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GENERALIZED ISOPERIMETRIC FVPS VIA CAPUTO
APPROACH

BY AMELE TAIEB AND ZOUBIR DAHMANI

Abstract. In this paper, we study several fractional variational problems
with functionals that contain n unknown functions with their higher order
Caputo derivatives and Riemann—Liouville integrals. We prove generalized
fractional Euler-Lagrange equations. We also study an isoperimetric prob-
lem with multiple constraints, and we find the optimality conditions. Some
examples are provided to illustrate the applications of the results.

1. Introduction and Preliminaries. It is known that the fractional
calculus arises in various fields of applied sciences. For more details see, [18—
20,25,26]. Moreover, fractional differential equations play a central role in
engineering sciences and applied mathematics in building mathematical models
of many physical phenomena. See, for instance [1,10,15}(16,129,30,/32,33|.

The calculus of variations is concerned with finding a function for which
a given functional attains an extremum value. Books [9,[13,/17,21,[22, 24|
may serve as an introduction to the calculus of variations for mathemati-
cians and scientists, and the reader can found interesting results in geometry
and differential equations therein. The calculus of variations plays an im-
portant role in problems arising in classical mechanics, economics, electrical
engineering, urban planning and other fields. For details, see [14,27,(34, 35|
and the references therein. Some researchers study different fractional vari-
ational problems and several important research results have been obtained
in [2-8,11],[12},[23,[31,[36].

2000 Mathematics Subject Classification. 49K10, 26A33, 26B20.
Key words and phrases. Caputo derivative, Fractional calculus of variations, isoperimet-
ric problems.



24

The present paper is devoted to building necessary conditions of Euler—
Lagrange type for fractional variational problem of the form:

1
J(Y1seoyn) = / (L o Z’; [y1,. .- ’y”]ﬁi) (x) dx — extremum,
T k

0

where v, >0, j—1 <ozi, Bi <74 k=1,2,...,n,ne N with N* = N—- {0},
(W )imtg,m € S = {1, -,90) € C" ([2o,21)); 9y (20) = af, 9 (1) =

v, i=0,1,...,n—1, n € N*}, and

/ <x,y1(x),...,yn(x),

ZE [yb' . '7yn]5 =

5 ;pc(;Dgl U1 (iE) 5

2
Dty (). ..

P i)

1
zc(;DUCUYlyl (l‘)

1 2 n
s D8y (), 5 DSy ()., DSy (),
CDB% cDﬁf cpbr
T $1y1<x)7x Ilyl(m)a'--ax ﬂ?lyl(w)a
C 1 C 2 C n
el Py () ooty 2ol Yn (x))

We will consider the fractional isoperimetric problem that consists in maxi-
mizing (or minimizing) the above functional subject to the given boundary
conditions and m fractional integral constraints:

1

Ig(yr, -y yn) = / <Fq Olz[yl,.--,yn}gi) () dz = Iy,
xo

where ¢ = 1,2,...m, m <n, and [, € R.

Finally, we will present the optimality conditions for a functions-time pair
(s, o-T) € {(C™ (fz0 1)z 1) : 332 (w0) = i} to be an optimal
solution to:

) T
J (y1,-~-,yn,T)=/ <L*oaj[y1,---,yn])dm,
z k

0
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where

ai[yl,...,yn] = (x,yl (), s yn (x),

1 2 n
$€D31y1 (l‘) ) x(nglyl (l‘) LRI x%Dgl Y1 (33‘) )

1 2 n
DSy (@), SDIya (@), SDFya (@),

We consider the both free and fixed end-point problems.

To the best of our knowledge, there are no papers dealing with this kind
of high dimensional variational problems.

Now, we present some basic definitions and lemmas that we need to prove
our main results.

DEFINITION 1. [19,25,26] The left and right Riemann-Liouville fractional
integral operators of order av > 0 for an integrable function y on [x¢, 1] are
defined by:

(1) woI0y(x) = F(la) / @ty (b dr,
and
(2) L2y () = F(la) / - )Ly () dt,

respectively, where I' (a) := fooo e~y du.

DEFINITION 2. [19,25,26] The left and right Riemann-Liouville fractional
derivative operators of order a > 0 for a function y : [z, z1] — R are defined
as:

(n)  ra
® e - e (1) [ oo

0

RL 1 d ™ )
4 D& =—— | — t—ax)" t)dt
@ Do = () [ oo
respectively, for n —1 < a <n, n € N*.

