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COLLAPSING OF CALABI-YAU MANIFOLDS AND SPECIAL
LAGRANGIAN SUBMANIFOLDS

BY YUGUANG ZHANG

Abstract. In this paper, the relationship between the existence of spe-
cial Lagrangian submanifolds and the collapsing of Calabi—Yau manifolds
is studied. First, special Lagrangian fibrations are constructed on some re-
gions of bounded curvature and sufficiently collapsed in Ricci-flat Calabi—
Yau manifolds. Then, conversely, it is shown that the existence of special
Lagrangian submanifolds with small volume implies the collapsing of some
regions in the ambient Calabi—Yau manifolds.

1. Introduction. The notion of the special Lagrangian submanifold was
introduced by Harvey and Lawson in the seminal paper |26]. Mclean studied
the deformation theory of special Lagrangian submanifolds in [33]. In the
pioneer work [41], Stominger, Yau and Zaslow propose a conjecture about
constructing the mirror manifold of a given Calabi—Yau manifold, the SYZ
conjecture, via special Lagrangian fibrations. Since then, lots of works have
been devoted to studying special Lagrangian submanifolds and fibrations (cf.
[18-20,27,29,,30,(32,36-38,40,42|, and references in [30]). In [31] and [23],
a refined version of SYZ conjecture was proposed by using the collapsing of
Ricci-flat Calabi—Yau manifolds in the Gromov—Hausdorff sense. These two
versions of SYZ conjecture suggest a relationship between the existence of
special Lagrangian submanifolds and the collapsing of Calabi—Yau manifolds.
In this paper, we study this relationship.

If (M,w,J,g) is a compact Ricci-flat Ké&hler n-manifold, and admits a
nowhere vanishing holomorphic n-form © (the holomorphic volume form),
(M,w, J,g,Q) is called a Ricci-flat Calabi-Yau n-manifold, and (w, J, g,) is
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called a Calabi—Yau structure on M. We can normalize €2 in the following way

n?

wh(=1)z

n o 2m
(cf. [30]). Yau’s theorem on Calabi conjecture guarantees the existence of
Ricci-flat Ké&hler metrics on Kéhler manifolds with trivial canonical bundle (cf.
[44]), which implies the existence of Calabi-Yau structures on such manifolds.
The holonomy group of a Ricci-flat Calabi—Yau n-manifold is a subgroup of
SU(n). The study of Calabi-Yau manifolds is important in both mathematics
and physics (cf. [45]).

A special Lagrangian submanifold L of phase # € R in a Ricci-flat Calabi—
Yau n-manifold (M, w, J, g, 2) is a Lagrangian submanifold L C M correspond-
ing to the Kihler form w so that ReeV~19Q|, = dvg|,
volume form of g|;, on L. Equivalently, dimg L = n,

QNQ,

where dvg| ,, denotes the

w|r =0, Ime‘/ij\L =0

(cf. [26]). In [33], Mclean showed that, for a compact special Lagrangian sub-
manifold L in a Calabi-Yau manifold (M,w, J, g,), the local moduli space
of special Lagrangian submanifolds near L is a smooth manifold of dimension
b1 (L), and, moreover, the tangent space of the moduli space at L can be identi-
fied with the space of harmonic 1-forms on (L, g|1). In [27], various structures
on the moduli space of special Lagrangian submanifolds were studied.

A special Lagrangian fibration on a Calabi—Yau n-manifold (M, w, ) con-
sists of a topological space B and a surjection f : M — B such that there
is an open dense subset By C B, which is a real n-manifold, such that, for
any b € By, f~1(b) is a smooth special Lagrangian submanifold in (M,w, Q).
By [13] (see also [21]), f~1(b), b € By, is an n-torus. The SYZ conjecture as-
serts the existence of special Lagrangian fibrations on a Calabi—Yau manifold
whose complex structure is close enough to the large complex structure limit
point (cf. [41]). The mirror manifold is a compactification of the dual fibra-
tion of f : f~%(By) — By. Generalized special Lagrangian fibrations were
constructed in some almost Calabi-Yau manifolds in [19,/36-38|. In [22],
special Lagrangian fibrations were constructed on some Borcea—Voisin type
Calabi—Yau 3-manifolds with degenerated Ricci-flat Kéhler—Einstein metrics.

In [31] and |23], SYZ conjecture was refined to the following form: Let
7 : M — A be a maximally unipotent degeneration of Calabi—Yau n-manifolds
over the unit disc A C C, and a be an ample class on M. For any ¢ € A\{0},
let §; be the unique Ricci-flat Kihler metric on M; = 7~1(t) with its Kihler
form @; € aly, € HY(M;,R) N H?(M;,Z), and g; = diam_?(M)g;. Then
(M, g) converges to a compact metric space (B,dp) of Hausdorff dimension
n in the Gromov-Hausdorff sense, when ¢ — 0. Furthermore, there is a closed
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subset Sp C B of Hausdorff dimension n — 2 such that B\Sp is an affine
manifold, and dp is induced by a Monge-Ampeére metric gg on B\Sp (cf. [31]).
The mirror manifolds are supposed to be constructed from the dual affine
structure on B\Sp and the metric gg. This conjecture was verified for some
K3 surfaces in |23]. By using hyper-Kéhler rotation, some K3 surfaces admit
special Lagrangian fibrations. It was shown in [23] that some K3 surfaces with
Ricci-flat Kéhler metrics collapse along such special Lagrangian fibrations. The
two versions of SYZ conjecture suggest the equivalence between the existence of
special Lagrangian submanifolds and the collapsing of Ricci-flat Kéahler metrics
on some regions of Calabi—Yau manifolds, when complex structures are close
enough to the large complex limit point.

In Riemannian geometry, the collapsing of Riemannian manifolds has been
studied by various authors (cf. [8-10,|12,/14], and references in [14]), since
Gromov introduced the notion of Gromov-Hausdorff topology in [17]. In [10],
it was proved that there is a constant €y(n) > 0 depending only on n such
that there is an F-structure of positive rank on the region M, in a Riemann-
ian n-manifold (M, g), where M, denotes the subset with injectivity radius

ig(p) < €0 and sectional curvature sup |K,| < 1, for any p € M. See [9]
Bg(p»l)

and [10] for the definition of an F-structure of positive rank, which is a gen-
eralization of fibration. A folklore conjecture says that there should be special
Lagrangian fibrations on such region in a Calabi—Yau manifold, i.e. the region
of bounded curvature and sufficiently collapsed (cf. [15]). The first result in the
present paper is devoted to constructing special Lagrangian fibrations under
such Riemannian geometric conditions.

