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Abstract

The main objective of this publication was to present a two-stage algorithm of modelling random phenomena, based on mul-
tidimensional function modelling, on the example of modelling the real estate market for the purpose of real estate valuation
and estimation of model parameters of foundations vertical displacements. The first stage of the presented algorithm includes
a selection of a suitable form of the function model. In the classical algorithms, based on function modelling, prediction of the
dependent variable is its value obtained directly from the model. The better the model reflects a relationship between the inde-
pendent variables and their effect on the dependent variable, the more reliable is the model value. In this paper, an algorithm has
been proposed which comprises adjustment of the value obtained from the model with a random correction determined from
the residuals of the model for these cases which, in a separate analysis, were considered to be the most similar to the object for
which we want to model the dependent variable. The effect of applying the developed quantitative procedures for calculating the
corrections and qualitative methods to assess the similarity on the final outcome of the prediction and its accuracy, was examined
by statistical methods, mainly using appropriate parametric tests of significance. The idea of the presented algorithm has been
designed so as to approximate the value of the dependent variable of the studied phenomenon to its value in reality and, at the
same time, to have it “smoothed out” by a well fitted modelling function.

DWUETAPOWE MODELOWANIE ZJAWISK LOSOWYCH

Stowa kluczowe: modelowanie zjawisk losowych, doprecyzowanie wartosci modelowe;j

Abstrakt

Gloéwnym celem niniejszej publikacji byta prezentacja dwuetapowego algorytmu modelowania zjawisk losowych, opartego na
wielowymiarowym modelowaniu funkcyjnym, na przyktadzie modelowania rynku nieruchomosci na potrzeby szacowania war-
tosci nieruchomosci oraz estymacji parametrow modelu przemieszczen pionowych fundamentow. Dobor odpowiedniej postaci
modelu funkcyjnego to pierwszy etap prezentowanego algorytmu. W klasycznych algorytmach, bazujacych na modelowaniu
funkcyjnym, prognoza zmiennej zaleznej jest jej warto$¢ uzyskana wprost z modelu. Im model lepiej odzwierciedla relacje mig-
dzy zmiennymi niezaleznymi i ich wptyw na zmienng zalezna, tym warto$¢ modelowa jest bardziej wiarygodna. W niniejsze;j
pracy zaproponowano algorytm postepowania polegajacy na skorygowaniu wartosci uzyskanej z modelu, poprawka losowa,
wyznaczong z odchytek modelu dla tych przypadkow, ktore w osobnej analizie uznano za najbardziej zblizone do obiektu, dla
ktorego chcemy zamodelowac zmienna zalezng. Wplyw zastosowania opracowanych procedur ilo§ciowych obliczania poprawki
oraz metod jakosciowych oceny podobienstwa na ostateczny wynik prognozy oraz jej doktadnos¢, zostat zbadany metodami
statystycznymi, gldwnie za pomocg stosownych parametrycznych testow istotnosci. Idea zaprezentowanego algorytmu zostata
tak opracowana, by zblizy¢ warto$¢ zmiennej zaleznej badanego zjawiska do jej warto$ci wystepujacej w rzeczywistosci, a jed-
noczesnie uzyskaé pewne jej ,,wygltadzenie” poprzez dobrze dopasowang funkcj¢ modelujacs.
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42 ANNA BARANSKA

1. INTRODUCTION

The main objective of this paper is to present a two-
stage algorithm of modelling random phenomena,
based on multidimensional nonlinear function mod-
elling. The effect of applying the algorithm has been
illustrated on the example of real estate valuation as
a consequence of modelling the local real estate market
and for example, determining the parameters of vertical
displacement model for foundations (the issue in the
field of engineering geodesy).

Additional research issues to be examined include:
the effect of linearization technique of a function of
several variables on the estimation results of the func-
tion model parameters, the effect of the method of as-
sessing similarity between objects which form a base
for modelling on the results of point estimation of ran-
dom correction of the dependent variable model value,
as well as the effect of the method of determining the
correction on the result of its point estimation and on
the result of the point estimation of the dependent vari-
able final prediction.

2. THE IDEA OF THE ALGORITHM

The idea of the developed algorithm is based on the
relationship which is well-known in modelling random
phenomena, which defines the so-called rsidual as a dif-
ference between the observed value (e.g. the measured
one) of a given variable and its model value (e.g. the
most probable one, when it is the value of the estimator
of the expected value):

§=P-M &P=M+6 (1)

where:

M — model value of the dependent variable,

P — observed value of the dependent variable,
0 —residual resulting from the model form.