DEFINITION 3. [19,[25,26] The left and right Caputo fractional derivative
operators of order o« > 0 for a function y : [zg,z1] — R, which is at least
n—times differentiable are defined as:

(5) D) = oy [ = @
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and

O D) = [ e P
xly F (n _ a) - y Y

respectively, for n —1 < a <n, n € N*.

LEMMA 4. [19,25,26,28] Assume thatn —1 < a <n, n € N* and f is
of class C™ on [xg,x1]. Then its left and right Caputo derivatives of order o
are continuous on [xg, x1] .

LEMMA 5. [13,24] Let f : [zo,x1] — R be a continuous function such
that:

(7) /xlf(:r)o(x)d:vZO

holds for every o € C™ ([zo,x1]), n > 0, satisfying o (xg) = o (z1) = 0. Then,
f(z) =0 on [z, x1].

LEMMA 6. (28| Let a > 0, p,g > 1, and % +% <1l+a. Ifge LP([xg,z1])
and f € L1 ([zo,x1]), then

®) [ 9@ wizf@de= [ @) a1t (@ d

LEMMA 7. [28] Letn—1 < a <n, f,g: [zo,x1] = R, f be of class C™,
g and Dg g be continuous functwns on [xo,x1]. Then,

/ Vo) Soef@yde= [ f(x) BD g (x)de

xo
(9) +Z [BEDS g () DRI f ()]

/ V@) e f@yde= [ F(x) BDg (x) da

0 o

(10) + 3 [(~)) Bepationg (q) Rippeitf ()]

)
REMARK 8. If f(zg) = f(x1) = 0, then

(1) [ 9w Sosr@de = [ fie) B2 s o) ds

0

(12) / Vo) D8 f () da = / U (@) FEDS f (2) da
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2. Necessary Optimality Conditions. In this section, we present nec-
essary optimality conditions of Euler—Lagrange type for variational problems
with functional involving n unknown functions with their higher order left and
right Caputo fractional derivatives and fractional integrals.

Define the nonlinear operator [y1, o ,yn]ﬂgk- by:

Zi[yh?y'ﬁjﬁi = <.’I,',y1 (x)77yn (;U)v

CDx y1(z),..., ED3y (),
zc(;Dgnyn( )7"'7 xCo’Dgnyn( )7
(13) Dty (2),..., CDE i (2),
1 n
CDoyn (x), ..., D%y, (x),
w2 (@) 1wl (2) ),

where’yk>0,j—1<a{t,ﬂi<j,j,k:1,2,...,n,n€N*.
Define the set .S by:

(14) 8= {n . om) € C" (w0, m)s vy (w0) = ok, ) (21) = b}
k=1,2,....,n,i=0,1,...,n—1, n € N*.
Let J be a functional of the form:

(15) T = [ (Bl uly) @dn

and consider the problem of finding functions (yx) k=12..n €S that maximize
or minimize the functional J.
For the sake of convenience, we denote by 9,L, p=1,..., 2n? 4 2n + 1 the

1

0

partial derivative of the function L : [z, z1] X R27°+2n+1 5 R with respect to
its p-th argument. Also, we assume that:

(H1): The function L is of class C'! with respect to all of its arguments.

(H2): (OpL),—p1o. . n21nyy has continuous right Riemann-Liouville frac-
tional derivative of order ai, 7.k =1,2,...,n, respectively.

(H3): (OpL)p:n2 int2.. 2n2+n1 Das continuous left Riemann-Liouville frac-

tional derivative of order Bi, Jyk=1,2,... n, respectively.

THEOREM 9. Assume that the functional of the form given by Fq. has
an extremum in S at (Yr)p_19 - Then for all x € [xo,x1], the functions



(yk)k:m ., satisfy the generalized fractional Euler—Lagrange equations:

-----

n .
ol
OpL + E DL Oty L
i=1

n .
By -
j=1

=0,
where p=2,...,n+ 1.

PROOF. Define S* by:
(17) 8% := {gk e C"([wo, 1)) : 0 (w0) = 0 (21) =0, i =0,1,...,n — 1} .

