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ON FRONTAL HEYTING ALGEBRAS

Abstract. A frontal operator in a Heyting algebra is an
expansive operator preserving finite meets which also satisfies the
equation 7(z) <y V (y — x). A frontal Heyting algebra is a pair
(H,T), where H is a Heyting algebra and 7 a frontal operator on
H. Frontal operators are always compatible, but not necessarily
new or implicit in the sense of Caicedo and Cignoli (An algebraic
approach to intuitionistic connectives. Journal of Symbolic Logic,
66, N°4 (2001), 1620-1636). Classical examples of new implicit
frontal operators are the functions v, (op. cit., Example 3.1), the
successor (op. cit., Example 5.2), and Gabbay’s operation (op.
cit., Example 5.3).

We study a Priestley duality for the category of frontal Heyting
algebras and in particular for the varieties of Heyting algebras
with each one of the implicit operations given as examples.

The topological approach of the compatibility of operators seems
to be important in the research of affin completeness of Heyt-
ing algebras with additional compatible operations. This problem
have also a logical point of view. In fact, we look for some com-
plete propositional intuitionistic calculus enriched with implicit
connectives.
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1. Introduction

We assume that the reader is familiar with the theory of Heyting alge-
bras (see [1]). If we considerer intuitionistic and intermediate propositional
calculus as logics with truth values in Heyting algebras, it is natural to
consider new connectives for these logics as operations in the algebras. For
example, it was considered in [6] the modalized Heyting calculus mHC),
which consists of an augmentation of the Heyting propositional calculus by
a modal operator. The algebraic models of mHC' are Heyting algebras with
a unary operator subject to additional identities. These identities must be
the algebraic counterpart of the axioms that the modal operator satisfies
on the logic.

A frontal Heyting algebra is an algebra (H,A,V,—,7,0,1) such that
(H,N,V,—,0,1) is a Heyting algebra and 7 is a unary operator satisfying
the following equations:

(f1) 7(x Ay) = 7(z) A 7(y),
(f2) » < 7(z),
(f3) 7(x) <yV(y — )

The operator 7 will be called frontal.

We write (H,7) for short. We say that a Heyting frontal algebra (H,7)
is a Heyting algebra with successor if the operator satisfies the additional
condition

(f4) 7(z) -z < =z.

The class of frontal Heyting algebras is denoted by fHA.

The class fHA can be seen as the category whose objects are frontal
Heyting algebras and whose morphisms are Heyting morphisms which pre-
serve the frontal operator; these maps are called frontal Heyting morphisms.

In [2] it was proved that for any map h : H — H in a Heyting algebra
H, h is a compatible function of H if and only if h(x Ay) Ay = h(x) Ay,
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for all ,y € H. For this reason we have that if (H, ) is a frontal Heyting
algebra then 7 is a compatible function of H, by (f1) and (f2).

A set E(h) of equations in the signature of Heyting algebras augmented
with the unary function symbol h will be said to define an implicit opera-
tion of Heyting algebras if for any Heyting algebra H there is at most one
function hy : H — H. Function A will be an implicit compatible opera-
tion provided all hy are compatible. In case that 7 be a frontal implicit
operation we call (H,7) a 7-Heyting algebra.

For each particular 7 we will note THA the full subcategory of fHA
whose objects are the 7-Heyting algebras.

In section 2 we give a sufficient condition for an operator to be frontal
and we study some examples of them: S, v and G (see [2]). Besides we prove
properties about these functions. In section 3 we extend Heyting duality
(see [10]) to the category fHA. In section 4 we give some applications of
the duality developed in section 3. First, we give a characterization for
subalgebras of a frontal Heyting algebra. Then we give an easy description
of the representation theory of Heyting algebras that admit any of the
operators given in section 2.

2. Frontal Heyting algebras

In this section we give a sufficient condition for an operator to be frontal
and we study some examples of them. Observe that for every Heyting
algebra H there exists a map 7 : H — H such that the algebra (H,7) is a
frontal Heyting algebra, i.e., the identity.