While modelling a specific random phenomenon,
we rely on a certain set of information containing the
actual data, which are the result of a measurement or
observation of a given phenomenon. In the case of
modelling the real estate market, these are the prices
obtained in the actual market turnover. In the case of
vertical displacement modelling of foundation, they are
observed vertical displacements of benchmarks. In or-
der to ensure the stability of the model parameter esti-

mators and the reliability of its fitting to the actual data,
we usually collect much more data than the number of
the estimated parameters. Therefore, residuals occur, as
the number of the data is greater than the number of the
unknowns, and besides, the model will never perfectly
reflect the reality. However, it must be remembered that
the unlimited increase in the number of the so-called
random sample, which is the basis for estimation model
parameters, does not endlessly entail the improvement
in the model quality. The researches carried out in this
field, regarding modelling the real estate market, proves
that, in order to retain stability of model reliability coef-
ficients, it is sufficient when the number of data is equal
to about four times the number of estimated parameters.
Increasing the number of data above this value does not
improve significantly the quality of the function model,
especially its accuracy parameters (Baranska 2004).
During the next stage of the developed algorithm,
residuals obtained at the modelling stage are used to
“correct” the value obtained directly from the model
(the model value). Basing on the second variant of the
formula (1), it is noticeable that in this way we will
move closer to the empirical value of the modelled vari-
able. Let us assume the following designations in this
relationship, appropriately to the tested scope of data:

W=M+L )

where:

L = f(9),

W — final prediction of the dependent variable,

M — model prediction of the dependent variable,

L —random correction which is the residuals function
of the model.

In the above formula, the value of L, which serves as
arandom correction to the value obtained directly from
the model (the model value) is the residuals function
corresponding to the original database elements which
are most similar to the object being modelled.

Another issue which appears at this point, is the
method for assessing similarity between objects, rela-
tive to the type of the analysed issue. Below, there are
examples of methods for the assessing similarity, which
have been tested on the real estate market. In the prob-
lem of modelling of vertical displacements of founda-
tions, as the most similar can be allowed the measur-
ing points (benchmarks) located closest to the centre of
gravity of considered foundation.
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TWO-STAGE MODELLING OF RANDOM PHENOMENA 43

The effect of using the developed quantitative pro-
cedures for calculating the correction and qualitative
methods for assessing similarity, on the final outcome
of the prediction and its accuracy, can be examined by
statistical methods, mainly using appropriate paramet-
ric tests of significance.

Therefore, to sum up, the proposed algorithm of
modelling random phenomena can be divided into the
following two stages:

Stage I: estimation of the parameters of multidimen-
sional function model, best suited to the actual data
(e.g. market values, measured values etc.), and the point
estimation of the dependent variable model value.

Stage II: selection of objects which are most similar
to the modelled ones and correcting the value obtained
from the model — with a random correction determined
from residuals, corresponding to the selected objects.

3. FUNCTION MODELLING - STAGE 1
OF THE ALGORITHM

Stage I of the developed algorithm includes selec-
tion of the function model form, suitable to the vari-
ability characterizing the analysed issue. In the classical
algorithms, based on function modelling, the prediction
of the dependent variable is most frequently its value
obtained directly from the model. The better the model
reflects a relationship between independent variables
and their effect on the dependent variable, the more re-
liable is the model value.

The forms of the tested function models on the ex-
ample of modelling real estate market include:

a) linear additive model

c=a,+a x, 3)
j=1
b) non-linear additive model
e=a,+3f(x) @
¢) exponential r;ultiplicative model
c=a, ﬁ a, (5)
i=1
d) multiplicative power model
c=a, [ [+ (©)
=1

or on the example of the model of the vertical compo-
nent of the foundation movements:

wW=po+tp x+p,y @)

where:

¢, W —dependent variables of the model (e.g. real es-
tate unit price or the vertical component of the
displacement field),

x;  —independent variables of the model (e.g. real
estate attribute values),

a;, p; — parameters of the model,

m  —number of independent variables (e.g. price-de-
termining features of real estate),
fi — function of dependency of the dependent vari-

able on the selected independent variable (e.g.
real estate price on its attribute 7),
(x, ¥) — benchmarks horizontal coordinates.

