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AN ABSTRACT NONLOCAL FUNCTIONAL-DIFFERENTIAL SECOND ORDER
EVOLUTION CAUCHY PROBLEM

ABSTRAKCYJNE NIELOKALNE FUNKC]ONALNO-ROZNICZKOWE
EWOLUCYJNE ZAGADNIENIE CAUCHY'EGO RZEDU DRUGIEGO

Abstract

The aim of the paper is to prove two theorems on the existence and uniqueness of mild and classical
solutions of a semilinear functional-differential evolution second order equation together with nonlocal
initial conditions. The theory of strongly continuous cosine families of linear operators in a Banach space is
applied. The paper is based on publications [ 1-12] and is a generalization of paper [ 7].
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Streszczenie

W artykule udowodniono dwa twierdzenia o istnieniu i jednoznacznosci catkowych i klasycznych rozwigzan
semiliniowego  funkcjonalno-rézniczkowego zagadnienia ewolucyjnego Cauchyego rzedu drugiego
z nielokalnymi warunkami poczatkowymi. W tym celu zastosowano teori¢ rodziny cosinus liniowych
operatordw w przestrzeni Banacha. Artykut bazuje na publikacjach [1-12] i jest uogdInieniem publikacji [ 7].

Stowa kluczowe: nielokalne, rzedu drugiego, funkcjonalno-rézniczkowe, zagadnienie ewolucyjne Cauchy’ego, przestrzenie
Banacha
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1. Introduction

In this paper, we consider the abstract nonlocal semilinear functional-differential second
order evolution Cauchy problem

u"(t)=Au(t)+f(t, u(t), u(a1 (t)),. " u(am (t)), u'(t)), te(0,T], (1.1)
u(O):xo, (1.2)
u'(O)—I—ihiui(ti):xi, (1.3)

where Aisalinear operator from areal Banach space Xintoitself, u:[0,T]—>X, f:[0, T xX"**—X,
a:[0,T]—=[0,T] (i=12,...,m),x,x, €X,heR (i=1,2,...,p) and

O<t <t <..<t<T.
1 2 P

We prove two theorems on the existence and uniqueness of mild and classical solutions of
the problem (1.1) - (1.3). For this purpose, we apply the theory of strongly continuous cosine
families of linear operators in a Banach space. We also apply the Banach contraction theorem
and the Bochenek theorem (see Theorem 1.1 in this paper).

Let A be the same linear operator as in (1.1). We will need the following assumption:

Assumption (A,). Operator A is the infinitesimal generator of a strongly continuous
cosine family {C(t) : t€ R} of bounded linear operators from X into itself.

Recall that the infinitesimal generator of a strongly continuous cosine family C(#) is the
operator A : X © D(A)—>X defined by

2
Ax:=j7C(t)x|t_o,xeD(A),

where
D(A):={x € X: C(t)x s of class C* with respect to t}.
Let
E:={x € X: C(t)xis of class C' with respect to t}.

The associated sine family {S(t) : t € R} is defined by
S(t)x:=IC(s)xds, xeX, teR.
0

From Assumption (A, ), it follows (see [12]) that there are constants M > 1 and w > 0 such
that

||C(t)||SMe°M and ||S(t)||£ Me™ for teR.



We also will use the following assumption:

Assumption (A,). The adjoint operator A* is densely defined in X*, that is, D(A*)=X*.

The paper is based on publications [1 - 12] and is a generalization of paper [7] in this
sense that, now, a more general functional - differential problem is considered than in [7].

For convenience of the reader, a result obtained by J. Bochenek (see [3]) will be presented here.

Let us consider the Cauchy problem

u'(t)=Au(t)+h(t), te(0,T], (1.4)
u(0)=x0, (1.5)
u'(0)=x,. (1.6)

A function u:[0,T]—>X is said to be a classical solution of the problem (1.4) — (1.6) if

ueCl([O,T],X)F\Cz((O,T],X), (a)
u(0)=x, and ¥'(0)=x,, (b)
u'(t)=Au(t)+h(t) for te(0,T]. (c)

Theorem 1.1. Suppose that:
(i) Assumptions (A,) and (A)) are satisfied,
(ii) h:[0,T]—X is Lipschitz continuous,
(iii) x,€D(A) andx €E.
Then u given by the formula
u(t)=C(t)x, +S(t)x, + [S(t=s)h(s)ds, te[0,T],

is the unique classical solution of the problem (1.4) — (1.6).