Proposition 2.1. Let H be a Heyting algebra and P: H x H — H a
map that satisfies the following conditions for every x,vy,z € H:

(a) z < P(z,y),

(b) P(z,y) <yV(y — =),

(c) P(xAy,z) = P(x,2) ANP(y,2),
(d) Ify > z then P(z,y) < P(x,2).

If - H— H given by 7(x) = min{y € H : P(x,y) <y} defines a function
T:H — H, then 7 is a frontal operator on H.
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Proof. By (a) we have that z < P(z,7(x)) < 7(x), so x < 7(z). By
(b) we have that P(z,y V (y — z)) <yV(y - 2)V(yV(y — z)) —
) =yV(y — z),s0o7(x) <yV(y — z). By (¢) P is monotone in
the first coordinate, so if z < w then P(z,7(w)) < P(w,7(w)) < 7(w).
By this reason 7(z) < 7(w). Being 7 monotone we have that 7(x A y) <
T(x)AT(y). On the other hand, the equations 7(z) < 7(zAy)VP(z, T(xAy))
and 7(y) < 7(x Ay) V P(y,7(z A y)) hold because by (d) we have that
P(z,aV P(z,a)) < aV P(z,a) and P(z,bV P(y,b)) < bV P(y,b), for every
a,b € H (in particular it holds for a = b = 7(z Ay)). Then taking A in both
members of these inequalities we have, using (¢), that 7(x)A7(y) < T7(xAy).
Therefore 7(x) A T(y) = 7(z A y). O

The system E(S) consisting of the following equations given in [2] (see
also [9]) defines an implicit compatible operation S of Heyting algebras:

(S1) = < S(x),
(82) S(z) <yV(y— ),
(S3) S(z) =z ==

Equivalently, S can be defined as the unary function

S(z)=min{y:y — z <y}

To prove that, recall that the following fact holds in any Heyting alge-
bra:

y—rx<ysy—z=zandz <y. (1)

We define the filter S, = {y € H : y — = < y} and suppose that S(z)
satisfies equations (S1), (S2) and (S3). By (S1) and (S3) we have that
S(z) € Sy. Let now y € S,. Then (52) implies that S(z) < yV(y — z) = v,
so S(x) = min S,. Conversely, let S(z) = min S,. As S(x) € S, by (1)
equations (S1) and (S3) hold. Note that (yV (y — z)) 2z <yV(y — x),
so S(z) <yV (y — z). Hence (S2) holds.

Lemma 2.2. Let H be a Heyting algebra such that the function S exists.
Then
Sz Ay) =S(x) AS(y),

for all x,y € H.
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Proof. It is a consequence of Proposition 2.1 and the fact that for S,
P(z,y) =y — = O

Proposition 2.3. The successor is also implicitly defined by equations

(f1), (f2), (f3) and (53).

Proof. It is a consequence of Lemma 2.2. O
Let H be a Heyting algebra. We write —x in place of z — 0.
The system E(+) consisting of the following equations given in [2] defines
an implicit compatible operation v of Heyting algebras:

(m) —(0) =0,
(v2) 7(0) < (2 V —a),
(33) 7(z) = 2 V~(0).
In an equivalent way, it is easy to prove that v can be defined as the
unary function
Y(z) =min{y: —~yVaz <y}

Proposition 2.4. Let H be a Heyting algebra.
Function ~ is also implicitly defined by equations (f1), (f2), (f3) and the
following additional equations:

(74) =(0) =0,
(95) () <2V y(0).

Proof. Straightforward. O
The system F(G) consisting of the following equations given in [7] de-
fines an implicit compatible function G of Heyting algebras

(G1) G(z) <yV(y — ),
(G2) = —y < G(z) — Gly),
(G3) = < G(a),

(G4) G(z) <~

(G5) G(z) - x < =~z — x.
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This function will be called Gabbay ‘s function. It is proven in [12] that
(G2) is a consequence of the other equations. In an equivalent way, G can
be defined as the unary function

G(z)=min{y: (y — ) AN~z < y}.
To prove this fact recall that in any Heyting algebra H,
(y—mao)A-z<ysy—z<-z—zandz <y (2)

Let Gy ={y € H: (y — x) A=~z < y}. Then by (2) we conclude that
G,={yeH:y—x<--x—uz x<y} Wesuppose that G exists. By
(G3) and (G5) we have that G(x) € G;. Let y € G,. Then by (G1) and
(G4) we conclude that G(z) < (yA——z)V((y — x)A——z) < (yA——z)Vy =
y, so G(z) = min G,. Conversely, let G(z) = min G,. Then (G1) and
(G5) follow from the fact that G(z) € G,. As -~z € G, we conclude that
(G4) holds. Asz <yV(y—z)and (yV(y — z)) -z < -z — x then
yV (y — ) € Gy, so (G1) holds.

