3-)(;@%9;@)

= s I |Ou|?
(2.12) ~0XViVig + X R g + =)

Moreover, there exists a constant C' depending only on g and ||gol|c2(ar,g) such
that

(9 ~ n c “ ~ sk aku
<8t — A) logu < Ctrpg + E(trxw)(trww) + 2Re (X (u2> 8gtr@w> :
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PRrROOF. For any fixed p € M, we choose a holomorphic coordinate system
centered at p with the property that (8’“gi3)|1’ =0 for all 4, j, k. Compute at p,

O rax = o (F050) = 7050 a0)
= - Qﬁaz‘( ok ép(&qu)gke + X &gkg)
= g X P 0037 — XXT (0ixes)X P (Ox02) 94z
- quxgpxzr(@xrs)(&qu)gkg + XN (95x0) (Di7)
+ XX (O (050,7) — X 0i59,7)
= ' hT0;0:xp7 — 07 WX (0xrs) (P5%7) — 57 BT X (Dixos) (D)
+ 2Re (97N (Or0m) Gig0) ) — 97X 0059,
And
Alogu = Bu _ [ouf % <hek8k02(f]ji><ij) - Wﬁ)

u u2

Ok 7 0k 1 ji |3U\%

where |8u|,21 = hﬁ@iu&ju. Then 1) follows from these two equations, the
Kaéhler condition for x and the fact that in our coordinate system we have

]z Kka &gkf — gjlx V v gk{ gjzxfka qegkq — g XZkvingkZ - X%qugkﬁ'
To deal with the terms involving one derivative of x we use a completing
the square argument, which is formally similar to that of Cherrier [4] (see

also [30, Proposition 3.1]). Compute
K=g Xﬂphquukqu 0,
where

8ku

_v fay $
B = ViXig = Xig—, =9 Xz Vidaj-

We compute

. . Opu Ogu

K = 3P WV ixgg Vo + 8" h™ X <u> Xpt (Z)
+ 9P RGP 5 (Vig,5) 9™ XrgVigps — 2Re <A£’ XPRTE (Vi) X,z
— 9Re (gh’xjph@k(vixlﬁ)g aXaEVZQpB>

Ti oo O
+ 2Re <g£zxjphquij < Z ) g quvegps> .
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Using the definition of ht and the Kihler condition for X,
i T L N Oul?
K = gélxjphquiijvZXpﬁ + ’ |h
ge.. dk 2 i gk Ogu
+ 3T g 20" X450 Xra(Viga7) (Vigps) — 2Re (0 (g Xiz) L
— 2Re (g X’ xqcxd’“gcd(Vz-xkg)gb“xaa(%gpg))

Ou\ = .
+ 2Re <g XXX Mg x5 (u) QSTqu(vzgps)>

= "RV x5V X — L |h + "X 5 (Vi9,5) (V9s)
— 2Re <§Zixjp ng(@ixkj)(@zgpg» + 2Re < shgte <Zu> (%5@)) -
Combining this with gives,
<8 - A) logu = — { WRR Ty — RPNV x5V X — K
ot u J J
+ "X (Vi9,5) (V9ps) + 2Re (xs'“ <8Zu> §"(Vs pg))
— XV Vg + 1 Razgkq}
< Ctrpg + C(trxw)(trww) + 2Re < <(‘3;u> &trww> .
Indeed, to see the last inequality, we estimate

WkR T < Ctgg,

and

C
< —(tr, @) (trow

u
for a constant C' depending only on ¢ and |gol|c2(ar,5)- Note that tryg is
uniformly bounded from below away from zero, but may blow up along D.