For e > 0, oy € 5™, let yy, + eoy be the variation of yg, with (yx)_yo , €S
is solution for the functional in Eq. .
Then,

1
(18) J(el,...,en):/ <L07’§[y1+6101,...,yn+6n0n]ﬁi> () dz.
x Y

0

Since J (€1,...,€,) attains an extreme value at (e1,...,€,) = (0,...,0), we
get:
oJ
19 — =0)=0, k=1,2,...,n.
( ) <a€k> (€k ) ) IR y T

. . C Ozi C ,3% . .
We know that the linearity of /D" and ;/D,} implies

J J J
(20) ng?k (Y + exor) (x) = xCO’ngyk + €k xCODgC;’“Uk (z),
and

J J J
(21) ODIE (yp + exon) (x) = SDPbyy + e CDMr oy ().

Consequently, Eq. implies

1 n aj
/ <8pLO'p_1 (m) + Z 8n(p—1)+j+lL ICO(Dxpflo’p_l (m)
zo =1

n .
Bl _
(22) + Z On(p—1yn2+j+1L SD " op 1 () + Qo2 ppipl wold” opa (@)de
j=1
=0, p=2,...,n+ 1.
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Integrating by parts as in Eqgs. @D and E, we get

Z1
/ (3 Lop—1(z) + op-1( Z RIS h(p-1)+j+11

o

(23) + Op— 1( Z RLD - 1an(p71)+n2+j+lL + O-pfl(x) xl;/f7182n2+n+pL) dx

=0, p:2,...,n—|—1.
Thus,

x1 n j
/ (3pL +) B Onp1) i1l
X

0 jfl
24)  + Z RLD P Dptyantaj D+ x x1_182n2+n+pL> op1 (z) dz
—0, p=2,...,n+ 1.

It follows from Lemma 5 that

n .
Oé]_
8pL+ Z ZLDg;f ! 8n(p71)+j+1L
j=1

(25) + Z fDLD$p7 an(p 1)+n2+j+1L + T g;l 82n2+n+pL

=0, p=2,...,n+ 1.

Equation is the fractional Euler-Lagrange equations for the variational
problem considered. This completes the proof. O

ExAMPLE 10. Consider the following problem:

1 2 2 4 2
J (y1,y2) 2/ (22 + yi + 295 + <1CD§y1> +3 <1CD§y1>
-1

3\ 2 5\ 2 1 3
(26) 3 (Dy) o (Dy) - (Dy) - (Dy)

10

3 8
+ (ng ?/2> + (ng y2> ,111 y1+2 L7 y2)da,

n (_1) =1, yll (_1) = \/57 Y1 (1) = 2\/57 yll (1) =-1,

p(-1)=0, y(-1)=2 Y2 (1) = —1, Yy (1) =

W =
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5 \2 1 3
(28) w2( foin) - (S0im) - (0in)
g Ok 7 10
+ <1D15 y2> + <ID15y2> + —1I£y1 + 2 _1Ix3 Y.

The extremes for J must satisfy the fractional Euler-Lagrange equations given

in Eq. . So, we get

2 2 4 4
2y +2 5'D; <_?D§’ y1> + 5Dy <_1CDz3 y1>

(29)
1 3 T
— BIpz (1) - BDz (1) + I2 (1) =0,
and
3 3 5 5
(30) dys +6 FFD; (?Di yz) +4 D} (fDéé yz)

3 8 10
+ 8D (1) + FDg (1) + oI (2) =0.
3. Generalized Isoperimetric Problems. We are now interested in

finding the functions (yx)g_;, , € S for which the functional given by Eq.
, subject to the following fractional isoperimetric constraints:

1
-[1 (ylv'”7yn) :/ <F1 OZ{k [yh?yn]lgi) (‘T)dw = l17
xo

J
k

1
I (y1,--,Yn) :/ <F2 OZ’? [yla---ayn]ﬂi> (z) dx =g,
x0 k

(31)

1
Im(yla'”vyn): Fm075[3/17~'-7?/n]51 (fE)diE:lm,
xo Yk k
lgeR, ¢g=1,2,...,m,m <n.
has an extremum.
Similarly, for all ¢ = 1,2,...m, we denote by d,Fy, p=1,..., 2n? +2n+1
the partial derivative of the function Fj : [z, x1] X R27°+2n+1 s R with respect

to its p-th argument.
We also suppose that:
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(Hy): For each ¢ = 1,2,...m, the function F, is of class C' with respect
to all of its arguments.

(Hs): (aqu)p:n+2,.‘.,n2+'f'l+1
tional derivatives of order ai, 7, k=1,2,...,n, respectively.

(He): (OpFy) pmp2nio.. on?1ns1 has continuous left Riemann-Liouville frac

has continuous right Riemann-Liouville frac-

tional derivatives of order ﬁi, J,k=1,2,...,n, respectively.