In order to estimate the parameters of the models
presented above by the least squares method, their
non-linear forms had to be subjected to linearization.
In the cases where it was possible (multiplicative mod-
els), it was carried out in two ways:

* injective function transformation:

Inc =Ina, +)_x, -Ing, ®)

i=1
Inc =Ina, + Zai -Inx, )
i=1

* expansion of the function into a Taylor series:

& Oc
c=¢+) —-da, 10
2 2 (10)
where:
¢ —approximate value of the model function, defined

for the approximate values of the parameters,
— — partial derivative of the model function with re-
4 spect to the parameter i,
da; — correction to the approximate value of the pa-
rameter a;

The least squares method (OLS), used to estimate
the parameters of the model, leads to the development
of the so-called system of normal equations, solved
using iterative numerical procedures. Estimation was
each time accompanied by a full variance analysis of
unknown parameters of the model, model values of the
dependent variable and residuals of the model.
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Table 1 contains examples of the results of point es-
timation of exponential model parameters in the form
(5) for the 9 parameters — the column 4; and o(4;,), hav-
ing applied two types of linearization — logarithmisa-
tion and expansion into a series. The second part of the
table are the results of parametric tests of significance
comparing the corresponding parameters estimators
and their accuracies (standard deviations). The values
of the test functions (Z,,, or F,,;) exhibiting statistical
significance of differences (exceeding the tests critical
value Z,,;, or F,,;) have been emphasized in bold. It can
be seen that each time the linearization method does not
significantly affect the resulting parameter value, while
it significantly affects the accuracy of its estimation.

Each time it is in favour of the linearization by injective
transformation.

Table 2 contains the results of point estimation of
the model value (real estate price) for the two models,
for which it was possible to use two methods of their
linearization in the estimation process. Also this time,
a series of statistical tests comparing both the models
and the methods of their linearization were performed.
As above, we do not observe any significant differenc-
es between the model values of the dependent variable
themselves. However, there are differences in accura-
cies of their estimation (test function values marked in
bold) in favour of the exponential model and function
linearization.

Table 1. Comparison of parameters estimation results of a exemplary exponential model after linearization carried out

in a different manner

Tabela 1. Porownanie wynikow estymacji parametréw przykltadowego modelu wyktadniczego po réznie wykonanej

linearyzacji
Logarithmisation Taylor series tests results

a a(d,) a a(d,) Zoni Ziab F Fo
dy 1061,817 140,804 1066,973 261,312 0,02 3,44
d 1,057 0,012 1,074 0,017 0,82 2,11
d, 1,052 0,016 1,075 0,023 0,82 2,06
s 0,966 0,014 0,942 0,023 0,90 2,50
d, 1,058 0,015 1,085 0,022 1,01 1,96 2,08 1,35
ds 1,149 0,046 1,160 0,080 0,12 3,1
ds 1,056 0,018 1,066 0,027 0,30 2,21
ay 0,993 0,001 0,991 0,002 0,71 2,39
ds 1,101 0,029 1,077 0,045 0,45 2,32

Table 2. Estimation results of the premises model value
Tabela 2. Wyniki estymacji warto$ci modelowej lokalu

Logarithmisation Taylor series comparison of linearization methods
Model Wy [2H/m?] o(wWy) Wy [2H/m?] o(Wy) Zo ym F,, F
exponential 2153,98 54,43 2181,14 68,79 0,31 1.96 1,60 1,35
power 2113,77 79,58 2140,95 86,42 0,23 1,18 1,37
comparison of multiplicative models
Zowi » B 0,42 2,39 0,36 1,76
Zi s Fup 1,96 1,35 1,96 1,35
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Each model, prior to its practical use, must be statis-
tically verified. The process of verifying model quality
is a separate issue, which is not the subject of this publi-
cation. Therefore, the aspects considered in the process
of verification will only be mentioned briefly:

1) assessing the degree of compliance of the model
with the empirical data,

2) determining a set of independent variables consid-
ering a strong influence on the dependent variable,

3) verifying the assumptions regarding stochastic struc-
ture of the model.

and the tools which can be used to examine them:

Ad.1) coefficients of: determination, convergence,
variability,

Ad. 2) Fisher-Snedecor test of significance of the vari-
ables, Student’s T-test of significance of each
variable separately,

Ad.3) the series test (Stevens) to test the randomness
of the model residuals, residual significance test
(test for symmetry of residuals distibution), non-
parametric test for normal distribution of residu-
als, parametric test for mean value of residuals,
test for homoscedasticity of residuals (e.g the
Goldfeld-Quandet test), test for autocorrelation
of residuals (e.g. the Durbin-Watson test).

