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Abstract

In this paper the computer model of the cage induction machine taking into account magnetic non-linearity
is presented. The model contains the mathematical model of the induction machine recorded as an S-function
and the connecting blocs attaching the model from one side to the three-phase terminals of the supply system
model and from the other to the system of mechanical model. Hence, Sim-Power-Systems and Sim-Mechanics
libraries can be used. Such a methodology allows for various drives modelling where the induction machine
operates as a motor or a generator and cooperates with power electronics system. Using wide range of SIMULINK
possibilities the various control techniques can be applied. Using this methodology the own mathematical models
of other electrical machines together with the SIMULINK library models can be used.
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Streszczenie

Przedstawiono model komputerowy klatkowej maszyny indukcyjnej uwzgledniajacy nieliniowo$¢ magnetyczna.
Maszyna indukcyjna jest modelowana za pomoca bloku tzw. S-funkcji dotaczonego, z jednej strony, do tréjfazo-
wego zasilania przez blok sterowanych Zrodet napigcia i pradu, a z drugiej — do modelu uktadu mechanicznego.
Umozliwia to wykorzystanie biblioteki modeli z grupy Sim-Power-Systems i grupy Sim-Mechanics. Takie po-
dejscie umozliwia modelowanie pracy maszyny indukcyjnej wspotpracujacej z uktadami energoelektrycznymi
jako silnika i pradnicy. Stwarza to mozliwosci szerokiego wykorzystania potencjatu Simulinka, w szczegdlnosci
roznych technik sterowania uktadami. Zastosowana metodologia pozwala tworzy¢ wlasne modele innych maszyn
elektrycznych opisanych tradycyjnie blokiem rownan rozniczkowych i wykorzystanie bogatej biblioteki Simu-
linka.

Stowa kluczowe: modelowanie maszyny indukcyjnej, nasycenie magnetyczne, MATLAB-SIMULINK, Sim-Power-
Systems
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1. Introduction

The subject of this paper is the mathematical model of the cage induction machine taking
into account effect of magnetic saturation suitable for MATLAB-SIMULINK programming
environment. This model was introduced as a set of differential equations into the SIMULINK
S-function. Connection of this S-Function with the electrical environment (power electronics,
AC mains, electromechanical converters, etc.) has been realised by controlled current sources
representing motor phase windings. Thus, in the computer program these sources can be delta
or star connected with or without the ground neutral. Hence, the zero components of currents
or voltages caused by saturation can be measured as in the actual machine. Using the Sim-
Power-Systems library the machine model can co-operate with models of various models
of supply system and static converters, e.g. inverters, cycloconverters and AC regulators.
Additionally, the control techniques developed for the machine model with linear magnetic
circuit (e.g. the flux oriented control) can be applied to check the influence of saturation. The
scheme of such a modelling is shown in Fig. 1.

Sim Pow Sys
u, S-Function
Sim Pow Sys < — Simulink
Lt Ut 7y U2 S-Function Sim Mech
u
< Differential
L2 WAl A\ V2 u__ | equations ® Model of
Suppling Y # of IM with mi‘;ztae”:a'
circui < - i
L3 WA ANdw W2 saturation
L Ts T
N g

| i

Fig. 1. Connection of the induction machine (IM) differential equations with models
of external devices in SIMULINK (u# — vector of phase voltages on current
sources, i — vector of phase currents controlling the current sources, ® — angular

speed of the machine shaft, 7, — electromagnetic torque of IM)

Rys. 1. Polaczenie réwnan rézniczkowych maszyny indukcyjnej (IM) z modelami
zewngtrznych urzadzen w SIMULINKU (# — wektor napi¢¢ panujacych na
zrédtach pradu, i — wektor pradéow fazowych sterujacych zrodtami pradu,

o — predkos¢ katowa wirnika, 7, — moment elektromagnetyczny IM)