This completes the proof of the lemma. O

Next we prove the estimate on Y.
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LEMMA 2.5. There exist uniform constants C, v, independent of €, such

that
C

u=trox < —55-
v
|| H
PROOF. From the condition (2.7)), we may choose uniform positive con-
stants 1, 0 and o to be sufficiently small so that

(2.13) cxo —w — cORp > 3nw,
and
(2.14) Xo —0Rpy > o,

where we write ¢ = c. = 2[xo] - [we]/[x0]*.
Define (cf. [31])
¢ = —dlog sl
Note that ¢ is bounded from below, and tends to infinity along D. Let A > 1
be a large constant to be determined later. Consider the evolution of the
quantity
1
=logu — Ap + — ,
Q = log o
where we choose the uniform constant Cj so that
0< = L <1
¢+ Co
This type of quantity was used by Phong—Sturm [22] in their study of the
degenerate complex Monge-Ampere equation (for its later use in a parabolic
setting, see [30]). Note that @ achieves a maximum at each time ¢ away from
D. Since ¢ is uniformly bounded, it suffices to bound @ from above at its

maximum, as long as A is chosen uniformly.
Note that at a maximum of ) we have

8ku 1 ~
— =A4+ ——— ) OrO.
u ( +@+am>k@

Then at a maximum of Q we have, from Lemma [2.4

<;‘A)Q<aum+cmWMmM)

(2.15) + %Re (XSk (A + (8kg5)8§tr@w>

) <A+ cho)) (gt _ A) 5o WQCO)B\@@\%-
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But from (1.4) and ( -,
C(tryw)(trow) _ C'(tryw)(trew) c”

< < ‘45 .
s

(2.16) < <
u uls| o ul

Observe that at a maximum of ) we may assume that € < 1. Indeed if

ulsy/
not, then assuming that §A > 23, we have that logu + Ad log ]s\H C and it

follows immediately that @ is bounded from above, which is what we need to
show.
Next,

2 3 1
But
1 ~12 1 ]z gk i~ 7‘
1021 = —X7' 09050 < XX 94701005 < e i pO:p = » |25| 7,
and, using (2.11)),
C
|8tr@wli < —35-
s[5
Hence
C;A’a@’ |Otraw] C'A 03], < 2 0217 C"A* (g + Co)®
! S Vi (¢ +Co)? ulslyy

Putting this together, we obtain

9 1 B 052
“Re At —— ) (0pP)Bstrpw | <2— 0 11
u ( < (¢ + Co)? ) 2 ) (¢ + Co)?

since we may assume without loss of generality, by an argument similar to the
: 1 A2( 3 48 i o

one given above, that C" A*(¢p+Co)”/(uls|;; ) < 1. Combining this with 1)

and ([2.16)), we obtain at a maximum point of @,

0 1 J =
1 <= - < 1o (ar V(2 _A)a.
(2 7) 0 (8t A) Q C’ltrhg—i- 2 ( + (¢+ 00)2> <8t A) o)

Now compute on M \ D,

9 Fi

((% —A) =c—tryw—h 8i6?(cp—5log\s\12q)
= c—2x""g;5 + W'((x0);; — 5(Ru),3)
=Cc— 2ingi3 + Whji((XO)ij - 5(RH)2‘3)

n “_thj”(c (XO)ij — cé(RH)ij)»

(2.18)
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for n > 0 as in (2.13)). From ([2.14]), we choose A (depending only on Cy, n and
o) sufficiently large so that

Anh?((x0) 5 — 8(Ru)5) = Citrag.
Then from this together with (2.17) and (2.18)), we obtain

ji (I—=m),5 2
(2.19) ¢ =295+ —— 1" (c(x0)ij — cd(Br)iz) < 7,
and hence from ([2.13)),

= 1— 1+3 -, 2
(2.20) c— 27 gz + A=mA+3n),5 2
C

95 X A

This implies that, shrinking 7 if necessary,

(1+mn), 3 2

— g5 < a

Now choosing coordinates for which ¢ is the identity and x is diagonal with
entries A1, Ao, we have

2 2
(1+mn) 1 12
Y S -2) <o
ot C i:l)\? i:l)\i A

Completing the square as in [264[33], we get

Z( Ve _m)2<2 2c 2 c(l-n)

< c+ ==+,
—~\Vi+tn Vel A 1+n A 1+n
We may assume that A is chosen large enough so that
2 < 7776(1 — 77),
A 1+m7
and thus

Ve JTET
Z:(m‘ ) <et-m

Hence, for i =1, 2,

\/ 1 + n \/E )\'L
which implies that
1
i 1
c(l=+1-n?)