THEOREM 1.1. For any n € N and any o > 1, there exists a constant
e = €(n,o) > 0 depending only on n and o such that, if (M,w,J,g,Q) is a
closed Ricci-flat Calabi—Yau n-manifold with [w] € H*(M,Z), and p € M such
that

i) the injectivity radius and the sectional curvature
ig(p) <, sup |K,| <1,
Bg(p,l)
11) [Q’Bg(p,aig(p))] 7é 0 n Hn(Bg(p, Uig(p))¢(c);

then there is an open subset W C M satisfying By(p,oig(p)) C W, and
(W,w, Q) admits a special Lagrangian fibration of a phase 6 € R, i.e. there
18 a topological space B, and a surjection f : W — B such that, for any
be B, f~1(b) is a smooth n-submanifold,

w15y =0, and Im €\/j199’f—1(b) =0.
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REMARK 1.2. From the proof of this theorem, we can see that B is an
orbifold, and, if b belongs to the singular set of B, f~!(b) is a smooth multi-
fiber.

REMARK 1.3. Condition ii) in the theorem can be replaced by the following
small non-vanishing n-cycle condition: there is an [A] € H,(By(p, oig(p)),Z)

such that
/ Q#£0.
A

This condition cannot be removed since it is satisfied if there is a special La-
grangian submanifold L near p having size comparable with i4(p), for example

L C By(p,aig(p)).

REMARK 1.4. Tt is a challenging task to verify condition i) in Theorem
i.e. to find the region of bounded curvature in a Ricci-flat Calabi—Yau
manifold. It was shown in [12] that if (M,w,J,g,Q) is a K3-surface with
Ricci-flat metric, there are universal constants C > 0, 7 > 0, and a finite
subset {p;} C M, 1< j <7, such that

sup |Ky| < C,
Bg(pzl)

for any p e M\ | By(pj,2).
1<j<r

Next, in the opposite direction, we show that the existence of special La-
grangian submanifolds with small volume implies the collapsing of some regions
in the ambient Calabi—Yau manifolds. The following theorem is a corollary of
the volume comparison theorem for calibrated submanifolds in [19].

THEOREM 1.5. Let (M,w, J, g,) be a closed Ricci-flat Calabi—Yau n-ma-
nifold, and p € M. Assume that the sectional curvature K, satisfies

sup K, <1,
Bg(p,?ﬂ')
and there is a special Lagrangian submanifold L of phase 6 such that p € L,
and
ReeV 10 < iwn,l,
L 2n

where w,_1 denotes the volume of S?~1 with the standard metric of constant
curvature 1. Then the injectivity radius iq(p) of (M, g) at p satisfies

n—1

- nm —16
Zg(p)n S W/LRGQF Q.
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As mentioned in Remark the assumption of bounded curvature is not
necessary. If we strengthen the condition of the existence of a special La-
grangian submanifold to the existence of a special Lagrangian fibration, we
can still obtain the collapsing result in the absence of bounded curvature.

THEOREM 1.6. For any n € N and any € > 0, there is a constant § =
d(n,e)> 0 such that the following statement is true: Assume that (M,w, J, g,)
s a closed Ricci-flat Calabi—Yau n-manifold, p € M, and there is a homology
class A € Hy(M,Z) such that, for any x € By(p,1), there is a special La-
grangian submanifold L, of phase 6 passing x and presenting A, i.e. x € L,

and [L;] = A. If
/ Re eV () < d,
A

then
Voly(By(p, 1)) < e.

Theorem Theorem [1.5 and Theorem [L.6] give an evidence of the equiv-
alence between the existence of special Lagrangian submanifolds and the col-
lapsing of Ricci-flat Kéhler metrics on Calabi—Yau manifolds near the large
complex limit point from the Riemannian geometry’s point of view.

The organization of the paper is as follows: In §2, we review some notions
and results, which will be used in this paper. In §3, we use the blow-up argu-
ment to give local approximations of Calabi—Yau manifolds by complete flat
Calabi—Yau manifolds. In §4, we study the deformation of special Lagrangian
fibrations. In §5, we prove Theorem by combining the results in §3 and §4.
Finally, we prove Theorem and Theorem [1.6]in §6.

Acknowledgement: The author would like to thank Prof. Weidong Ruan
and Prof. Xiaochun Rong for useful discussions. Thanks also goes to Prof.
Fuquan Fang for his continuous support.

2. Preliminaries. In this section, we review some notions and results
which will be used in the proof of Theorem Theorem and Theorem

2.1. Cheeger—Gromov convergence. Since Gromov introduced the concept
of Gromov—Hausdorff convergence in [17], the convergence of Riemannian man-
ifolds has been studied from various perspectives (cf. [1,2,(11,12, 14,1623,
39,43| and references in [4]). There is an extension of Gromov-Hausdorff con-
vergence to sequences of pointed metric spaces for dealing with non-compact
situations.

DEFINITION 2.1 ([17], [14]). For two pointed complete metric spaces
(X,dx,z) and (Y,dy,y), a map ¢ : (X,z) — (Y,y) is called an e-pointed
approximation if (B, (z,€71)) C By (y,e 1), ¥(z) = y, and @Z)|de(x7€_1) :
Bay (z,671) — By, (y,€71) is an e-approximation, i.e.

By (y,e ) C{y € Y|dy (v, ¥(Bay (z,€))) <€},
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and
|dx (z1, 22) — dy (V(z1),9(22))] <€
for any x1 and z2 € By, (z,e!). The number

dGH((X, dx, a:), (Y, dy, y)) = inf {6

There are e-pointed approximations }
P (X, 2) = (Yyy), and ¢: (Y,y) = (X, )

is called pointed Gromov-Hausdorff distance between (X, dx, z) and (Y, dy, y).
We say that a family of pointed complete metric spaces (Xy, dx, , x;) converges
to a complete metric space (Y, dy,y) in the pointed Gromov-Hausdorff sense,
if
lim deu((Xk, dx,, zr), (Y, dy,y)) = 0.
k—o0
The following is the famous Gromov pre-compactness theorem:

THEOREM 2.2 ([17]). Let {(My,gk,pr)} be a family of pointed complete
Riemannian manifolds such that Ricci curvatures Ric(gg) > —C' for a constant
C independent of k. Then, a subsequence of (My, g, px) converges to a pointed
complete path metric space (Y,dy,y) in the pointed Gromov—Hausdorff sense.

The structure of the limit space was studied in [5}7,11,12] et al. We need
the following result in the proof of Theorem

THEOREM 2.3 (5], [4]). Let {(Mk, gk, pr)} be a family of pointed complete
Ricci-flat Einstein n-manifolds, i.e. Ric(gx) = 0, such that

VOlgk (ng (pk7 1)) >C,

for a constant C' independent of k, and (Y,dy,y) be a pointed complete path
metric space such that

klggo deu (Mg, gk, pr), (Y, dy,y)) = 0.

Then the Hausdorff dimension dimy Y = n, and there is a closed subset Sy C
Y of Hausdorff dimension dimy Sy < n—1 such that Y\Sy is an n-manifold,
and dy is induced by a Ricci-flat Einstein metric goo on Y \Sy. Furthermore,
for any compact subset D C Y\Sy, there are embeddings Fi,p : D — My,
such that F,;kyng converges to oo tn the C°-sense.