The simplest circuit models of induction machines incorporating magnetic saturation in
the degree comprising only main phenomena can be divided into three groups:
1) models based on the machine equations developed for monoharmonic field where the
main inductance becomes an artificial function of the magnetising current,
2) models developed for the air-gap permeance function expressed as the Fourier series
dependent on the magnetising current,
3) models, where magnetic saturation depends on all machine currents.
The first group comprises models where derivatives of flux vectors give so called static and
dynamic main inductances and effects of so called cross saturation, e. g. [1-8, 23, 25]. Such
an approach is justified for the models described in the reference system x-y rotating with the
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speed of any machine vector, e. g. the vector of magnetising current, since, this is in fact the
DC machine. Models of the second group are based on the assumption that the fundamental
harmonic of magnetic field changes seemingly the air gap of the machine from smooth to
salient increasing artificially the air-gap length in places where the field crosses from the
stator to the rotor [12, 13]. Such an approach allows for extension of the monoharmonic
model with the effect of third harmonic of the magnetic field. The varying air-gap was
also used to formulate the multi-harmonic model of the induction machine. The varying
permeance of the non-uniform air-gap was used to calculate winding inductances dependent
on the magnetising current using formulae presented in [14]. The permeance harmonics of
the Fourier series approximation depend on resulting MMF or on equivalent magnetising
current [11, 15, 16, 26]. For example the influence of slotting or rotor eccentricity can be
included into this model and additionally the influence of saturation on leakage inductances
[18]. However, neglecting higher harmonics the model assumes the simplest form as for the
first group. The circuit models from the third group, presenting the most general approach
[10,17,19,20,24,27], are based on expressions approximating winding fluxes dependent on
all machine currents utilising function of magnetic co-energy. To obtain useful mathematical
models the magnetising current was also used in this method.

In this paper the machine model descends from the second group. The first attempt to
connect it with models of external devices was published in [26] for SPICE family programs.
All terminals of the stator winding were there available to connect with models of static
converters or other supply systems. Other approach was presented in [22], though that model
also allows for magnetic non-linearity modelling and has three stator terminals for connection
with a supply system model. However, modelling in SIPCE has some disadvantages appearing
in difficult modelling of control system comprising digital subsystems, observers, adaptive
controllers, etc. Adapting the machine model to MATLAB-SIMULINK gives the possibility
to overcome these limitations. Thus, this is the main subject of this paper.

2. Mathematical description of the induction machine

The voltage equations of an induction machine take the known form in natural components
for each winding and can be written using the matrix description:

u'] |R! Ll 4|
LH RiM ’ EM v

The superscript “I”” indicates that this is the beginning form before transformation to
symmetrical components or space vectors, where the superscript will be “II”. In the above:

Ul =[uy uy uW]T, Il =[iy iy iW]T — vectors of stator voltages and stator currents
respectively, I, =[i i, iy ...iy | —vector of rotor cage mesh currents, W) =[ v v, vy ]”
— vector of stator phase flux linkages, ‘Prl = [ Y Yo Yy Y N] T _ vector of rotor cage mesh

flux linkages, Ri — matrix of stator phase resistances, Rl — matrix of resistances of rotor
cage elements (bars and end segments).
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For the machine with a non-linear ferromagnetic core the flux linkages are non-linear
functions of all winding currents and the mutual position of these stator and rotor windings.
Thus, saturation of the magnetic core can be considered as a function of total MMF 6 [20]
produced by all the windings (for the stator 0_and for the rotor 0 ). The greatest influence has
the fundamental harmonic 0, of MMF. This part of MMF, producing the field having pole
pair number p, is a function of the angle x, calculated along the air gap of the machine cross
section, and the magnitude 0, [21]:

0,(x) =0,(x)+96,,(x)=6,, cos p(x—a.,) 2

The MMF magnitude can be equivalently substituted by the magnitude i of resulting
NWkW

np

N_ — number of stator winding turns, k — stator winding factor for fundamental harmonic.
The first maximum of MMF fundamental harmonic is in the place o . Hence, the permeance
appears as the response of exciting MMF described by (2). The field crosses the air gap in 2p
places. Thus, the permeance function can take the simplest description incorporating effect
of magnetic saturation and can be described by the Fourier series [11, 15, 16, 26]:

A=A, S AP coslup(r—a, )l A, —hefcle G)

fary o

magnetising current according to the relationship 0, =23 i,. The parameters:

In the above:

u,=4mn - 107 H/m,

R, — inside stator radius,

[ — equivalent length of the machine core,

O — air-gap equivalent length.