2. Theorem on mild solutions

A function u belonging to C'([0,T],X) and satisfying the integral equation

u(t)=C(t)x, +S(t)x, —S(t)(ghiu(t[ ))

+j.S(t—s)f(s,u(s), u(a1 (s)),. o u(am (s)), u'(s))ds, te[0,T],

is said to be a mild solution of the nonlocal Cauchy problem (1.1) - (1.3).
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Theorem 2.1. Suppose that:
(i) Assumption (A))is satisfied,
(ii) a:[0,T]—[0,T] (i=1,2,...,m) are continuous on [0,T], f:[0,T] x X">—X is continuous
with respect to the first variable te [0,T] and there exists a positive constant L such that

||f(s,z1 2oy rZmn )= f (5202, 000 Zs)

<1, -2 for sef0,1],2,2 e X
=
(i=1,2,...,m+2),
(iii) 2C((m+1)TL1+Zp:|h,.|j<1,
=
where C:=sup{[C(t)|+[S(t)]|+[|S'(+)]|:¢ [0, T1},
(iv) x,€Eand x €X.

Then, the nonlocal Cauchy problem (1.1) — (1.3) has a unique mild solution.
Proof. Let the operator F : C'([0,T],X)—>C'([0,T],X) be given by

(Fu)(£)=C(¢)x, +S(t)x, —S(t)[ihiu(ti)j

—I—J‘S(t—s)f(s,u(s),u(a1 (s)),. . .,u(am (s)),u’(s))ds, te [O,T].
0
Now, we shall show that F is a contraction on the Banach space C'([0,T],X) equipped
with the norm
||w||1 = sup{||w(t)||+||w'(t)” te [O,T]}.
To do this, observe that

|(Fwo)(6)=(F)(e)] =

S(t)(ihi (w(t)-w(t, ))j
(=) (506D (0, (), ) 9)

_f(s,ﬁ;(s),ﬁ/(al (s)),. ) .,ﬁ)(am (s)),ﬁ/'(s)))dsu < C(im |j||w—121||1

+j:||8(t —s)”L1 (”w(s)—ﬁ/(s)”—k”w(a1 (s))—ﬁ/(a1 (s))||+
.. .+||w(am (s))—iw(a, (s))||+||w'(s)—W'(s)")ds
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SC((mH)TLl +i|hi|j||w—ﬁ/||l
i=1

and

|CFw ) (8)=(F) ()] =

S'(t)(ghi(W(ti)—w(ti))J
-i—j.C(t—s)(f(s,w(s),w(a1 (s)),. ) .,w(am (s)),w'(s))

—f(s,ﬁz(s),ﬁ/(al (s)),. . .,ﬂ}(am (s)),@'(s)))dsHSC(Zp]hi|j||w—111||1

i=1

6= 156N )0 -+ 9) 5. )

+||w'(s)—121'(s)||)dsSC((m—i—l)TLl +,-Z:|h"|j||w_w”“ te[o,T].

Consequently,
p
[[Fw—Fi|, < 2C((m+1)TL1 +> | |j||w—1:;||1 for w,weC'([0,T],X).
i=1

Therefore, in space C'([0,T],X), there is the only one fixed point of F and this point
is the mild solution of the nonlocal Cauchy problem (1.1) - (1.3). So, the proof of Theorem
2.1is complete.

Remark 2.1. The application of a Bielecki norm in the proof of Theorem 2.1 does not give
any benefit.

3. Theorem about classical solutions

A function u:[0,T]—X is said to be a classical solution of the problem (1.1) - (1.3) if

ueC'([0,T],X)nC*((0,T],X), (a)
u(0)=x, and u'(0)+zp:hiu(ti)=xl, (b)

u"(t)=Au(t)+f(t,u(t),u(al(t)),...,u(am (t)),u'(t)) for t[0,T]. (c)

Theorem 3.1. Suppose that:
(i) Assumptions (A,) and (A,) are satisfied, and a:[0,T]—-[0,T] (i=1,2,...,m) are of class C'
on [0,T].
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(ii) There exists a positive constant L, such that

£ (52022 ) F (512 2o )<L (|s s|+z||z —z”j

for 5,5€[0,T], z,,z, €X (i=1,2,...,m+2).
(iii) 2C((m+1)TL2 +i|h,. |] <l.
=

(iv) x,€Eand x €X.