Then
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at this maximum point of ). Hence tryx < C' at this point, and we see that
@ is bounded from above. This completes the proof. O

The higher order estimates ([2.5)) follows immediately by applying the stan-
dard local parabolic theory (as in |26], for example). This completes the proof
of Proposition [2.1}

3. Proof of the main theorem and corollaries. We can now prove
the main results of the paper.

ProOF OF THEOREM [[.Il From Proposition [2.1] we can find a sequence
g5 — 0 such that ., converges in C'>° on compact subsets of (M \ D) x [0, c0).
Define on M \ D,

¢ = lim @,.

J]—00

Then on (M \ D) x [0,00), ¢ is smooth, satisfies xo + dd“p > 0 and solves
the degenerate J-flow equation . Moreover, again from Proposition
supyn\p || and supyp p [¢] are uniformly bounded independent of ¢. It is a
standard result in pluripotential theory that a smooth function ¢ on M — D
which satisfies xo+dd‘p > 0 and sup,;_p |¢| < C can be extended uniquely to
an element of P;CV(fak (see |18| for example). Writing again ¢ for this function,
we obtain the required solution ¢ to ([1.7]).

Now recall that the J-functional is defined on P,, by . One can also
write down an explicit formula:

(3.1)

co
on,xo(¢)=/ @(XW\W0+X0/\WO)—3/ e(X5+Xe AX0+X0), @ € Py
M M

and this definition extends to ¢ € Pxoeak. From the uniform L*° bound for the
solution ¢(t) of the degenerate J-flow, as argued in [12], we see that

(3'2) jwo,xo (‘P(t)) > *C,

for a uniform constant C' independent of ¢. In addition, J,, v, (¢(t)) satisfies
d 2.2

(33) o) == [ e <o

Then it follows from the proof of Theorem 1.1 in [12] that ¢ tends to zero in
C* on compact subsets of M \ D.
Next, define the Z-functional on Pg;ak by

1
Zuoxo(9) = 3 /M @(Xa + Xe A Xo + X(Z))a

3

and we see that Z,; v, (¢(t)) = L,y (o) for all t. It follows from the same
argument as in [12] that as ¢ — oo, the solution ¢(t) to the degenerate J-flow
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converges in C* on compact subsets of M \ D to the unique o € P;V(fak
satisfying the critical equation

2Xpoo NwWo = COX?OOO

on M \ D subject to the normalization condition Zy; v, (¢oo) = Zug,xo(¥0)-
Indeed, to see this last uniqueness statement, observe that o, must satisfy

(3.4) (o + codd poo)? = wg, g + codd®poe > 0on M\ D,

for ag = copxog — wg > 0. Moreover, cop lies in P&”gak, But such solutions of
the complex Monge-Ampeére equation are unique up to the addition of a
constant |17, Corollary 4.2].

It remains to prove the uniqueness of the solution ¢(t) to the degenerate
J-flow. We use an argument similar to one given in [25]. Suppose there
is another solution (t) € P;Q’(fak of satisfying supyp p |4)| < C. Define
05 = o—1—dlog|s|3 on M\ D, which tends to infinity along D. For v € [0, 1],

let 1, = vXp + (1 — v)xy, T5F = nf:kngi(go)ij. Computing as in 1D we have

on M\ D,
9 1 1
—0s = </ Tfkdv> OpOgs — 0 (/ Tfkdv> (Rm)ki-
ot 0 0

Fix a time interval [0, T]. From the estimates supyp\ p [¢| < C and supyp p 9| <

C we have the estimate 1, > %wo for a uniform constant C > 0. It follows
that (1%) < C(gf¥). Then

1
7 7 206
o ([ 7ikan ) (e < Cosf e < %2,
0 p
since, from (|1.4)) we have wyp — pRy > 0 for a uniform p > 0.