Thus, the inductances of the machine can be formulated using formulae presented in [14].

According to that, the MMF harmonics must satisfy the following relationship for their
orders v and p:

[vip|=p C))

These harmonic numbers belong to one set H determining accuracy of MMF approximation,
where: v € H denotes MMF harmonic order produced by winding “a”, p € H denotes MMF
harmonic order of winding “b” and |1 € H = {0,2}1s the harmonic order of permeance
function (3). For one winding “a” and “b” mean the same. For the model presented in this
paper the lowest possible set H = {1, 3} has been taken into account. The coefficient O = 1
indicates that equation (4) is satisfied. Otherwise Q = 0. Hence, the following threes of v, p,
w:(1,1,0),(1,1,2),(1,3,2),(3,1,2),(3,3,0) give Q= 1.

Transforming the set of equations (1) to the symmetrical components and next to the
reference frame x-y determined by the position o = po, of the magnetising current vector

by = g, + Jlyg = imej“ [11, 15, 16] the set of equations assumes the following form:

UII — RIIXII + Mll dinl + EIIUII (5)
t
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Fig. 2. Illustration for transformation from the stationary reference frame o—f to the rotating x—y
Rys. 2. Ilustracja przeksztalcenia ze stacjonarnego uktadu odniesienia o—f3 do uktadu wirujacego x—y

This transformation is explained in Fig. 2. Vectors of stator voltages and state variables:

T
1
I 0 1 (0) - . . T
U :{Euﬁ ),usx,usy,O, O} , X =[l§ ),lsx,lsy,lrz,ot] (6)
The magnetising current becomes the modulus in this reference frame:
iy, =lg +i., (7

1
The zero component of stator voltages u® = —=(uy; +uy +uy) and the zero component

SVE)
o _

. P .
of stator currents i —E(IU +iy +iy). Additionally: u , u - components of stator

voltage vector in the x-y reference frame, i , i, — components of the stator current vector
in the x—y reference frame, i , i = —i,, — X~y components of the rotor current vector. The
matrices of (5) are given below. They were formulated previously in [11, 16]:

_% R - 0
R, 0
R = R, . E'=pe 0
R —® "M, ,sin30— L/Grisy
~R/ 0 _—iﬁo) "M, cos3a— L i —L,i, ]
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The main features of the model depend on inductances involving influence of space
harmonics inherent with MMF and the harmonics excited with saturation. The formula
describing the harmonic inductance of this model is given below [14, 15]:

IV kP

V,p,u:‘\,ip‘ Q N2 wpr APu(l ) (8)

The magnetising inductance is givenby L =M, +M

Parameters of the permeance function were approximated in the following way [26]:

o
:L; 0<e<<l1
arctg(ail)+¢ )
A{)’":L; L ! L—1; k=1.5
ksat Kksat ksat

Coefficient a results from approximation of the machine magnetisation curve
Y = arctg(ail" )/arc tg(a).
Electromagnetic torque is given by general expression as a partial derivative of magnetic

co-energy versus rotor rotation angle. From this expression the most important part was taken
giving the simplified formula [16]:

T, =2p[L,iniy, + My, , i{ (i,, cos 30—, sin3a)] (10)

‘m*m‘sy

3. MATLAB - SIMULINK modelling

For computer modelling the set of differential equations describing the machine was
introduced into S-Function coded in MATLAB language. Connection between the model
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and the external circuit (Fig. 1) was made by transformation from the rotating x—y frame to
the 3-phase system using controlled current sources representing stator phase windings of the
machine. The SIMULINK model is presented in Figs. 3 and 4.