4. CORRECTION OF THE MODEL VALUE -
STAGE II OF THE ALGORITHM

The initial part of the stage II of the proposed algo-
rithm involves the selection of objects which are most
similar to the one for which we want to accurately esti-
mate the value, which served as the dependent variable
in stage 1. The selection should be performed from the
full database, which was the basis for the estimation of
the model parameters in stage 1. The issue of assessing
similarity may be treated completely independently in
the modelling process, that is, taking into account all
the identifiable attributes of the objects. Another ap-
proach is based on using at this stage only those attri-
butes which in the modelling process proved important
in the shaping of the dependent variable of the model.
The research studies, whose sample results have been
presented in this publication, use the first approach,
however, the author does not rule out a limitation to the
statistically significant independent variables. It was the
subject of other studies.

In the example of modelling the market of premis-
es, the following methods for selecting similar objects
(real estate most similar to the valued premises) were
employed:

1. Number of consistent attributes (objects, which had
at least half of the attributes identical with those of
the valued object, were considered to be the most
similar; depending on the number of the identical
attributes, the weights were assigned determining
the degree of similarity).

2. Analysis of relative comparison.

3. Analysis of sequencing (ranking).

Methods 2) and 3) have been described in detail in
(Czaja, Parzych 2007) and (Baranska 2010). Basically,
the difference between them lies in the relative com-
parison analysis, where only the occurrence of the dif-
ference in the value of a given attribute between the
two compared objects is considered, and the analysis
of sequencing also takes into account the value of this
difference, and on this basis, the objects are sequenced
in terms of the degree of similarity to an established
reference point.

In the case of displacement model , as the most “
similar” to the point for which we determine the vertical
translation movement — can be considered the points lo-
cated closest to the centre of gravity of the foundation.

Having selected the objects which are most simi-
lar to the one which is subject to valuation, the proper
part of the stage II of the algorithm follows, which is
the prediction of the final value of the dependent vari-
able for this object. In the presented example, it is the
prediction of the final market value of premises. It was
made according to the two variants presented below,
while maintaining the idea of the algorithm expressed
by the formula (2):

1. Model value corrected by the random correction,
determined as the arithmetic mean of residuals for
the selected objects (e.g. for real estate),

2. Model value corrected by the random correction,
determined as the weighted mean of residuals, cor-
responding to the objects (real estate) which are
most similar (weight matrix = the inverse of the co-
variance matrix of residuals).

These variants differ in terms of taking (or not tak-
ing) into consideration the results of the variance anal-
ysis for residuals while correcting the model value
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W = M + L. Therefore, in each of these approaches,
point estimation of the random correction L + ¢(L) is
done in a slightly different way, which can be expressed
by the following formulas:

Ad.1)

3

7 1-Cov(s,)-1"

L= L’ o(l)= é’ 11
i (L) \/ B (11)

where:
w; —random correction to the model value,
0, —vector of model residuals for the selected

similar object,
k —number of the selected objects,

Cov(d,) — covariance matrix of residuals, correspond-
ing to the selected objects which are the most
similar ones, with the dimensions of k£ X £,

1 —row of ones.

Ad.2)
L=[-P-1T"-[1-P]-[5,],

o(L) =6 1-P-1'T", (12)

where:
52 _[00P-6,]-L11-P-3,]

% k-1
the residual variance determined for the group of & se-
lected most similar objects,

(12a)

P=Cov''[d,] (12b)

the weight matrix for the group of & selected most sim-
ilar objects, dependent on the results of the variance
analysis of residuals.

In the case of the model of vertical displacements
as the weights we can also take the inverse of the vari-
ances for the heights of benchmarks or inverse of the
distance between the benchmarks and the foundation’s
centre of gravity.