In [17] and [16], a convergence theorem, the Cheeger-Gromov convergence
theorem, was proved for non-collapsed Riemannian manifolds with bounded
curvature. The Kéahler version of this theorem can be found in [35]. See [11]
for the convergence of manifolds with other holonomy groups.

THEOREM 2.4 (Ké&hler version of Cheeger-Gromov convergence theorem).
Let {(My, gk, Ji,wk, pr)} be a family of pointed compact Kdhler n-manifolds
with sectional curvature and injectivity radius at py

(Kol <1, g (pr) 2 C,
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for a constant C >0 independent of k. Then a subsequence {(Mg, gk, Jx, Wk, Pk) }
converges to a complete Kdhler n-manifold (X,g,J,w,p) in the pointed C'H*-
sense, i.e. for any r > 0, there are embeddings Fy,, : By(p,7) — M), such
that Fy, »(p) = pk, F,:’Tgk (resp. dFk_ﬂ} JrdFy . and F,::ka) converges to g (resp.
J and w) in the C1*-sense.

In [1] it is shown that if we assume g to be Einstein metrics then, by
passing to a subsequence, {(My, gk, Jk,wk, pr)} converges to (X, g, J,w,p) in
the pointed C'°°-sense, and ¢ is an Einstein metric too, i.e. Fl;‘,rgk (resp.
dFk;}Jdek’r and F,;ka) converges to g (resp. J and w) in the C°-sense.
Assume that (My, gk, Ji, wk, pr) are Ricci-flat Calabi-Yau manifolds and €
are the corresponding holomorphic volume forms. Since 2 are parallel, i.e.
VIR, = 0, for any r > 0, Fj (), converge to a holomorphic volume form
on X in the C*-sense, and (X, g, J,w, ) is a complete Ricci-flat Calabi-Yau
n-manifold.

In [9], [10], the collapsing of Riemannian manifolds with bounded curva-
ture was studied by combining blow-up arguments and the Cheeger—Gromov
convergence theorem. It was shown that there is a constant eg(n) > 0 depend-
ing only on n such that there is an F-structure F of positive rank on a region
covering M., in a Riemannian n-manifold (M, g), where M., denotes a subset

with injectivity radius i4(p) < €9 and sectional curvature sup |K,| <1, for
Bg(pzl)

any p € Me,. See [9] and [10] for the definition of F-structure of positive rank.

2.2. A comparison theorem for calibrated submanifolds. In [26], Harvey
and Lawson introduced the notion of a calibrated submanifold. If (M, g) is a
Riemannian manifold, and © is a closed n-form such that ©]¢ < dvg for any
oriented n-plane £ in the tangent bundle of M, then © is called a calibration
on M, where dve denotes the volume form on £. An oriented n-submanifold L
of M is called calibrated by the calibration ©, if ©|7, equals to the volume form
of g|, on L. Mclean studied the deformation theory of calibrated submanifolds
in [33].

There are some examples of calibrated submanifolds: holomorphic sub-
manifolds in K&ahler manifolds, special Lagrangian submanifolds in Calabi—
Yau manifolds, associative coassociative submanifolds in Go-manifolds, Cayley
submanifolds in Spin(7)-manifolds (cf. [26}28]) etc. If (M, w, J, g) is a Kéhler
m-~manifold, then %w”, n < m, are calibrations on M, and holomorphic n-
submanifolds are calibrated by %w". If (M,w,J,g,Q) is a Ricci-flat Calabi—
Yau n-manifold, then, for any 6 € R, Re eV=10Q) is a calibration on M , and
a special Lagrangian submanifold L of phase 6 is calibrated by Re V=100, 1f
(M, g) is a Riemannian manifold with holonomy group Ga, then M admits
a parallel 3-form ¢, which is a calibration on M, and *4¢ is a calibration
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4-form on M. Submanifolds calibrated by ¢ are called associative submani-
folds, and submanifolds calibrated by *,¢ are called coassociative submanifolds
(cf. [28]). If (M,g) is a Riemannian manifold with holonomy group Spin(7),
then M admits a calibration 4-form €2, and Cayley submanifolds are subman-
ifolds calibrated by Q (cf. [28]).

In [19], a volume comparison theorem for calibrated submanifolds was
obtained.

THEOREM 2.5 (Theorem 2.0.1. in [19]). Let (M, g) be a closed Riemannian
manifold, © be a calibration n-form, and p € M. Assume that the sectional
curvature K, satisfies

sup Ky <A, A>0,
Bg(p,%)

and there is a submanifold L calibrated by © such that p € L. Then
VO]Q(Bg(p’ T) N L) > Voly, (Bhl (T))v
for any r < min{i4(p), %}, where hy denotes the standard metric on S™ with

constant curvature A, and By, (r) denotes a metric r-ball in S™.

2.3. Implicit function theorem. For studying the deformation of special
Lagrangian fibrations, we need the following quantitative version of implicit
function theorem.

THEOREM 2.6 (Theorem 3.2 in [36]). Let (B, ||-|l1) and (Ba, ||-||2) be two
Banach spaces, || - ||g be the standard Euclidean metric on R", U C R™ x B,
be an open set, and § : U — By be a continuously differentiable map. Let

DF(y,0)(y+ ) = Dy§(y,0)y + DsF(y,0)0,

for (y,0) € U, y € R" and 6 € By. Assume that (0,0) € U and D,F(0,0) :
B — By has a bounded linear inverse D,F(0,0)~1 : By — By with

1D+3(0,0)7 < C

for a constant C > 0. Letr > 0, 69 > § > 0 be such constants that if ||yo|| g <7
and ||olly < do, then (yo,0) € U,

1
155 (y0, ) = Do (0, 0)[| < o= and [[§(y0, 0)l2 <

&l =

Then, for any ||y||g < T, there exists a unique o(y) € B1 such that
Sy, o) =0, oyl <.

Furthermore,
Do(y)y = —DoS(y,0) ' DyS(y,0)y-



61

The difference between this version of implicit function theorem and the
usual one (cf. [24]) is that we use the condition ||§(y,0)|2 < % instead of the
condition §(0,0) = 0 in addition to other quantitative estimates.

3. The blow-up limit. Let {(My,wy, Jk, gk, Q) } be a family of closed
Ricci-flat Calabi-Yau n-manifolds with [wy] € H?(My,Z), and p, € M. As-
sume that

i) the injectivity radius and the sectional curvature fulfil the following

estimates:
o) <1 sw Kyl <1,
ng (Pr,1)
ii) thereisao>>1suchthat [Qk|p, (o0, (o)) 7010 H" (B, (2k, 0ig, (pr)),
C).
If we denote @y, = i, (pk)wk, gL = (pk)gk, and Q) = igr (Pk)S2;, then
1

i) =1 s K| < b
ng(pkzk)
and [Qk|B§k (o)) 7 0 in H"(Bg, (pr,0),C). By the Cheeger-Gromov’s con-

vergence theorem (cf. Theorem , a subsequence of (My, @k, gk, T, ey i)
converges to a complete flat Calabi—Yau n-manifold (X, wo, go, Jo, 20, po) in the
C>-sense, i.e. for any r > o, there are embeddings F}j : By, (po,r7) — Mj,
such that F ;(po) = px, and E gk (resp. F o) and F:kflk) converges to g
(resp. wp and €2p) in the C*°-sense. The purpose of this section is to prove
that (X, wo, Qo) admits a special Lagrangian fibration.