Lemma 2.5. Let H be a Heyting algebra such that the function G
exists. Then
Gz Ny) = G(z) NGly),

for all x,y € H.

Proof. It is a consequence of Proposition 2.1 and the fact that for G,
P(z,y) = (y = x) A 7. O

Remark 2.6. Gabbay’s function is implicitly defined by equations
(f1), (f2), (f3), (G4) and (G5).

Proposition 2.7. Let H be a Heyting algebra.
Gabbay s function exists if and only if (H,G) is a frontal Heyting algebra
and G satifies the additional equation

Gx)—>z=—-x—2x (3)

Proof. Let G be the Gabbay “s function. By Lemma 2.5, G is a frontal
operator. By (G4) and (G5) we conclude that G(z) — = = =—x — .
Conversely, let G a frontal operator which satisfies (3). We only need to
prove (G4). We have that G(—-—x) — ——x = 1, so G(——z) < ——z. By
(f1) we have that G is monotone, so G(z) < G(——z) < ——a. O
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Since S, v and G do not exist in the Heyting algebra [0, 1], we get that
they are not terms in the vocabulary of Heyting algebras.

Caicedo and Cignoli prove in [2] the following facts: v and G are defin-
able in terms of S, since y(z) = 2 vV S(0) and G(z) = S(x) A =—z. S is not
definable from G or v. G and 7 are not mutually definable. However S is
definable from G and v as S(z) = vy(z) V G(z).

3. Representation theory

We recall that Heyting duality (see [8] or [10]) establishes a dual equiva-
lence between the category HA of Heyting algebras and homomorphisms of
Heyting algebras and the category HS of Heyting spaces and p-continuous
morphisms (called Heyting morphisms),

PF:HA S HS? : CU

For every Heyting algebra H, PF(H) denotes the set of prime filters of
H. For every (X, <) Heyting space, CU(X, <) denotes the set of clopen
upsets of (X,<). We have that ¢y(z) = {P € PF(H) : = € P} is
an isomorphism of Heyting algebras between H and CU(PF(H),C) and
Gx(z) ={U € CU(X,<) : x € U} is an isomorphism of Heyting spaces
between (X, <) and PF(CU(X, <), C). Both isomorphisms are natural.

In this section we extend Heyting duality to the category fHA and
we complete results given in [6] and [11] (section 5). We want to restrict
Heyting duality to the category fHA. A Rf-Heyting space is a triple (X, <
, R), where (X, <) is a Heyting space and R is a binary relation in X that
satisfies the following conditions:

(RF1) For every U € CU(X,<) holds that {z € X : R(z) C U} €
CU(X, <), where R(x) = {y € X : zRy};

(RF2) RC <;

(RF3) < CR.
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Here < is the strict order associated to the order <.

Morphisms of R f-Heyting spaces are functions ¢ : (X1, <, Ry) — (X2, <
, R2), where g : (X1,<) — (X3,<) is a morphism of Heyting spaces such

that for every U € CU(X2, <) and = € X; holds the following condition:
(C) Ri(z) g '(U) & Rag(x)) U

The category fSH consists of all Rf-Heyting spaces and morphisms of
R f-Heyting spaces.

If X is a poset, for every U C X we write U¢ to indicate the set
{r e X :2 ¢ U}. Let (X,<) be a Heyting space. For every U,V C X we
define the following subsets of X: | U = {z € X : & < u, for some u € U}
and U — V =[] (UNV]°. Let R be a binary relation in X. For every
U C X we define the following subset of X:

Tr(U)={x € X : R(x) CU}
We consider the following conditions, for every U,V € CU(X, <):
(Rf2) U C 75(U),
(Rf3) 7r(U) CVU((V —=U).