THEOREM 11. Suppose that (yk)y—1o. ., € S is an extremizer of the
functional given by Eq. , such that 1y (y1,...,yn) = lg, ¢ = 1,2,...,m,
m < n. If (yk)k:m’m,n is not an extremizer of I,, then there exist constants

(wq)q:1,2,...,m satisfying

n .
ol
BE+Y WDl 0up 1y B
(32) NI
+ Z fOLD$pilan(p—l)+n2+j+lE + xlgf7182n2+n+pE =0,
j=1

for all x € [xo,z1], wherep=2,...,n+1, andE:L—Z;,n:1 wqFy.

PROOF. Suppose that (yk)k=1,2,...,n € S is a solution to the functional
given in Eq. , such that I (y1,...,yn) =l ¢ =1,2,...,m, m < n, and
(Yk)=12,. n is not an extremizer of I,.

Let ei: > 0, a,i e S k=12...,n,t=12,....m+1, m < n, and

Yk + Z?jl el.ol be the variation of y;. Then, we consider

1 1 m+1 m+1
J(el,...,en,...,el ey €p )
1 Vi m—+1 m+1
_ t _t t _t
B9 = [ (Lo |n+ Y dotint > dot| )@
o A t=1 t=1 By,
and
* (1 1 m+1 m—+1
Iq(el,...,en,...,el Y 4 )

1 Vi m+1 m+1
(34) :/ Fyo yl—i-Zetla{,...,yn—i-Zeﬁlafl ) (z) dx — 1.
0 “r t=1 t=1 B

The assumption that (yx),_, o , IS not an extremizer of I, means that there

exists a family of functions (02)2212127'1:1 , Where
ol

(35) 8 t 7& 07
epfl (6%:"-:Ein+1:0,...,6%:"-:6:Ln+1:0)

foreacht=2,... m+1,k=1,....n,p=2,...,n+ L.
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Also, by Eq. , we get 17(0,...,0) =0, ¢=1,2,...,m, for all ¢ =0,
k=1,2,....,n,t=1,2,...,m+1.

Since I; (0,...,0) =0, ¢ =1,2,...,m, applying implicit function theorem,
there exists a family of functions (efc) (), k=1,2,....,n,t =2,....,m+ 1,
defined in a neighborhood of zero, where

(36) I; (6]1“ ei (e,lc) ezﬂ'l (ek)) =0.

By the Lagrange multiplier rule, there exist constants (wy) such that

q=12,...,m

(37) v J(o,...,O)—iwqu(o,...,()) —(0,...,0).
q=1

For all p=2,...,n+ 1, we have

oJ 1 = RL 0‘;71
Wl (0, - ,O) == <3pL + Z T Dzl an(p_1)+j+1L
p—

o le
(38) Z RLD s 18n(p71)+n2+j+lL

+ l"I;T a2n2+n+pL> 011;—1 (z) dz,

and
oI m - o
<661> (0,...,0) :/ (8qu +Z BED! ™ Onpm1)1j+1Fy
p—1 Zo j=1
(39) +Z RLD b "On(p—1)tn2+j+1Fg

+ r[lffl a2n2+n+pFQ> U;—l (z) dz.

Taking E'= L — 3" | wqFy, we obtain

z1 n ol n 8
/ <8pE + Z Ij;LDxf_lan(pfl)+j+lE + Z foLDxp_lan(p—1)+n2+j+1E
To j=1 7=1

(40) + xI;f7162n2+n+pE) 0';_1 (.CU) dx
=0, p=2,....,n+1.
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Using Lemma 5 of the calculus of variations, we can obtain:
n .
ol
OpE+> "D 051451 B
j=1
B _
+3 0 B 0y in2 g1 B o Td Doz p B

=0, p=2,...,n+ 1.
This ends the proof. O

ExAMPLE 12. Now, we present an example of a fractional isoperimetric
problem to illustrate the above theorem.