By the smooth convergence, i4,(po) = kli)n;o i, (pr) = 1. The soul theorem

(cf. [10], [34]) implies that there is a compact flat totally geodesic submanifold
S C X, the soul, such that (X, gg) is isometric to the total space of the normal
bundle v(S) with a metric induced by go|s and a natural flat connection.

LEMMA 3.1. dimg S > n.
Proor. If dimg S < n, then
H"(X,C) = H"(T:(S),C) = H"(S,C) = {0}

for any r > 0, where T,.(S) = {p € X|disty,(p,S) < r}. Let ro > ry > o
be such that T} (S) C Bg,(po,70), and Fyy (T, (S)) D Bg, (pg, o) for k> 1.
Then the inclusion maps induce homeomorphisms on cohomology groups

Hn(M7 C) — Hn(FTo k(TT‘ (S))7(C) — Hn(ng(pk,U),C),

and  [Q] = [Qlr, o )] = [lBy, (ppo)] # 0-
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Thus [Q|r ok (T € syl # 0 in H"(F, £ (T, (5)), C), which contradicts to

H" (Fro, (Tﬁ (S)),C) = Hn<TT1(S)v(C) - {0} 0

If 7, : S — S is the holonomy covering of S, then by Bieberbach’s
theorem (cf. [10], [34]), (S, 7}go) is isometric to a flat torus and 7, has finite
order of at most A(n), for a constant A\(n) depending on n only. If we denote
7 : C" — X the universal covering of X with 7(0) € S, then S = 771(9)
is a real linear subspace of C", and wp = 7wy (resp. Qr = 7*Qp) is the
standard flat Kéhler form (resp. the standard holomorphic volume form), i.e.
wg = V-1 > o dza NdZy and Qg = dz; A --- A dz, under some coordinates
21, , 2z, on C™. Note that there is a lattice A C S such that S = S/A. If we
denote q: S — S the quotient map, then 7 = 7, o q.

LEMMA 3.2. dimg S = n, and there is a constant §y € R such that wrlg=0

and Im eﬁgOQEL@ = 0. Moreover, S is a special Lagrangian submanifold of
phase 6y in (X, wo, Qo), i.e. dimgS =n,

wols =0, and ImeﬁeOQo\g =0.

PRrOOF. If wg|g # 0 and thus wp|s # 0, then there are two vectors vy, ve €
S such that wE(vl, vg) > 0. By perturbing v; and vy a little bit if necessary,
we conclude that ¥ = q({t1v1 + tawa|t; € R}) is a closed 2-torus in S, i.e. a

closed 2-parameter subgroup. Thus ¥ = 7,(X) is a closed oriented surface in
S, which satisfies

1 / wE(vaQ)
> ThHwo > Ve >0,
/2 O Z 3 S5 0 2 Xw)llor A valln,

where Vg denotes the Euclidean area of the intersection of {tjv1 + touvs]
t; € R} with the fundamental domain of the quotient map q. From the smooth
convergence of (M, Ok, G),

lim i, (pk)/ wg = lim W = lim F;:kd)k—/wo,
F, p)

k—ro0 ke (2) k—r00 JF, v(%) k=0 J5

for > 1 such that ¥ C By, (po,r). Thus

0<§ng Pk /W0</ gk(pk)/wOSQkQ/w0<1,
rk X )

for k> 1. Since [F, x(X)] € Hg(Mk,Z) and [wg] € H*(My,Z), we obtain

/ wr € 7,
Frk(2)

which is a contradiction. Hence wg|g = 0 and wp|s = 0, which implies that S
is a Lagrangian submanifold (X, wp) by combining Lemma
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Since S is a Lagrangian linear subspace of (C",wg), there is a §p € R
such that ImeV~100() £lg = 0. This implies that S is a special Lagrangian
linear subspace of phase 6y in (C",wg,Qg). Thus S is a special Lagrangian
submanifold of phase 6y in (X, wp, ), i.e.

wols =0, Ime\/ijQoLg:O. -

LEMMA 3.3. For k> 1, [F¥,@k|s] = 0 in H*(S,R).

PROOF. By the smooth convergence of &, and Lemma (3.2

lim Wi = / wo = 0,
k=00 JF, 1 (A) A

for any cycle A € Hy(S,Z). For k > 1, we have
1
< —= < 1.

Wik ) / {L'k
/};‘r,k(A) Fr’k(A) 2k2

Since [F, x(A)] € Hy(My,Z) and [wy] € H*(My, Z), we obtain fFrk(A) wy € Z.
This implies that | | Frr(4) wi| = 0, and we obtain the conclusion

A O

Let X be the total space of the pull-back 7}v(S) of the normal bundle.
Note that we can identify the zero section of m;v(S) with S, and the covering
T, extends to a finite covering 7 : X — X of X, ie. S = 7 1(S) C X,

and 7|g = m,. The fundamental group 71(S5) = m1(X) is isomorphic to the

= iy, (P

lattice A, m(X) is a normal subgroup of 71(X) = m1(S), and the covering
group I' = m1(8)/m1(S) = m(X)/m(X). Note that 71(X) (resp. (X))
acts on C" preserving gg, wp and Qp, S is invariant, X = C" /7T1(X ) (resp.
X =C"/m (X)), and S = §/m(5) = §/A (resp. S = S/m1(S)).
PROPOSITION 3.4. Let S+ be the orthogonal complement of S in C", i.e.
Ch=8SaSt, and gg(v,w) =0, for any v € S and w € S*+. Then
i) (X,m*go) is isometric to (T™ x S8, h + hg), where T" = S/A = S,
hg = gglg., and h is the standard flat metric on T™ induced by gg|g3.
ii) The action of T on X is a product action, i.e. there are T-actions on
T" and S* such that - (z,y) = (y-z,v-y) foranyy €T, x € T™ and
y € S*t. Furthermore, T™ x {0} is T-invariant, and S = w(T™ x {0}) =
(T x {0})/T.

i) mrwolprxgyy =0, and 7*Im eﬁGOQO\TnX{y} =0,

for any y € S+, and a constant 0y € R.
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ProOF. We choose coordinates x1,--- ,z, on S and 41, - -, y, on S+ such
that
n
gE = Z(dw? + dyJQ-), wg = dej A dyj, eV 100, = /\(dxj +V/—1dy;).
j=1

If G is a subgroup of the fundamental group 71 (X) = m1(S), then G acts on
C" preserving ¢gg, wg and g, and S is a invariant subspace. For any v € G, we
have - (v+w) = G- (v+w)+b,, where G, € U(C"), b, € S,v € Sandw € S*.
Since S is invariant, we then obtain G, (v +w) = A,v + B,w + C,w where
A, € SO(S), By € SO(S1), and C, € Hom(S+, S). Moreover, G-, € SO(R?*")
implies C, = 0. Since wg(G(v+w),Gy(v+w)) = wg(v + w,v + w), we have
B, = ATBT = Ay and v- (v+w) = Ay(v+w) + bsy. Thus_m(X) = A acts on
C" given by v+ (v+w) =v+w + by, by € A, for any v € S and w € S+. This
implies that X = C"/m(X) 2 §/A x S+ =S5 x S, and 7*gy = h + hp where
he = grlg., and h is the standard flat metric on S induced by gg|z.