An easy computation proves that condition (RF2) is equivalent to con-
dition (Rf2), and that condition (RF'3) implies condition (Rf3).

We consider the contravariant functor CU : HS — HA resricted to
fHS.

We start with some preliminary lemmas.

Lemma 3.1. Let (X,<,R) be a Rf-space. Then (CU(X,<),C,7R) is
a frontal Heyting algebra.

Proof. The well definition of 7 is consequence of (RF1). Conditions
(Rf2) and (Rf3) give us the equations (f2) and (f3) respectively. Finally
(f1) is consequence of the definition of 75. O

Remark 3.2. Let g : (X1,<) — (X3,<) be a morphism of Heyting
spaces and (X1, <, Ry), (X2,<,Ry) Rf-Heyting spaces.
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Then ¢ is a Rf-morphism if and only if for every U € CU(X, <) we
have that
TR, (CU(9)(V)) = CU(g)(Tr, (U))

Indeed,

g satisfies the condition (C) <
{reX :Ri(z) Cg(U)} ={r € X:Ra(g9(x)) CU} &
{reX: Ri(z) CCUY)U)} = CUGI({y €Y : Roy) CU}) <

Tr, (CU(9)(U) = EU() (TR, (U))-

Lemma 3.3. Let g: (X1,<,R1) — (X2, <, Ra) be a morphism of Rf-
Heyting spaces. Then CU(g) : (CU(X2,<),7r,) — (CUW(X1,<),7r,) is a
frontal Heyting morphism.

Proof. It is a consequence of Remark 3.2. O

The previous two lemmas show that CU is a contravariant functor from
fHS to fHA. We now consider the contravariant functor P¥ : HA — HS
resricted to fHA.

Let H be a Heyting algebra and A C H. We will write F'(A) for the
filter generated by A and I(A) for the ideal generated by A.

Lemma 3.4. Let (H,T) be a frontal Heyting algebra and P € PF(H).
Then:

(a) 77Y(P) is a filter.
(b) 7(z) ¢ P & there exists Q € PF(H) such that 7~1(P) C Q and = ¢ Q.

Proof. (a) Straightforward.
(b) We suppose that 7(x) ¢ P, that is ¢ 7-'(P). Then by (a) and by
the Prime Filter Theorem, there is Q € PF(H) such that 7~1(P) C Q and
r ¢ Q. Conversely, let Q € PF(H) such that 771(P) C Q and = ¢ Q.
Then, x ¢ 7-1(P), so 7(z) ¢ P. O
Let (H,7) be a frontal Heyting algebra. We define in PF(H) the fol-
lowing binary relation:

(P,Q)e R, &7 Y(P)CQ
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Lemma 3.5. Let (H,7) be a frontal Heyting algebra. Then for every
x € H we have that

pu(T(x)) ={P € PF(H) : R-(P) C ¢ (x)}

Proof. We have that, R,(P) C ¢p(x) is equivalent to (77 (P
Q € pu (), and by definition of py, this is equivalent to (771 (P
z € Q). By Lemma 3.4 this last expression is equivalent to 7(z) € P.
Hence we conclude that R, (P) C pu(z) < P € op(7(z)). O

Lemma 3.6. Let (H,T) be a frontal Heyting algebra. Then (PF(H),C,
R;) is a Rf-space.

Proof. (RF1) Let U be a clopen upset in (PF(H), C), so thereisa € H
such that U = ¢y (a). By Lemma 3.5 condition (RF'1) holds.

(RF2) Let P € U and Q € R,(P). By this reason a € P and 7~ !(P) C
Q. By (f2) we have that 7(a) € P,soa € Q. Then Q € U, so R.(P) CU.
By this reason (Rf2) holds.

(RF3) Assume that (RF'3) does not hold. Then there exist P,Q €
PF(H) such that P C Q and 7-1(P) € Q. and hence we have that there
exist z,y € H such that 7(x) € P, x ¢ Q, y € P and y ¢ Q. Aplying (f3)
we have that y — = € @ and using that y € Q we conclude that z € Q, a
contradiction. O

Lemma 3.7. Let f : (Hy, 1) — (H2,72) be a frontal Heyting morphism.
Then PF(f) : (PF(H2),Q), Rr,) — ((PF(H1),<Q), Ry,) is a morphism of
Rf-Heyting spaces.