1
Tnmm) = [ (Lo mly ) @do

1
1
:/ (296 oyl s+ 3

2 2 1 7 2
( ?D§y1> ( CD%ZH) +3 (_fD;Szn)
LN 2 2 s \2
( fDéya) < CD§y2> + <_1CD£y2>
ond 1\’ ond N L ept )
6 9 15
— $Diyi — D] v - D/ v
2
—2 foyz+3 D 3/2+CD15 Yo
3
— $Djys —
1 s z
T I ¢ _nyg)dx,

3
subject to the boundary conditions:

y(-1) =0, w(D=-1 g D=1
(1) = V2, (1) =2, u (1) = %
(g w7 w (1) =0, W (1) =23,
1) =1, 8=, W ()= -1,
p(-D=2v5 yn=-2 B (1=2
b (1)=", W (1) =0, W2 (1) =2
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and the fractional isoperimetric constraints:

1

Iy (Y192, 93) = / (Fl o [y1,...,yn]5j> (z) dx
—1 X k

1
= /1(w—2y?—y§+y§

1 3 7
~2 (ng? y1> + <1CD§ y1> +4 <1CD§ Y1

-

1 \? 3 5 9
- (fDéé yz) +3 (fDéé yz) - (ng‘éyz>
2

2
3 5 11
(43) +2 <_?D§y3> + (_?D§y3> - (_?D; y3>

9

[} 9 15
+2SD7y1 —2SDiy1 + SDT
2 7 14
— $DPya— SDjya+ SDP o
c
xr

1 5 7 9
+ 1 —lZyr =2 17 y2 + 3 117 y;:,)dx

.
VR

==

Iy (y1, y2,y3) = F2OZ;§' [917--~,yn]5j> (z) d
% k

a? —y +y3 + 243

3 7
Z/1) +2 <_?D§ y1) — (_?Dz?yl)

2 5 9
'yz) + <_?D§y2> +2 _?D§y2>

I
VS

_l’_
—~Q

S
Kol

_l’_
w /\/I\/"\“
=
Q
T
Beol—
A~

cni 1/ ons \? ons
(44) - 71D3461y3 _5 71D§y3 + 71Dx5 Y3
6 9 1 15
+ ngy1 - ngZ/l + 3 D1
2 7 14
—2SD5ys — SDFys + DYy
3 1 17
- ngsy3+ ngs Y3 — ngs Y3

5 7 9
+2 1 IZ2yn — 1 liys — ,1I§y3>da:
=3.
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_ _ _ 1_1 .2 _3 .3 _7 1 _1
Here,n—S,m—Q,xo——l,xl—l,al—§,oz1 5, Qf 3, Qg = 3,
2_5 3_9 1_3 .2_5 _ 6 _ 9 p3 _ 15 1 _ 2
=3 =105 = 0 05= g, 0 58 =36=58=0=3
2 _ 7 3 _ 14 1 _ 3 2 __ 1 _ 5 _ 7 _9
2_5752_€7ﬁ3_§ ﬁ3_ 63 87’71 5’)’2—5,'}’2—5,311(1
(45) E=L- w1F1 - (.UQFQ.

By applying Eq. , we get the following fractional Fuler—Lagrange equations:
RLpy3 3
2y1 + dwiyr + 2woyr + D7 <4 _1Dzy1 + 2wy — w2>

3 3 7 7
— Rlp2 (2 D2y +wr + 2w2) + BLps <_1CD;U3 Y1 — 4w + w2>

6 9
(46)  — BIDT (14 2w + 3ws) + BIDI (=1 4 2wy + wo)
15 1 s /1 1
— BIp7 <1 +w + 3w2> + 17 <3 v 2w2> =0,

1 1 1 1
2y + 2wiys — 2woys + D <6 _D3ys+2w1 _{Diys — 2wy _{D y2>

5 5 3 9 9

+ Bps <_?D5 Yo = S — m) + Apg <2 _Diys+wi — 2w2>
2 7

47) + ijst (=24 w1 + 2wo) + Ij’fo (3 + w1 + wo)

14 1
+ BDS (1—wi —wg) + 2IF (24 2wi + ws) =0,

and
2y3 — 2wiy3 — dways + }iLDlg <—2 ,fDa%ys — 2w + W2)
+ Mp; (6 ODiys— 2w _Diys +wy D} yg)
(48) + @LDF (; _?D;?ly?, + 2w _?D;?ly:a — 2wy _?D;?lys )

3 11 1
+ BLps (=1 —wi +wa) + RLp3 <—2 + 3wy — w2>
rrps (_1 3
+ ‘D —§+4w1 +we | + o1 (1 —3w; +wy) =0.