The 71 (X)-action on C" descents to a -action on X, which is a product
action since the 71 (X)-action is. Moreover, S x {0} is a invariant set as S x {0}
is invariant under the 7 (X)-action. If q; : C* — C"/A = X is the quotient
map then T = moqi, gg = qi7 g0, wg = 7w, and Qr = qj7*Qy. Since
wE|gx{yy = 0 and e\/jGOQEbX{y} = 0 for y € S+, we obtain

T wolprxgyy =0, and w*ImemgOQo\TW{y} =0,
for a constant 0y € R. O

REMARK 3.5. The coordinates z1,--- ,z, on S in the proof above induce
parallel 1-forms dx1,---,dx, on (S,h) which are pointwise linear indepen-
dent, i.e. dz1,--- ,dxy is a global parallel frame field. Under the coordinates
Y1, - ,Yn on ST, we have these formulas

n
™ g0 :Z(dxj2-+dy]2~), T wo :Zd:rj/\dyj, eV =10y = /\ (dxj+v —1dy;).
j=1

REMARK 3.6. The natural projection f : X — 5t is equivariant under
the I actions on X and S*. For any y € S+, f;'(y) = S x {y} and fp is a

special Lagrangian fibration on (X',W*wo, emgOW*Qo), i.e. dimp f(jl(y) =n,
7r*w0|f0_1(y) =0, eﬁeow*90|fo_1(y) =0.

4. Local special Lagrangian fibrations. In this section, we study the
deformation of special Lagrangian fibrations under the convergence of Calabi—
Yau metrics. Let (Y,w, g, J,Q) be a complete flat Calabi—Yau n-manifold.
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CONDITION 4.1. Assume that

1) Y =T"xR" g=h+ hg, and the natural projection f : Y — R" is
a special Lagrangian fibration of (Y,w,Q), where T™ = R™/A is a torus,
A is a lattice in R™, hg is the standard Fuclidean metric on R™, and h
is the standard flat metric induced by hg.

ii) There are parallel 1-forms dxy,--- ,dxy, on (T™, h), which are pointwise
linear independent, and coordinates yi,--- ,yn on R™ such that

g=h+hg= Z(daz? + dyjz), w= Zdacj Ndyj, Q= /\(dxj + v —1dy;).
j=1

iii) There is a family of Calabi—Yau structures (wg, gk, Ji, Qk) converging to
(w,g,J,Q) in the C>®-sense on Yo, = T™ x By, (0,2r) for ar > 1, where
B, (0,2r) = {y € R"|||y|ln, < 2r}. Moreover, wy € [w] € H*(Ya, R).

vi) There is a finite group T' acting on Yo, preserving wg, gk, ., w, g, §,
and T™ x {0} is a invariant set. The I'-action is a product action on
T™ x By, (0,2r). The natural projection f : Y — R™ is I'-equivariant.

The goal of this section is to construct equivariant special Lagrangian fi-
brations on (Y, wg, Q) for k> 1.

Denote L = T™ x {0}, which is a special Lagrangian submanifold of
(Y,w,Q), i.e. w|p =0 and ImQ|;, = 0. Note that we can identify Y with
the total space of the normal bundle v(L) by the exponential map from v(L)
toY, expp ¢ (m,zj yjaiyj) — (x,y) where x € L and y = (y1,- -+ ,yn). There
is a canonical bundle isomorphism from v(L) to the cotangent bundle T*L
given by v — ¢(v)w where v € v;(L). Thus we can identify Y with the total
space of T*L by the map

m @) = (o Cwg)e) = (Y wdy).

J

where x € L and y = (y1,--+ ,yn) € R". We do not distinguish Y from T*L in
this section for convenience. For a 1-form ¢ on L, and a y € R™, which can be
regarded as a 1-form from above,

L(y,0) = {(z,y + o(x))|v € L}
denotes the graph of y + o, i.e. y =) y;dxj, 0 =) ojdzr;, and
L(y70) = {(:Uayl + 0'1(.’,1;‘), Ty Yn T+ O—TL(:U))‘:U € L}

There are two constants a > 0 and 6 € R, for any k, such that

/Qk:akeﬁek/Qozakeﬁek/ReQ(),
L L L
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lim ap =1 and lim 6, = 0 by the smooth convergence of ). There are
k—o0 k—o0

real 1-forms oy and complex value (n — 1)-forms fj such that

wr = wg — dag, Q= ake_\/jwk (Qo + dBk)
by wy € [w] € H?(Ya,,R). By the smooth convergence of wj, and €,
(2) Jim (ldakllo2(vy,,g) = m[ldBkllc2(v,,g) = O-

Define a diffeomorphism II : L — L(y,0) by = — (z,y + o(x)) for a
y € R” and a 1-form o on L. If

(3) Sk(y,0) = (—ITwi|1(y,0)5 *halzlﬂ*lm eV 10 Ul L(y,0))

where *j, is the Hodge star operator on (L, h), then L(y,o) is a special La-
grangian submanifold of (Y, wy, Q) of phase 6y if and only if

Sk(y,0) = 0.
A straightforward calculation (cf. [33]) gives
(4) Sk(y,0) = (do + I dag|Ly,0), *nd *p 0 + 5,17 d Tm S| 1y 0))-

We denote by Q7(L) the space of j-forms on L, and define two Banach
spaces By = CH*(dN°(L) @ d**Q%*(L)) and By = CO(dQI (L) @ d*»Q(L)).
Then § defines a smooth map §i : U(r) — B for any k, where U(r) =
{lyllng +llollcrewn < 2rl(y,0) € R™ x By}

LeMMA 4.2. For any y € By, (0,2r),
8% (Y O)llco.a(r,ny < Cll(da, dBr)llcra(va, )5
for a constant C independent of k.
PROOF. Since
Sk(y,0) = (I dag|1¢y,0), *p 1T d Im Bk 1¢y,0)),
we obtain the conclusion by straightforward calculations. O

The differentials of §(y, o) are
(5)
Da%k(ya U)d = (dd, *pd *p, é-) + (DJ(H*dak|L(y,a))d7 *hDG(H*dIm ﬂk|L(y,a))O.-)v
(6) DySi(y, o)y = (Dy(IT"dow| £(y,0)) U ¥n Dy (1T d Tm B | 11y, 0))9)
and  DFi(y,0)(y+ ) = DoSi(y,0)d + DySr(y, 0)y.