Proof. Let X; = PF(H;) and R, = R, for i = 1,2. We know that
emfen = CWPF(f)). Let U € CU(PF(Hy),C), so there is x € Hy
such that U = ¢g, (). By Lemma 3.5 we have that pp, (11(z)) = {P €
PF(Hy) : Ri(P) C U}. We have already shown that ¢, (71(x)) = 7r, (U).
So by hypothesis we conclude that

CUWPT(f)(Th, (U)) = (0r fomy ) (pmmi(2)) = om, fi(x) = oo f ().
(4)

Besides, by Lemma 3.5 we have that

TRy (CU(PT())(U)) = 7R, (01, f o, )om (2) = Trypm, f(2) =
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{P S iPS’F(];I2) : RT2(P) - @Hzf(x)} = PH, (T2f(x)) (5)

By (4) and (5) we conclude that
CU(PT(f)(Tr, (U)) = TR, (CU(PF(f))(U)) (6)
By (6) and Remark 3.2 (taking g = PF(f)) we have that CU(g) is a mor-
phism in fHS. O

Last two previous lemmas show that PF is a contravariant functor from
fHA to fHS. We will now see that these categories are dual equivalence to
each other.

Proposition 3.8. Let (X, <, R) be a Rf-Heyting space. Then there ex-
ists an isomorphism of Rf-Heyting spaces Gx : (X, <,R) — (PF(CU(X, <
), R:p,), given by

Gx(z)={U e CU(X,<) :z € U}.

Proof. We write Rp in place of R.,. For every clopen upset V in
PF(CU(X, <)) we have to prove that

R(z) CG{H(V) & Rp(Gx(z)) CV
(:>) Let P € RR(GX(Z')), SO

77 (G(z)) C P (7)
Then we have that
(7) & [U etz (G(x)) = U e Pl & [rg(U) € Gx(z) = U € P| &
[temr(U)=U€P]< [Rx)CU=UcecP]

But by hypothesis R(z) C G (V), so G (V) € P. As P € PF(CU(X, <))
there is y € X such that Gx(y) = P. As G (V) € Gx(y) we have that
ye G (V),s0Gx(y)=PeV.

(<) Let y € R(x). Our hypothesis is equivalent to the condition
Gy Rr(Gx(z)) € G{H(V). If we will prove that y € G Rr(Gx (7)) then
we would have that y € G}l(V), which is our aim. We observe that

(TNS G)_(lRR(Gx(:L')) < Gx(z)RrGx(y) & Tgl(Gx(ﬂj)) CGx(y) &
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U € 751 (Gx(2)) = U € Gx(y)] & [r(U) € Gx () = U € Gx(y)] &
[xeTr(U)=>yeU]< [Rx) CU=yecU]

Asy € R(x), by the previous observation we have that y € G' Rg(Gx (z)).
O

Proposition 3.9. Let (H, ) be a frontal Heyting algebra. Then there is
a frontal Heyting isomorphism ¢p : (H,7) — (CW(PF(H),C), TR, ), given
by
ep(h) ={P € PF(H) : h € P}.
Proof. It follows from Lemma 3.5 a
Since both fHA and fHS are subcategories of HA and HS and CU and
PF are the restriction to the former categories of an adjoint pair between

HA and HSP, the following Theorem follows from Propositions 3.8 and
3.9.

Theorem 3.10. Functors CU and PF establish a dual equivalence be-
tween the categories fHA and fHS.

4. Applications of the duality

In this section we give some applications of the duality developed in section
3.

Let (H,T) be a frontal Heyting algebra. We say that M C H is a
subalgebra of (H,7) if M is a Heyting subalgebra of H and for each x €
M, 7(x) € H; i.e., a subalgebra in the category fHA. We characterize
the relations associated with the subalgebras of a Heyting frontal algebra
(H, 7). This result is based on the duality given in [3] and [5]. We also give
easy descriptions of the representation theories of Heyting algebras that
admit each of the operators studied in section 2.