These formulas are applicable for linear models, at
least with respect to their parameters, and for nonlinear
models, linearized by means of expansion into a series.
However, for multiplicative power or exponential mod-
els, linearized by logarithmic transformation, the point
estimate L = o (L) is performed as follows:

InL=[1-P-1"T"-[1-P]-[Ind, ],

o(inL)=\6; [1-P-1'T", (13)

where the residual variance 602

P are expressed by the formulas:

and the weight matrix

52 _[In,1'P-[Ind, ]~In(£)-1- P-[Ind, ]
O —_ 2

w k-1
P=Cov'[Iné,].

(13a)

Then the final, corrected, prediction of the dependent
variable we determine as follows:

InW=InM+1InL or: W=M-L (14)

The following tables 3 and 4 contain the results of
the point estimation of the value w;, which we use to
correct the model value of the dependent variable. It
plays the role of a random correction (2) or of a cor-
rection factor (14), with the multiplicative form of the
function model, linearized using the logarithmic trans-
formation.

As it is apparent from the results of the parametric
tests of significance included in these tables, the tech-
nique for calculating the value of L, having used the
established method for assessing similarity of objects,
did not affect the results of its point estimation.

In addition, the statistical significance of the differ-
ences between the accuracies of the estimated values
of L was examined, separately for both linearization
methods, comparing the methods of selecting objects
which are the most similar to the modelled one. The
values of the test functions contained in Table 5 show
a significantly higher accuracy of the random correc-
tion (or the correction factor) calculated from resid-
uals corresponding to the objects considered as the
most similar to the modelled one, based on at least half
of the considered attributes. The methods of relative
comparison analysis and sequencing proved to be less
accurate.

The final results of the two-stage modelling of a ran-
dom phenomenon, which in the discussed example was
the valuation of the market value of real estate, have
been contained in Table 6. The results presented there
regard the two linearization methods for multivariate
model function, the three variants of selecting the ob-
jects most similar to the modelled one and two variants
of calculating the correction value w;.

The second part of Table 6 contains a comparison
of the final results of using the two-stage algorithm,
both in relation to the very estimates of the corrected
value of the dependent variable, as well as in relation
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to its standard deviation. The differentiating factor was
a different method for determining the correction L. In
some cases, the accuracy of the estimated values differ
significantly — always in favour of the use of the random

Table 3. Factors correcting the model value of the premises after logarithmic linearization
Tabela 3. Wspotczynniki korygujace warto$¢ modelowg lokalu po linearyzacji logarytmiczne;j

correction, determined as the arithmetic mean of resid-
uals of the selected objects (the last column of Table 6).
This suggests a simpler method for correcting the mod-
el value of the dependent variable.

) w; as the weighted wy as the arithmetic Comparing techniques for calculating the
Method for selecting mean mean factor w; — test results
similar objects
W a(w) Wi o(w) Zon Ziap Fou Fia
1 0,980 0,029 0,981 0,033 0,02 1,25 3,18
2 1,052 0,081 1,025 0,047 0,29 1,96 2,99 6,39
3 0,992 0,054 0,989 0,049 0,04 1,19 6,39

Table 4. Random corrections to the model value of the premises after linearization using Taylor series
Tabela 4. Poprawki losowe do wartosci modelowej lokalu po linearyzacji za pomocg szeregu Taylora

w, as the weighted w, as the arithmetic Comparing techniques for calculating the
Method for selecting mean mean random correction w; — test results
similar objects

wy [zH/m?] o(wy) wy [zHm?] o(wy) m Zrab Foy Fp

1 —-55,23 71,66 —54,26 81,66 0,01 1,30 3,18

2 84,33 153,16 58,89 116,53 0,13 1,96 1,73 6,39

3 -38,12 118,75 —41,46 122,52 0,02 1,06 6,39

Table 5. Comparing the accuracy of L for various methods of assessing similarity
Tabela 5. Poréwnanie doktadnosci L dla réznych metod oceny podobienstwa
logarithmic linearization
L as the weighted mean Critical values of the test L as the arithmetic mean

Fy 1 2 3 Fiap 1 2 3 Fy 1 2 3
1 - 17,44 7,62 1 - 3,63 3,63 1 - 4,66 5,10
2 - 2,29 2 - 6,39 2 - 1,09

3 - 3 - 3 -

Taylor series linearization
L as the weighted mean Critical values of the test L as the arithmetic mean

Fo 1 2 3 Flu 1 2 3 Fy 1 2 3
1 - 10,28 6,18 1 - 3,63 3,63 1 - 4,58 5,07
2 - 1,66 2 - 6,39 2 - 111