Under the frame field dz1,- - - ,dx, and coordinates y1,- - , Yn,

day = Z(akﬂ-jda:i Ndxj + ak7i(n+j)dxi A dy; + ak,(n+i)(n+j)dyi A dyj).
]
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The differential is

. . ooy ij . R .
D(Ildag|r(y,0)) (9 +0) = Z ( ('9; L + 61)dai A dxg + oy o jydas A do;
ijl
8ak,i(n+j)
oy
L 9% nti) )
oy

(91 + o1)dz; A de + O‘k,(n-}—z‘)(n—i—j)do'i A\ dd’j

(yl + é’l)dO'Z‘ A dO’j) .
We obtain

| Do (dea|L)ol|coe(rny < Clldakllcraiys, gy lollcre,ms
Do (I dewk| 1,(y,0)) T | co.o(rpy < Clldakl|cra(vs,.g)

@) (O leloram)lielcrawn,

1=0,1,2
| Dy (I dak | (y,0)) Ul o0 (2,1) < Clldak]| oy, g)

(O lollee ) 19llns

1=0,1,2
for a constant C' independent of k. The same argument gives

| Do (dIm Be|L)6 || coa(r,ny < ClldBrllcra(ya, g llollcre,ny,
| Do (IT*d Im By | 1,(y,0)) lco.o(z,p) < ClldBrll ey, g)

(8) (Y0 ollbnamm)lolcramn,

1=0, 1, n
1Dy (I d Im Bk (y,0)) ¥l co.e () < ClldBellcre(vs, g)

( Z ||0-||ZC’1»04(L,h))||y.HhE‘

1=0,1,n
LEMMA 4.3. The operator Dy§1(0,0) is invertible for k> 1, and
1D58x(0,0)7H| < C,
for a constant C > 0 independent of k.
Proor. Note that
Dy§k(0,0)6 = (d&, #pd #p, &) + (Do (dag|L)d, xp. Do (dIm By|1)6) = (D + Vi)a,

where D = d — *pd*y, is the restriction of the Hodge Dirac operator d + d** to
the space of 1-forms, and, thus, is an elliptic operator of order 1. The Kernel
Ker D of D is the space of harmonic 1-forms, and therefore is orthogonal to B4
with respect to the L?-norm by the Hodge decomposition. Hence D : B; — By
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is injective, and by the standard elliptic estimate (cf. Proposition 1.5.2 in [28§]
and [24]), we have

[€llcra(,ny < CslIDElcoa(r py,

for any £ € 81, and a constant Cg independent of k. From the definition of
Bo, D is also surjective, which implies that D is an invertible operator from
B, to Bsy. Moreover,

I~ < Cs.

By @ and ,

1

HVkH < CH(dO‘lmdﬁk)”()l,a(yh,g) < ﬁ’

for k> 1, and, thus,
1
DV < -
| kll <5

By the standard operator’s theory (cf. |[40]), Dy§x(0,0) = D+ V} is invertible,
and the inverse operator is defined by

[o¢]
Dy§(0,0)71 = (> _(=1)/(D~'V3,))) D1
=0
We obtain
1Ds 31 (0,071 < (D 27) P71 < C,
=0
for a constant C' > 0 independent of k. 0

LEMMA 4.4. For any §y < 1, there is a constant kg > 1 such that, if
lyllng < 3{ and |[o||cra(rpy < 0o, and k > ko, then

1 DoSk(y, 0) — DoFi(0,0)[| <

[\V]
s

Furthermore, also Dy§i(y, o) is invertible, and
Do (y,0) | < 2C.
Proor. By (f)),

(Dagk(ya 0) - Dagk(oa O))U = ((DJ(H*dak‘L(y,a)) - DU(dak‘L))dy
(Do (I A1 By ) — Do (d 1 B ]1))5),
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We can take a ko > 1 such that, for k& > ko,

Dok (y, 0) — DoBi(0,0)]| < 2CH(dak"dﬁk)HCLQ(YQT,g Z ||0Hcla L)

0717
< 2C|(dow, dBy) Hclva(er,g)n(so
1
< t’
—4C

by , and . We obtain the first of the required estimates.

Note that Dagk(y, U) = Dggk(o, 0)+(Dg$k(y, U) —Dggk(o, 0)), Dggka), O)
is invertible, and ||D,g#(0,0)7!|| < C. By the same arguments as in the proof
of Lemma and

1D51(0.0) " (Dy(v.9) — D0, 0)] < 5

also DyFr(y, o) is invertible, and

IDoFk(y, ) < (D 277)IDs3(0,0) 1| < 2C.
j=0
]

LEMMA 4.5. For a fized § < &g, there is a k1 > ko such that, for any
y € By, (0, %) and k > ki, there is a unique oi(y) € By, such that

Sk, 0k(y) =0, loxW)llcrern <9,

which implies that L(y,or(y)) is a special Lagrangian submanifold of
(Yor, wi, Q). Furthermore,

Doy (y)|l < 2n6CC||(dak, dB)llcra(vs, g)»
for a constant C' independent of k.

PROOF. Fix a § < §g, there is a k1 > kg such that, for k > ki, and any
Yy < BhE(O,QT‘),

)
7O et < —,
8% (Y, )l coa(r,ny < 10
by Lemma By Theorem [2.6] Lemma [£.3] and Lemma [£.4] for any y €
By, (0,20) and k > ki, there is a unique oy (y ) € B, such that

9) Se(y:ou(y)) =0, lok()llcra@n <9,

which implies that L(y,or(y)) is a special Lagrangian submanifold of
(Yor, wi, Q).
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By @, and ,

Dy Sk (y, on) |l < C\\(dakadﬂk)\\cm(nrg Z HUkHcm (L)
=0,1,---

< C||(dag, dBr)llc1.a(va,, 97 57
for a constant C independent of k. By Theorem

Dak(y)y = *Dagk(ya Uk)_lDySk(yv Uk)y

We obtain the conclusion from Lemma [£.4]

O

PROPOSITION 4.6. For k > 1, there is an open set Wy such that Yo, D
Wi DY, and (W, wk, Qk) admits an equivariant special Lagrangian fibration
fi : Wy, — By, of phase 0y, over By, C R", i.e. there is a I'-action on By, fi
1s a I'-equivariant map, and fi is a special Lagrangian fibration of phase 0y,

i.e.
Wk|f w =0, Imemﬁkau;(b) =0,

for any b € Byg.