4.1 Subalgebras

Let L be a bounded distributive lattice and M a sublattice of L. We define
the binary relation

Ry = {(P,Q) € PF(L) x PF(L): QN M C P}
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For each binary relation R in PF(L) we define the subset of clopen upsets
of PF(L)
Mg = {U € CU(PF(L),C) : R-Y(U) C U}.
It was shown in [5] that Mp is a bounded sublattice of CU(PF(L), C)

and that the relation R) is reflexive, transitive and when X = PF(L) it
verifies that

(1) 1If for P,Q € PF(L) such that (P,Q) ¢ Ry there exists U € Mg such
that P € U and @ ¢ U then (Gx(P),Gx(Q)) ¢ Rup-

It was also shown that the correspondence M —— Rj; establishes an
anti-isomorphism between the lattice of bounded sublattices of a bounded
distributive lattice L and the lattice of binary relations defined in the Priest-
ley space PF(L) whose are reflexive, transitive and satisfies the condition

(0)-
Let X be a set, R1 and Ry binary relations in X. We define the binary
relation R = R; o Ry in the following way:

(z,y) € R< there exists z € X such that (z,z) € Ry and (z,y) € Rs.

For any Heyting algebra H we write Hy for underlying bounded dis-
tributive lattice. Let (H,7) be a frontal Heyting algebra and R, Rps~ the
binary relations given by

Ry ={(I,J) : (I¢,J°) € PF(H) x PF(H) and J C 7~ (1)},
Rye = {(I,J) : (I¢,J) € PF(HL) x PF(H) and JNM C I}
We observe that PF(H) = PF(Hy).

Lemma 4.1. Let (H,T) a frontal Heyting algebra and M a subalgebra
Of H L-
The following conditions are equivalent:

(i) Ry oR; C R-o R/
(ii) RM* o RT* g RT* (o) RM*

Proof. ((i) = (ii)) Let (I,J) € Ry« o Ry». Then there exists K¢ €
PF(H) such that K "M C I and J C 77(K). Thus I°N M C K¢ and
=1 (K°¢) C J° Then (I°,K¢) € Ry} and (K¢, J°) € R,, so (I¢,J¢) € Ry, o
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R.. Then by hypothesis there exists P € PF(H) such that (I¢,P) € R,
and (P, J°) € Ry}, so 771(I°) € P and PN M C J° Therefore we have
that P¢ C 7= 4(I) and JN M C P. Thus (I,J) € R« o R},

((i7) = (i)) Let (P,Q) € Ry} o R;, so there exists Z € PF(H) such that
PNM C Zand 775Z) C Q. Then Z°NM C P®and Q¢ C 7—(Z¢). Thus
(P, Q°) € Ry o Ry+, so by hypothesis there exists K¢ € PF(H) such that
K Cr 4P and QN M C K. Then 771(P) C K¢ and KN M C @, so
(P,Q) € R, o R}/. O

For any bounded distributive lattice L we write L* for the lattice with
the same underlying set, but inverse order. We have the following result
for subalgebras of a frontal Heyting algebra,

Theorem 4.2. Let (H,T) be a frontal Heyting algebra and M a subal-
gebra of H.
Then the following conditions are equivalent:

(a) M is a subalgebra of (H,T)
(b) Ry} oR. C R; o R}/

Proof. On one hand we have that M is a sublattice of H;. Consider
the unary operator j : H; — Hj given by j(x) = 7(x). Since 7 is a frontal
operator, j preserves V and top in H}. Hence M is a subalgebra of (H7, j).
Then, by ([3], Theorem 13) and Lemma 4.1 we conclude (b).

On the other hand, since M is a subalgebra of H, it is a sublattice of
Hj,. Consider again the operator j. By Lemma 4.1 and ([3], Theorem 13)
we conclude that M is a subalgebra of (H7,j), and then it is a subalgebra
of (H,T). O

Let H be a Heyting algebra. We consider the following binary relation
in PF(H):

(P,Q) € Ry iffforall z, y € H,if x -y € P and x € Q, then y € Q.
The relation Ry is the relation of inclusion (Theorem 4.24 of [4]).