3 - 3 - 3 -
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Table 6. Final predictions of the market values of the valued premises
Tabela 6. Ostateczne prognozy wartosci rynkowych wycenianego lokalu

Point estimati lts W+ Results of parametric tests
Method for ot estimation resutts o() of significance Classification of
lecti . - - hni fi
se.ec.tmg L as the weighted w, as the arithmetic Z=Zo05=1,96 tec nlq}l s O.r
similar ’ calculating L in
. mean — a) mean — b) F=Fy0s=137
objects ; accuracy respect
W [zt/m?] a(W) W[zt/m?) ao(W) m Fo
after logarithmic linearization
1 2071,80 99,55 2073,43 104,36 -0,01 1,10 aib
2 2223,59 191,47 2166,39 128,77 0,25 2,21 b,a
3 2096,94 138,54 2090,94 130,62 0,03 1,12 bia
after Taylor series linearization
1 2085,72 112,27 2086,69 118,90 -0,01 1,12 aib
2 2225,28 175,86 2199,85 145,08 0,11 1,47 b, a
3 2102,83 146,87 2099,49 149,93 0,02 1,04 aib

Algorithm verification variants — summary

* 2 different methods for pre-linearization of nonlin-
ear functions of several variables.

+ 3 different methods for assessing qualitative similar-
ity in order to select these real estates which are the
most similar to the valued object, from the database
which is the basis for the estimation of the model
parameters.

* 2 different methods for determining the final predic-
tion of the market value.

5. CONCLUSIONS

Based on numerous variants of the performed anal-
yses, a number of detailed conclusions can be drawn.
They have been divided thematically, due to different
research aspects and the effect of the factors differenti-
ating the results in the subsequent stages of the present-
ed algorithm. It should be noted that the conclusions
have been formulated on the basis of a much more ex-
tensive research (regarding modelling a variety of local
real estate markets) than presented in this publication,
which increases their reliability.

The conclusions on linearization of the function val-
uation model:

* the method of model linearization does not signifi-
cantly affect the estimators of its parameters, but it

can have a significant effect on the accuracy of these
estimators,

« in the case of identifying a significant difference be-
tween the variances of the corresponding model pa-
rameters estimators, obtained after differently per-
formed pre-linearization of the function, in the vast
majority of cases, a significantly smaller standard
deviation of the estimator is obtained after linear-
ization performed by injective transformation.

The conclusions on the model value of the depen-
dent variable:

¢ the method of bringing the model to a linear form
does not significantly affect the model value of the
dependent variable of the model,

» where differently performed linearization affected
the accuracy of the model value, it always was in
favour of the linearization using injective function
transformation,

The conclusions on the random correction to the
model value:

* point estimation results of the random correction do
not depend on the technique of its calculation; oc-
casionally we observe significant differences in ac-
curacies of the random corrections — each time it is
in favour of the correction calculated as a weighted
mean of residuals,
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* in the group of methods for assessing similarity,
generating more accurate random corrections, there
is always a selection of objects which are similar on
the basis of at least half of identical attributes.

The conclusions on the final (corrected) value pre-
diction of the dependent variable of the model:

« different methods of function model linearization do
not differentiate significantly the final value predic-
tions of the dependent variable of the model, how-
ever, they may affect significantly standard devia-
tions of these predictions, whereas it is always the
case that linearization by injective transformation
leads to more accurate results,

¢ the largest standard deviation is often associated
with a small number of the objects recognized as
the most similar to the modelled one,

* in the case when the effect of the method of calculat-
ing the value correcting the model value is essential
for the accuracy of the final prediction of the depen-
dent variable, more frequently it is in favour of the
estimation L as the arithmetic mean of the model
residuals for the selected objects most similar to the
modelled one.

The idea of the presented algorithm has been de-
signed so as to approximate the value of the dependent
variable of the studied phenomenon to its value in re-
ality and, at the same time, to have it “smoothed out”
by a well fitted modelling function. The algorithm has

been tested so far on various types of the real estate
markets (lands, premises) and theoretically analyzed on
the example of the issue of determining the vertical dis-
placements of benchmarks representing the foundations
of buildings. Probably it could have also be applied in
many other issues describing random phenomena sub-
ject to modelling.
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