PrOOF. By Lemma there is a unique C'-map
3r

ot Bip (0. 5) — CHAQ(TM) @ & QX(T™), by y = ow(y),

which satisfies

Sk, 0k(y) =0, [lok@)llcra@n <0 <1,

and || Do(y)| < 2”560||(dak,dﬁk)”cl,a(yzr’g).
This implies

ooy, 5 —
‘M‘ < 2n50€”(d0zk,d,@k)HcLa(yQ“g) < 1,

for k> k1 > 1.
Define a map ¥y : Y3 — Y5, by

\I/k : (:’IJ,?]) = (x?yl + Uk,l(y)a oy Yn Tt Jk,n(y>) = (l‘,y +0k(y))

Note that the frame field dzq,--- ,dz, induces local coordinates 1, -

around any point on L, and the differential can be expressed as

. , oy, i (y
AWy : (2,9 x]+z (‘9] “J+Z 8; Z

s Ln
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under such local coordinates. Thus d¥;, is an isomorphism when k£ > 1, which
implies that ¥y is an immersion. Furthermore, for y; # y2 € R”,

1
\I/k([]j‘7 y?) - \I]k(mayl) = (x7 o 7/0 (1 + aak’j((lgy?y2+tyl)dt)(yQaj - yl»j)’ t )
20,

Hence ¥y is an embedding.

Note that the I'-action on Ya, = T" x B}, (0, 2r) preserves wy, gk, g, w, g, 2,
and is a product action on 7" x By, (0,2r), i.e. there are I'-actions on 7™ and
B, (0,2r) such that v - (z,y) = (v -2,y -y) for any v € I', x € T", and
y € B, (0,2r). Under identification map (I]),

0 0
(V'SC,V'?J) = (’Y'CC,L(’Y*Z:U]'F)W) = (v-xﬁ*w(zyj?,’y*_l : ))
;oY ;oY

= (f}/ - T, 7,17* Z yjdl’j).

J
Thus

={(v- 2.7 - (1 +oe1) (@), yn + okn(y)(2)))]z € T"}
= {(7 ) x?’}/_l’* Z(y] + O'k:,j(y)(ﬂ?))dlﬂx S Tn}

J
= L(y-y,v " or(y)),

v - Ly, on(y))

for any v € I" and y € By, (0,2r). Since the I'-action preserves wy and €,

L(v-y,yv Y*ok(y)) are special Lagrangian submanifolds. By the uniqueness of

ok (y), v M or(y) = ok(v - y) € CH(dQY(T™) & d*»Q*(T™)). Hence

Up(y-z,y-y) = (v 2,7 y+or(y-y)
=(y-zy Z(yj + ok,(y))d;)

j

= (v 2y (1 +ori®), Yn +ora(y))

=7 \I]k (l’, y)7
i.e. Uy is a I'-equivariant map.

We denote by P: Ya, — By, (0, 2r) the natural projection, By, = By, (0, %7")
and Wy, = W (Y3s,). Since the I-action on By, (0,2r) preserves the metric hg
2

and 0, By = By, (0,3r) is invariant. By § < 1 < r, W D Y,. Then
fi="Po \Iflzl : Wi — By is a I'-equivariant special Lagrangian fibration of
(Wi, wg, Q) of phase 0. We obtain the conclusion. d
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5. Proof of Theorem Now we are ready to prove Theorem

Proor oF THEOREM [L.1l Assume that the conclusion is not true. Then,
for any fixed o > 1, there is a family of closed Ricci-flat Calabi—Yau n-manifolds
{( My, wr, T, g, )} with [wi] € H?(My,Z), and p € My, such that

i) the injectivity radius and the sectional curvature fulfil the following

estimates:

. 1
ng(pk’) < %7 sup |ng| < 17
ng(pkvl)

) [Qk|B9k pk,azgk (pk)) ] 7& 0in H" (B!]k (pk,Uigk(pk)),(C),

iii) for any open subset W] O By, (i, 0lg, (Pr)), (W, wg, Q) would not
admit special Lagrangian fibrations.

If we denote @y, =i, (pk)wk, gk = g, (pk)gk, and Qj = igy (Pk)S, then

. 1
ng(pk) =1, Sup ’ k’ < k27

and [Qk|ng(Pk, )] # 0 in H"(Bg,(pk,0),C). By the Cheeger-Gromov con-

vergence theorem (cf. Theorem , a subsequence of (Mj, @k, Gi> Jies s, Pk)
converges to a complete flat Calabi—Yau n-manifold (X, wo, go, Jo, Q0, po) in the
C*>-sense, i.e. for any r > o, there are embeddings Fj, : Bgo (po,r) — M,
such that F.,(po) = p, and E ek (resp. Frpop and F Qk) converges to
go (resp. wp and Q) in the C*-sense. Furthermore, i4, (po) = 1. The soul
theorem (cf. [10], [34]) implies that there is a compact flat totally geodesic
submanifold S C X, the soul, such that (X, go) is isometric to the total space
of the normal bundle v(S) with a metric induced by go|s and a natural flat
connection. .

By Proposition , there is a finite normal covering 7 : X — X with

covering group I' such that

i) (X,7*go) is isometric to (T™ x R, h + hg), where T" = R"/A, A is a
lattice in R™, hg is the standard Euclidean metric on R”, and h is the
standard flat metric on 7" induced by hg.

ii) The action of I' on X is a product action, i.e. there are T-actions on T™
and R™ such that v - (z,y) = (v-x,v-y) for any x € T™ and y € R™.
Furthermore, T™ x {0} is I'-invariant, and S = (T x {0})/T".

i) T wolprxgyy =0, and 7°Im eﬁeOQo\TnX{y} =0,

for any y € R", and a constant 6y € R.

Note that the I'-action on R™ preserves hg and By, (0, p), which implies
that X, = T™ x By, (0, p) is invariant, for any p > 0. Lemma 1) shows
[F*.&kls] = 0 in H?(S,R), for k > 1, which implies [W*F:k®k|)~(p] =0
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in H 2(X'p,]R), for any p > 0. By Remark , there are parallel 1-forms
dxy,--- ,dzy, on (T", h), which are pointwise linear independent, and coordi-
nates y1,--- , Yy, on R™ such that
n
T go :Z(da:?+dy]2-), T wo :Zdajj/\dyj, eV 10y = /\(dxj+/j1dyj).
j=1
Hence Condition .1l is satisfied. } 3
Let r > p > o be such that By, (po,0) C 7(X,) C m(X2,) C Bg,(po,7).
By Proposition 1) for kK > 1, there is an open set Wy D Xp such that
(Wi, m*F wp, ™ F ) admits an equivariant special Lagrangian fibration
i Wy N By, of phase 0k, where By C R", i.e. there is a ['-action on By, fi
is a I'-equivariant map, and

W*F:kwk|f;1(b) =0, 7 FIm e‘/jkak|f;1(b) =0,

for any b € By. Hence f induces a special Lagrangian fibration f; : m(W}) —
By, /T, which implies that (F}.,om(Wy),ws, Q) admits a special Lagrangian fi-
bration, and F, j, o m1(Wy) D By, (zk, 0ig, (xk)). It is a contradiction. We obtain
the conclusion. O