Hence
0 1 Tk 206
> _
87505 > </0 T, ds> Ok 0705 P

and so by the maximum principle, we have
Os > — Aot > —AST,

for a uniform constant A. It follows that ¢ > ¢ +§log |s|3, — A6T and so ¢ > 1)
after letting § — 0. The same argument shows that ¢ > ¢ and so p =v¢. [

PrOOF OF COROLLARY [I.2l Given the discussion above, this is now im-
mediate, since for any g € Py,, we have Ty o (¢0) = oo Tupxo (0(t)) =
Jwo,xo (Poo). For the last equality, we have used Lemma 3.2 in [12]. O
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PRrROOF OF COROLLARY [I.3l The Mabuchi energy on the Kéahler class
[xo] is defined by

1
My, () = — / /M ba(Ry,. — R)Y2,ds,

where ¢, is a smooth path in P, between 0 and ¢, and R is the average scalar
curvature R = ﬁ Jas Rrox@- Let

Ey,(p) = le/M Ao Ao A (xo0 + Xy)

be the well-known Aubin-Yau functional (often denoted by I,,). Then we
say the Mabuchi energy is proper [29] if there exists an increasing function
f:]0,00) = R, satisfying lim, o f(2) = 0o, such that for all ¢ € P,,,

Mo () Z f(Exo(#)))-

In fact, for the purposes of this corollary, we may take f to be linear (cf. [21]).

Since Kjs is big and nef, it is well-known that there exists a closed non-
negative (1,1) form wy € c¢1(Kp) satisfying (L.4). Indeed, one can take a
Fubini-Study metric induced from the pluricanonical system |mK ;| for suffi-
ciently large m, and divide by m to obtain a smooth closed nonnegative (1,1)
form wp € ¢1(Kpr). Note that since wy is the pull-back of a holomorphic (and
hence smooth) map from M into projective space, it is smooth everywhere on
M. However, it is only positive definite on M \ D where D is the base locus.
Moreover, [wo] — pc1([D]) is Kéhler for all p > 0 sufficiently small. Hence we
can find a Hermitian metric H on [D] so that wy — pRy > Ciocb for some fixed
Kahler metric @ and a positive constants Cp, p. By definition of wg, we have
wo = Cio\s\zﬂd), for some positive 3, after possibly increasing Cj.

The condition implies that
[xol - [wo]

[xo]?

Hence we can apply Corollary [T.2]to see that J.,y, is uniformly bounded from
below. The formula of Chen [2] gives

MXO = jWO,XO + .F,

for a certain functional F, which is proper on P, [26,[29]. This completes the
proof. O

(3.5) co[xo] — [wo] >0, for cop=

REMARK 3.1. We remark that one can give an alternative proof of these
two corollaries by elliptic methods. However, we believe that the degenerate
J-flow is interesting in its own right, and may be important in extending these
results to higher dimensions.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

105

References

. Blocki Z., Weak solutions to the complex Hessian equation, Ann. Inst. Fourier (Grenoble),

55, No. 5 (2005), 1735-1756.

. Chen X., On the lower bound of the Mabuchi energy and its application, Int. Math. Res.

Notices, 12 (2000), 607-623.

. Chen X., A new parabolic flow in Kdahler manifolds, Comm. Anal. Geom., 12, No. 4

(2004), 837-852.

. Cherrier P., E'quations de Monge—Ampére sur les variétés hermitiennes compactes, Bull.

Sci. Math. (2), 111, No. 4 (1987), 343-385.

. Chinh L.H., Solutions to degenerate complex Hessian equations, preprint, arXiv:

1202.2436.

. Dinew S., Kolodziej S., Liouville and Calabi—Yau type theorems for compler Hessian

equations, preprint, arXiv.org/1203.3995.

. Donaldson S. K., Moment maps and diffeomorphisms, Asian J. Math., 3, No. 1 (1999),

1-16.

. Donaldson S. K., Scalar curvature and stability of toric varieties, J. Differential Geom.,

62 (2002), 289-349.

. Fang H., Lai M., On the geometric flows solving Kdihlerian inverse oy, equations, Pacific

J. Math., 258, No. 2 (2012), 291-304.

Fang H., Lai M., Convergence of general inverse oy-flow on Kdhler manifolds with Calabi
Ansatz, preprint, arxiv:1203.5253.

Fang H., Lai M., Ma X., On a class of fully nonlinear flows in Kdahler geomety, J. Reine
Angew. Math., 653 (2011), 189-220.

Fang H., Lai M., Song J., Weinkove B., The J-flow on Kdhler surfaces: a boundary case,
preprint, arXiv:1204.4068.