4. Optimal Time Problem. Our aim here is to find the optimal time 7T’
as well as the functions (yx),_q 5 ,, that maximize or minimize the functional
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of the form:

T
T oD = [ L (@) (@),

o
(49) D%y, (2),..., DSy (x) ..
SDEhyn () . Dy (2) ) da,
where

(W)icron T) € Bi={(C" ([0, 21]), [0, 1)) : i (0) = ai,
(50) i=0,1,...,n—1, ne N}
We consider the both free and fixed end-point problems.

THEOREM 13. Assume that ((yk)k:17.._’n,T> € B is an extremizer of J
defined by Eq. . Then, ((yk)kzl’“m , T) 1s a solution of the Euler—Lagrange
equations:

(51) 8pL* + Z }iLDTpflan(p_l)_,_j_,_lL* = 0, p= 2, oo, + 1,
j=1

for all x € [x0,T), and satisfies the following transversality conditions:

L (T gy (T T),SD%y, (T),..., D"

yl( )7"‘7yn( )wv Tyl( )7 Tyl( )
L CDSy, (T ..., Do yn(T)>:O,

n—1 n

(53) RLp..
=0 j=1

ap 1+z n

8 (P 1)+]+1L ( ) 07 at ="T.

PRrROOF. Define

B*:={ox € C" ([zo,m1]) : 0\ (w0) =0, k=1,...,n

54
(54 i=0,1,...,n—1}.

Let 0, € B* and yi + €0 be variation of yg, for all £k = 1,2,...,n, and let
T + eAT be variation of T, such that € > 0, AT € R.
Consider

*

(55) J(&)=J (y1+e€01,....,yn+eon, T+ eAT).
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Assume that ((yk)kzln , T) € B is an extremizer of J . Then, we get:

(56) (?) (c=0)=0.

Applying Leibniz integral rule, Eq. implies that
T n j
/ (@,L*ap,l (x) + Z On(p—1)4j+1L" w(ngpflap,l (x) )dz
o le

Oél
(57) + ATL (T, y1 (1), oy (1), SDFhyn (T) .. DG (T),

Dy (1), SDF g (1) )
=0, p=2,...,n+ 1.

Integrating the second term by parts as in Eq. @ given in Lemma 6, we
get:

(58)

T n J
/ OpL* + > FEDI 0, 1)s i L | opei (2) da
xo j=1

n—1 n
2

i=0 j=

* ol C

+ ATL (Tya (7)o oy (1), SDF 1 (D), SD3 4 (1),

. CDT yn( )7 CDT yn( ))
=0, p=2,...,n+1.

aj7 +i—n % n—i— i
D Oy ) @) (DA )|
1 =

By fixing 0p—1 =0, p = 2,...,n+1, and by the arbitrariness of AT, we obtain
the first transversality condition. Then, the second transversality condition is
proved by choosing 0,1 to be equal to zero on [zp,T") and a(n 1) ( ) # 0,
p=2,...,n+1,:=0,1,...,n—1.If, forallp:2,...,n—1—1,i—0,1,.. n—1,

al(ﬁflifl) is free on [a,T) and azgn 12 2 (T') = 0, we obtain Euler-Lagrange
equation . This ends the proof. O

ExaMpPLE 14. Consider the following optimal time problem:

* T 2, 1o 1, Cn3
J (y1,y2) = (233 —I—§y1—|—§y2+2 _1Diy
-1

2
5 1 z
+3 <_?D;y1> - (_ng m) +2 (_?D£y2> )da,

(59)
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with the boundary conditions:

v (1) =1, gV (=1) = V2, Y2 (—1) = -2, g (—1) = —1.

We have: n =2, xg = -1, 1 =1, 0&:% a%:%,a%:%,a%:%,and
1 1 2
L (23: +2y1+2y§+2< Dy

By applying Eqgs. , and , we obtain the following fractional Euler—
Lagrange equations:

ot

2 5
y1 + BD2(2) =2 BLDL [ _{Diy | =0,

0 ; o
y2 — BEDZ (1) +4 BEDS ( _{D2ys ) =0,

and for the transversality conditions, we get:

1 1 3 AL
272 + Syt (T) + 53 (T) +2 <_fD£’ y1> (T) - (_?Da? y1> (7)

(61)
- —?Dﬁm ) +2 ( x92> (T) =0,
4 5 1 1 5
{x@z (2) — 2 I3 < “Diyi | + I3 (2) —2 BD2 <?D§y1)] =0,
3 c 3 RLn: [ CpE
—olp (1) +4, 15 Dg?yz oI (1) +4 57Dy | _7D2y2 =0,
=T
where RLD% = xITk, for k < 0.
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