6. Estimates for injectivity radius. In this section, we prove Theorem
(Corollary and Theorem (Theorem [6.3). The following estimate
for injectivity radius is a direct consequence of Theorem

COROLLARY 6.1. Let (M, g) be a closed Riemannian manifold, © be a cal-
ibration n-form, and p € M. Assume that the sectional curvature K, satisfies

sup K, <1,
Bg(p,2m)

and there is a submanifold L calibrated by © such that dimg L =n, p € L, and

/ 6 < iwn—ly
L 2n

where wy_1 is the volume of S™~' with the standard metric of constant curva-
ture 1. Then the injectivity radius iq(p) of (M, g) at p satisfies

na 1
e T .
o) < g [
PROOF OF COROLLARY[G.I] AND THEOREM[LSl By Theorem[2.5] we have
Voly, (B, (1)) < Voly(Bg(p,r) N L) < Voly(L) = / 0,
L

for any » < min{iy(p), 5}, where h; denotes the standard metric on S™ with
constant curvature 1, and By, (r) denotes a metric r-ball in S™. Since h; =
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dr? + sin? rhgn-1 where hgn-1 is the standard metric on S"~! with constant

curvature 1, we obtain sinr > %7“, and
2n—1
nﬂ-nfl

rw,_1 < / sin" ! rdrow,_1 = Voly, (Bp, (1)) < / O.
0 L

If ig(p) > 5, by letting r = 7, we obtain

Y T
— -1 < O < —wp_1,
2n L 2n

which is a contradiction. Thus i4(p) < §. By letting 7 = i4(p), we obtain

-1
. m nm"
<——— [ 6.
Zg(p) -2l /L
We obtain Theorem by applying the above arguments to special La-

grangian submanifolds in Ricci-flat Calabi—Yau manifolds. O

An obvious application of Corollary is estimating injectivity radii by
volumes of holomorphic submanifolds, which is interesting by itself.

COROLLARY 6.2. Let (M,w,J,g) be a closed Kihler m-manifold, and p €
M. Assume that the sectional curvature K, satisfies

sup Ky <1,
M

and there is a smooth holomorphic n-submanifold N such that p € N, and

- 1)!
/ wh < ('I’L2)7Twn1.
N

Then the injectivity radius iq(p) of (M, g) at p satisfies

i [ o
1 w .
g\P) = (n—1)12" 1w, 1 [y

By combining this corollary and the result in [10], there are F-structures
of positive rank on the regions of Kéhler manifolds with bounded curvature
and fibred by holomorphic submanifolds with small volumes.

Finally, we estimate the volume of metric balls when they are fibred by
calibrated submanifolds with small volume in the absence of bounded curvature
of the ambient manifolds.

THEOREM 6.3. For any n,m € N and any € > 0, there is a constant
d = d(n,m,e) > 0 for which the following statement holds true: Assume that
(M,g,0©) is a closed Ricci-flat Einstein m-manifold with a calibration n-form
©, p € M, and there is a homology class A € H,(M,Z) such that for any x €
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By(p, 1), there is a n-submanifold L, calibrated by © passing x and presenting
A, ie. x € Ly and [Ly] = A. If
/ O < 4,
A

Voly(By(p, 1)) <e.

PROOF OF THEOREM AND THEOREM [LL6l Assume that the conclu-
sion is not true. Then there is a family of closed Ricci-flat Einstein m-manifolds
{(Mg, gk, ©r)} with calibration n-forms Oy, py € My, and there are homology
class Ay € Hy,(My,Z) such that

i) for any x € By, (pi,1), there is a n-submanifold Lj , calibrated by ©j
passing x and presenting Ay, i.e. € Ly, and [Ly ;] = Ay,
if) .
O < —.
Ay k

then

However,

VOlgk (ng (pk, 1)) > 07

for a constant C' > 0 independent of k.

By the Gromov pre-compactness theorem (Theorem , by passing to a
subsequence, {( My, gk, pr)} converges to a complete path metric space (Y, dy, p)
in the pointed Gromov-Hausdorff sense. By Theorem the Hausdorft di-
mension of (Y, dy,p) is m, and there is a closed subset Sy C Y of Hausdorff
dimension smaller than m — 1, i.e. dimy Sy < m — 1, such that Y\Sy is
a smooth manifold, and dy is induced by a Ricci-flat Einstein metric go, on
Y\ Sy. Furthermore, for any compact subset D C Y\ Sy, there are embeddings
Fy.p : D — Mj, such that F,;‘,ng converges t0 goo in the C'*°-sense.

We take D so large that D N By, (p, %) is not empty. For a y € intD N
By, (p, %), there is a r» > 0 such that By_(y,2r) C intD N By, (p,%), and
By, (Fy.p(y),r) C Fy,p(D) N By, (pk, 3) when k > 1. By the smooth conver-
gence of Fy' gk, the sectional curvatures Kg, satisty

sup [Kg, | < Cp,
Fi p(D)
for a constant Cp depending on D, but independent of k. Let L; be an n-
submanifold calibrated by ©y, passing Fj, p(y) and presenting Ay, i.e. Fi, p(y) €
Li and [L;] = Ag. By the Bishop—Gromov comparison theorem, for any p < r,

Voly, (By, (Fx,p(y), p)) 1
- > Vol (By, (Fi.p(v),1)) 2 Volg, (By, (b 3))
1 C
2 27mV019k (ng (pka 1)) > 27,1
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Then there is a uniform lower bound ¢ > 0 for injectivity radii g, (Fi,p(y)) at
Fip(y) (cf. [34]), i.e. ig, (Fyp(y)) > ¢ > 0 for k > 1. By Theorem we
have

1
Volp, (Bn, (p)) < Volg, (B, (Fr,p(y), p) N Li) < / Or = A Or < T,
Ly, k
where p = min{¢,r, ﬁ}, h1 denotes the standard metric on S™ with con-

stant curvature Cp , and By, (p) denotes a metric p-ball in S™. We obtain a
contradiction when k£ > 1, and, thus, we obtain the conclusion.

We obtain Theorem by applying the above arguments to special La-
grangian submanifolds in Ricci-flat Calabi—Yau manifolds. O

REMARK 6.4. Let {(Mg, gk, O)} be a family of closed Ricci-flat Einstein
m-manifolds with calibration n-forms Oy, and {px} be a sequence of points
such that there are open subsets Wy D By, (p, 1) in M}, admitting calibrated
fibrations f : Wi — By corresponding to O, i.e. for any by € By, fk_l(bk) is
an n-submanifold calibrated by . If

lim O, =0,

k=00 J £.-% (by)
where by € By, Theorem implies that
kliﬁmoo Voly, (By, (p,1)) = 0,

and, by passing to a subsequence, {(Mjk, gx)} converges to a path metric space
of a lower Hausdorff dimension in the pointed Gromov—Hausdorff sense.

REMARK 6.5. Theorem [6.3 applies to Go-manifolds and Spin(7)-manifolds
since they are Ricci-flat Einstein manifolds (cf. [28]).
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