The current sources are controlled with the phase currents i , i , i,, calculated after solving

set (5) of differential equations:

: -
5 1 0
i 1 0 0o i@
) 201 13 0 , .
iy |=—=|= JE— —_— cosa —Sma || 1
S22 2 ) - (1)
i s o cosa 1
w 11 B Y
2 2 2 |
Discrete, |:|
Ts = 1e-006 s. ]
powergui Demux Mux
Currents
in "
A > U
o “1 i
O INA j B > \Y >
v i Motor W
c , » w P To Workspace
Three-Phase Source Ll t NN M
e 33
roun Ungc §<\ Nonlinear ASM
Neutral T UA[V]
A N - C \/
w, Te
. AT U
lPseudo Neutral| |€—— D
Point >
»l
Fyun vl i
[ @ 10°In [A] ! Votlages
Gain

Breaker

Fig. 3. Main system connecting the induction machine model with the external circuit
(here: Three-Phase Source) in SIMULINK

Rys. 3. Uktad gtéwny programu w Simulinku polgczenia maszyny indukcyjnej

z obwodem zewnetrznym (tutaj: trdjfazowym)

The position angle o is state variable. Values of the currents exit the S-function block by
vector i (Fig. 1) becoming the control signals for the current sources.

The “zero” current component i§°>

is calculated inside the S-Function block. From the

other side it can be measured in the external circuit similarly as in the actual system:
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i,
— by neutral current measurement for star connection 1(0) = T

— by measurement the phase currents for delta connection 1(0) =

| P
\/g(zu +iy +iy).

P Measurement

Current Source Shunt | Phase Voltage Input Voltage One T, Delay
Vector

Serieg RCL Branch 1 /
(V)
' > / 7
(I)U o > / 117
<«
1/z
— Y] mot_ASM3 177
t—— ’\/N—j_ uv »
Series RCL Branch 2
\2 S-Function
B
) *4)
@V u, ) NN
< Demux
\Y
VVA— uw
Series RCL Branch 3
W

iw S@
GEre—»— o= l———___ [ Current Controlled
w Y Sources

Fig. 4. SIMULINK model presenting the non-linear induction machine (Nonlinear
ASM from Fig. 3) with the set of differential equations in mot_ASM3
establishing S-Function

Rys. 4. Model maszyny indukcyjnej w Simulinku (Nonlinear ASM z rys. 3) z wewngtrznym
blokiem S-funkcji mot_ASM3 zawierajacym uktad rownan rézniczkowych

The voltage drops u,,, u,, u,, on these current sources are sent by vector u to the S-Function
block. Thus, the voltages for differential equations are calculated inside this block:

1
u, =5 0 cosa sina|ll -1 1w 12)
o 0 -sino cosal g % _ % Uy,

To avoid an algebraic loop in SIMULINK the discrete delay elements were introduced into
the model. Additionally the current sources must be shunted with resistors of relatively large
resistance, e.g. 100 k€. Such a measure protects the computer program against “numerical
checking” of the Kirchhoff’s current law. This speeds up computations.
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4. Results of simulation

To illustrate operation of the proposed modelling method the simulations of typical states
for the induction machine working as a motor were performed:
— free acceleration starting to the steady state at the star connection with the ground neutral
(Figs. 5 and 6) and without this neutral connection (Fig. 7),
— motor starting to the desired speed under scalar control for voltage source inverter supply
(VS]) (Figs. 8 and 9).
The mathematical model was formulated for the induction motor Sf112M4 (P, = 4 kW,
U =660 VY).

N(ph-ph)
The zero symmetrical current component z( ) and the phase current i, have typical shapes
for loaded and unloaded motors and can be compared to measurement results presented

in [16]. The deformation of the phase current from the sine shape can be explained rewriting
formula (11) in the following way:

iy . 5 cos(a+y) i
iy :Tis(‘” +Tis cos(a+y—2m/3) |==i, +| iy, (13)
iy 3 3 cos(a+v+2m/3) i1
a)
; Aﬁﬂﬂ O
ol /\ /\ /\ /\ J\ AN ,"uhi%\ AN AN \M\’ f\M\MN (A
v V \/ U V v ATV le NI \I‘W"W A%
-50
o [rad/s] TE [Nm]
150 -"J’" s';"
100 / :
sol [\ \ A S ———
\Jf
TV
0 0.05 0.1 0.15 0.2 0.25 0.3 035 s 0.4
b)
10 3 3
A i i
0 |
-5 » 5 ?
10 0.36 0.365 0.37 0.375 0.38 0.385 0.39 0.395 04 s