Then, the nonlocal Cauchy problem (1.1) - (1.3) has a unique mild solution u. Moreover, if

x,€D(A), x €E and u(t)eE (i=1.2,...,p),
and if there exists a positive constant x such that
e (5) - G Klue) ) for 55<L0T] (1=12,.m)

then u is the unique classical solution of nonlocal problem (1.1) - (1.3).

Proof. Since the assumptions of Theorem 2.1 are satisfied, the nonlocal Cauchy problem
(1.1) - (1.3) possesses a unique mild solution, which is denoted by u.

Now, we shall show that u is the classical solution of problem (1.1) — (1.3).

Firstly, we shall prove that u, u(a(-)) (i=1,2,...,m) and ' satisfy the Lipschitz condition
on [0,T]. Let t and t+h be any two points belonging to [0,T]. Observe that

w(t+h)=u(t)=C(t+1)x, +S(t+h)x, —s(t+h)(ﬁh,.u(t,. ))

i=1

t+h

+ j S(t+h—s)f(5,u(s),u(al (5)),. . .,u(am (s)),u'(s))ds
—C(t)x, —S(t)x, +S(t)(§:hiu(t[ )J

—j.S(t‘—s)f(s,u(s),u(a1 (s)),. . .,u(am (s)),u’(s))ds.

Since

C(t)x, +S(t)(x1 —ilh,.u(ti )j

is of class C, in [0,T], there are C, >0 and C, >0 such that



(C(t+h)—C(t))x0+(S(t+h)—S(t))(xl—ihiu(ti )j <C, ||
and
((C(t+h)—C(t))x0)'+£(S(t+h)—8(t))(xl—Z::hiu(ti )D <G, |Hl.
Hence
Ju(t-+h)-u(e)| <G, A
+ js(s)( Ft+h=su(t+h=s),u(a, (t+h=s)),...,u(a, (t+h=s))u(t+h-s))
—f(t—s,u(t—s),u(al(t—s)),...,u(am (t—s)),u’(t—s)))ds”
+ t].hS(s)(f(t+h—s,u(t+h—s),u(a1(t-i—h—s)),...,u(am (t—l—h—s)),u’(t—i—h—s))ds

t

<C, |h|+jMe‘”TL2 (|h|+||u(t+h—s)—u(t—s)||+||u(a1 (t+h—s))—u(a1 (t—s))||+. ..

...+||u(am (t+h—s))—u(am (t—s))||+||u'(t+h—s)—u'(t—s)||)ds+Me"’TN|h|,

where
N:=sup{”f(s,u(s),u(a1 (s)),. . .,u(am (s)),u’(s))”:se[O,T]}.

From this, we obtain

e+ h) =) <C - C, [ (s +h)—u( (s +m)—d(s))ds. )

Moreover, we have
P t
u'(f):(C(t)x0 +S(l‘)(x1 = hu(t, )jj'—i—IC(t—s)f(s,u(s),u(al (5)),-..u(a, (s)),u'(s))ds.
From the above formula, we obtain, analogously,

e (¢ + 1) —u'(t )| < C, 1]+ C, j(”u(s+h)—u(s)||+||u'(s+h)—u'(5)||)ds. (32)

By inequalities (3.1) and (3.2), we get
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||u(t+h)—u(t)||+||u’(t +h)—u'(t)|| <C.|h|+C. I(”u(s+h)—u(s)||+||u'(s+h)—u’(s)||)ds.
From Gronwall’s inequality, we have

Jue(t+h) =)+ (£ )= (£ <C, (33)

where C is a positive constant.

By (3.3), it follows that u, u(a(-)) (i=1,2,...,m) and u' satisfy the Lipschitz conditions on
[0,T7]. This implies that the mapping

[O,T]a t —)f(t,u(t),u(a1 (t)),. . .,u(am (t)),u'(t))eX

also satisfies the Lipschitz condition.

The above property of f together with the assumptions of Theorem 3.1 imply, by Theorem
1.1 and by Theorem 2.1, that the linear Cauchy problem

v"(t)=Av(t)ﬁf(t,u(t),u(a1 (t))--u(a, (t)),u’(t)), te[0,T],

v(0)=x,,
P
v'(O) =% _Zhiu(ti )
i=1
has a unique classical solution v such that

o(£)=C(t)x, +S(t)(x1 —ih,,u(ti )j

-I—j‘S(t—s)f(s,u(s),u(a1 (s)),. . .,u(am (s)),u'(s))ds=u(t), te[O,T].

Consequently, u is the unique classical solution of the semilinear Cauchy problem (1.1) —
(1.3) and, therefore, the proof of Theorem 3.1 is complete.
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