Guan B., Li Q., A Monge-Ampere Type Fully Nonlinear Equation on Hermitian Mani-
folds, Discrete Contin. Dyn. S., series B, 17, No. 6 (2012), 1991-1999.

Hou Z., Complex Hessian equation on Kdhler manifold, Int. Math. Res. Not. IMRN 2009,
No. 16, 3098-3111.

Hou Z., Ma X.N., Wu D., A second order estimate for complexr Hessian equations on a
compact Kahler manifold, Math. Res. Lett., 17, No. 3 (2010), 547-561.

Kotodziej S., The complex Monge-Ampére equation, Acta Math., 180, No. 1 (1998),
69-117.

Kotodziej S., The Monge—Ampére equation on compact Kdahler manifolds, Indiana Univ.
Math. J., 52, No. 3 (2003), 667-686.

Kotodziej S., The complex Monge—Ampére equation and pluripotential theory, Mem.
Amer. Math. Soc., 178, No. 840 (2005).

Li S.-Y., On the Dirichlet problems for symmetric function equations of the eigenvalues
of the complex Hessian, Asian J. Math., 8, No. 1 (2004), 87-106

Li Y., A priori estimates on Donaldson equation over compact Hermitian manifolds,
preprint, arXiv: 1210.0254.

Phong D.H., Song J., Sturm J., Weinkove B., The Moser—Trudinger inequality on
Kahler-Einstein manifolds, Amer. J. Math., 130, No. 4 (2008), 1067-1085.

Phong D. H., Sturm J., The Dirichlet problem for degenerate complex Monge—Ampeére
equations, Comm. Anal. Geom., 18, No. 1 (2010), 145-170.

Panov D., Ross J., Slope stability and exceptional divisors of high genus, Math. Ann.,
343, No. 1 (2009), 79-101.



106

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Ross J., Thomas R., An obstruction to the existence of constant scalar curvature Kdhler
metrics, J. Differential Geom., 72, No. 3 (2006), 429-466.

Song J., Tian G., The Kdhler—Ricci flow through singularities, preprint, arXiv:0909.4898
[math.DG].

Song J., Weinkove B., The convergence and singularities of the J-flow with applications
to the Mabuchi energy, Comm. Pure Appl. Math., 61, No. 2 (2008), 210-229.

Song J., Weinkove B., Contracting exceptional divisors by the Kdihler—Ricci flow, Duke
Math. J. 162, No. 2 (2013), 367-415.

Tian G., Kahler—Einstein metrics with positive scalar curvature, Invent. Math., 130, No.
1 (1997), 1-37.

Tian G., Canonical metrics in Kdhler geometry. Notes taken by Meike Akveld. Lectures
in Mathematics ETH Ziirich. Birkhauser Verlag, Basel, 2000.

Tosatti V., Weinkove B., On the evolution of a Hermitian metric by its Chern—Ricci
form, preprint, arXiv:1201.0312.

Tsuji H., Existence and degeneration of Kdahler—Einstein metrics on minimal algebraic
varieties of general type, Math. Ann., 281 (1988), 123-133.

Weinkove B., Convergence of the J-flow on Kdihler surfaces, Comm. Anal. Geom., 12,
No. 4 (2004), 949-965.

Weinkove B., On the J-flow in higher dimensions and the lower boundedness of the
Mabuchi energy, J. Differential Geom., 73, No. 2 (2006), 351-358.

Yau S.-T., On the Ricci curvature of a compact Kahler manifold and the complex Monge—
Ampére equation, I, Comm. Pure Appl. Math., 31 (1978), 339-411.

Yau S.-T., Open problems in geometry, Proc. Symposia Pure Math., 54 (1993), 1-28.

Received December 11, 2012

Department of Mathematics

Rutgers University

110 Frelinghuysen Road

Piscataway, NJ 08854, USA

e-mail: |jiansong@math.rutgers.edu

Department of Mathematics
Northwestern University
2033 Sheridan Road
Evanston, IL 60208, USA

e-mail: weinkove@math.northwestern.edu


mailto:jiansong@math.rutgers.edu
mailto:weinkove@math.northwestern.edu

	1. Introduction
	2. Estimates for solutions of the J-flow
	3. Proof of the main theorem and corollaries
	References