Fig. 5. Free acceleration starting of loaded induction motor (a) and steady state current
waveforms (b); winding connection: star with the ground neutral
Rys. 5. Rozruch bezposredni obcigzonego silnika indukcyjnego (a) i przebiegi ustalone pradow (b);
potaczenie uzwojenia stojana: gwiazda z przewodem neutralnym
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i, 100,

0 efrs [\j\f\vn Y|

,h'"rln'

o [rad/s] T, [Nm]

150
100

0.36 0.365 0.37 0375 038 0385 0.39 0.395 04 S

Fig. 6. Free acceleration starting of unloaded induction motor (a) and steady state current
waveforms (b); winding connection: star with the ground neutral
Rys. 6. Rozruch bezposredni nicobcigzonego silnika indukcyjnego (a) i przebiegi ustalone
pradow (b); potaczenie uzwojenia stojana: gwiazda z przewodem neutralnym

o [rad/s] T, [Nm]

-500
-1000

0.‘36 0.3v65 0.;'37 0.(I375 0.&38 0.3;85 0..39 0.395 O..4 S
Fig. 7. Free acceleration starting of loaded induction motor (a) and steady state voltage
waveforms (b); winding connection: star without the ground neutral
Rys. 7. Rozruch bezposredni obcigzonego silnika indukcyjnego (a) i przebiegi ustalone napig¢ (b);
potaczenie uzwojenia stojana: gwiazda bez przewodu neutralnego
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In equation (13) the modulus of stator current results from Fig. 2:

j i

. .2 2, _ lsx . : _

Iy =\l +55 cosy——i ; smy——i (14)
s s

T

L L 1 1 1

500 T T T

usz) | . 'l "|“ l I '
Vi ’l’l'l’t'b’i M I‘I‘|‘*‘t't" |'l'l r‘m'.'a' u’r M IWI "’l

500 1 1 1 1

o

80
rad/s

40

1 1 | I I
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 s 2

1 1 1 1

Fig. 8. Scalar controlled starting of the induction motor fed by PWM VSI

Rys. 8. Rozruch silnika indukcyjnego zasilanego przez falownik napigcia sterowany skalarnie
przy wymuszaniu napi¢cia metodg modulacji szerokosci impulsow (PWM)

The component is(o) has always the same position with respect to the air-gap field and

is in phase with phase voltages u , u,, u,,. The components i, i,,, i, are shifted in phase
with respect to these voltages depending on the motor loading that influences angle y. Angle
Y is increasing for greater loading. So, phase delay of i, i,,, i, with respect to the voltages
is decreasing. This causes sharpening the sinusoids of phase currents, presented in Fig. 5b,
for loaded motor and flattens them for no loading (Fig. 6b).
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Operation without the ground neutral gives typical shape of the measured neutral voltage
u_with respect to the supplying phase voltage u, and the voltage u,, induced in the phase
winding. In practice this voltage is distorted additionally by the machine slotting [16].
However, the machine model presented here does not give this effect. The zero symmetrical

component of voltages in Fig. 7 descends from u_according to the relationship ugO) =3 u,.

To show the influence of non-sinusoidal supply the controlled starting of the motor fed
by a voltage source inverter (VSI) under scalar control was simulated. There was used the
library model of inverter offered by Sim-Power-Systems and its triggering was taken from
demo programs. Phase voltages and the zero symmetrical component were filtered with a low

pass RC filter of time constant 1 ms. Obtained waveforms u,, and u® are shown in Figs. 8
and 9. The frequency of PWM carrier was 1 kHz. Non-sinusoidal supply caused by the VSI

influences the zero component u§°> with the frequency of carrier in a lower degree than phase
voltages (Fig. 9). So, this symmetrical component can be used for a drive control [9].

5. Conclusions

The presented model of the induction motor is the simplest one comprising the
phenomenon of magnetic saturation and gives characteristic signals of current and voltage
zero symmetrical components. This model was implemented into MATLAB-SIMULINK
programming as the S-Function and connected via current controlled sources to the external
circuit (3-phase voltage source, inverter). The current sources representing the phase windings
in the circuit can be star and delta connected. Thus, this approach extends SIMULINK
range of application in spite of the library model of saturated induction motor offered by
the last version (2011) of MATLAB programming. There is the model available only as the
three wire box that can be rated to the first group of models mentioned in the introduction.

T T

Uyo

400

200

-200 A\
A\ nl
-400 ; :

1.92 1.94 1.96 1.98 S 2

0;
u)

o
>

Fig. 9. Steady state waveforms of filtered phase voltage and zero voltage
symmetrical component from Fig. 8

Rys. 9. Napigcie fazowe i skladowa zerowa napigcia na wyjsciu filtru dolnoprzepustowego
o takich samych parametrach dla obu przebiegdéw
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For example, sensitivity of MRAS methodology [28, 30] can be trained using the proposed
here model. There can be studied the influence of magnetic core non-linearity on accuracy
of determination of the rotor flux vector and, in result, the estimated motor speed.

The presented method for using S-Function can be applied to the mathematical models
of other electrical machines, models of sophisticated electromechanical converters and
other devices (not necessarily electrical). This is obvious that the model can be used for
induction generator modelling. One SIMULINK program can contain a few S-Functions.
The mechanical system can be modelled also as an S-Function or an electrical analogue
eventually utilising Sim Mechanics library.

Time of computations is relatively short for sinusoidal supply of the motor and
can acceptable even if MATLAB operates as an interpreter. However, for VSI supply
computations become long and burdensome. Then, only a compiler gives relatively short
times of computation comparable with SPICE family programs. An example for S-Function
listing in MATLAB language has been given in Appendix.
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Appendix

To create the S-function one can use the offered creator or write directly the program

listing in MATLAB, C or FORTRAN. The simplest form written directly in MATLAB
language has been shown below as a structure of file. To get more information about this
structure one can enter sfundemos at the MATLAB command line.
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function [sys,x0]=S fun name(t, x, u, flag, pl, p2,..., pN)

t - independent variable (time)

x - vector of state variables

u - vector of input variables

flag - parameter for S-function control

pl, p2,... pN - parameters generated in Matlab space as global
by initialising M-file

if abs(flag)==

)

§——————— Differential equations block (math. model in S-function) -------
% Calculation of wvariables and inputs

varl=... ; var2=... ;

Ul=u(l); U2=u(2); ... UK=u(K);

% Differential equations (functions of right side dx/dt=f)

derl=f1l(t, U1, U2,..., varl, var2,..., pl, pP2,...);

der2=f2(t, U1, U2,..., varl, var2,..., pl, pP2,...);

o0 0% o0 d° d° o° o

derl=fL(t, Ul, U2,..., varl, var2,... , pl, pP2,...);
sys=[derl; der2;...derL];

elseif flag==

F——— Output variables ----------
out2=£ff2(t, Ul, U2, x(1), x(2),...);

outM=ffM(t, x(1), x(2),...);
sys(:,1)=t;

sys(:,2)=out2;

sys (:,M)=outM;

elseif flag==

sys=[...

L % Number of continuous states

0 % Number of discrete states

M % Number of outputs for flag=3

K % Number of inputs (for vector u)

0 % Reserved for root finding. Must be zero.

1 % Direct feedthrough flag (l=yes, 0=no). The S-function

% has direct feedthrough if u is used during the flag=3 call

0 % Number of sample times. This is the number of rows in TS
117 % This parameter in sys is optional for continuous system
x0=[x10;x20;...;xL0]; % internal initial conditions

else

sys=[]; % must be empty

end

Parameters and initials for the above file can be calculated in initialising M-file, where
at the end of calculations appropriate figures can be made.