Corolary 4.3. Let (H,T) be a frontal Heyting algebra. The correspon-
dence M —— Ry establishes an anti-isomorphism from the lattice of sub-
algebras of (H,T) and the lattice of binary relations defined in the Heyting
space PF(H) whose are reflexive, transitive, satisfies the condition (1) and
such that
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(1) Ry} oRy C Ry o (Ry} N Ry),
(2) Ry oR; CR.oR;/}.

Proof. Consequence of ([4], Corollary 7.2) and Theorem 4.2. O

4.2 Representation theory for S-Heyting algebras

Let (X, <) be a Heyting space and R a binary relation in X. We define the
following condition for every U € CU(X, <):

(RF4) If ¢ U then there exists y € U such that x <y and R(y) C U.

Condition (RF4) is equivalent to the condition 7r(U) — U C U for
every U € CU(X, <).
In this case we write Sg in place of 7.

The category SHS is that whose objects are R f-Heyting spaces (X, <
, R) that for every U € CU(X, <) satisfy the condition (RF4). Morphisms
are the same of the category fHS.

Theorem 4.4. There is a dual categorical equivalence between SHA
and SHS.

Proof. Consequence of Proposition 2.3 and Theorem 3.10. O
In what follows we will prove some results which will allow us to give
an easy description of the category SHS.

We will say that a Heyting space (X, <) is a S-Heyting space if for
every U € CU(X, <) the set U U (U€)ps is clopen, where (U),s is the set
of maximal elements in U¢. We observe that (X, <) is a S-Heyting space
if and only if is a Heyting space such that for every clopen downset V' the
set Vi is clopen.

Lemma 4.5. Let H be a Heyting algebra and V' a clopen downset in
(PF(H),C). Then V = (V).
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Proof. Let V be a downset. Then | (Vas) C V. Conversely, let P € V.
We have that V' = g (x)¢, for some 2 € H. We consider the set

Y={FecPFH):PCF, x¢F}.

By Zorn’s Lemma there exists an element () maximal in Y. This @ is also
maximal in V. O

Corolary 4.6. Let (X, <) be a Heyting space and V a clopen downset
in (X,<). Then V =] (V).

Lemma 4.7. Let (X, <) be a Heyting space. If there exists a binary
relation R in X that satisfies the conditions (RF2), (RF3) and (RF4) then
for every U € CU(X, <) it holds that Sgr(U) =U U (U) .

Proof. Let z € Sp(U), x € U¢ and = < y, with y € U¢. Suppose that
y % . Then there exists V € CU(X, <) such that y € V and = ¢ V. By
(Rf3) x € V. — U. However, as x < y with y € U° NV, we conclude that
x ¢ V — U, a contradiction. For this reason z € (U) ).

Conversely, let z € UU (U°)y. If z € U, by (Rf2) we have that
x € Sp(U). If x € (U)y, by (RF4) x ¢ Sp(U) — U. Therefore x <y
for some y € U® and R(y) C U. But as « € (U)ps results that x = y. So
R(xz) C U. We have proved the equality Sr(U) = U U (U°) . O

Proposition 4.8. Let (X, <) be a Heyting space. There exists a binary
relation R in X that satisfies the conditions (RF1), (RF2), (RF3) and
(RF4) if and only if (X, <) is a S-Heyting space.

Proof. (=) By (RF1) and Lemma 4.7 we conclude that U U (U€)ys is
clopen.
(<) We define the following binary relation R in X:

2Ry < (VW € CUX, <))z € VU (VO =y € V]

We will prove that R satisfies (RF'1), (RF2), (RF'3) and (RF4):

Let U € CUW(X,<), z € U and y € R(z). By definition of the relation
R we have that y € U and for this reason R(x) C U. So we get that (Rf2)
holds.

Suppose that there exists z,y € X such that z < y and that y ¢ R(z).
Then there exists U € CU(X, <) such that x € UU(U)p; and y ¢ U. Thus
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x ¢ U,sox e (Uy. However x < y and y ¢ U, a contradiction with the
maximality of z. Then (RF'3) holds.

Let U € CU(X, <) and = € U°. By Corolary 4.6 there exists y € (U°)
such that z < y. In particular x < y and y € U°. Besides R(y) C U.
Let z € R(y). Since y € (U)ps it holds that z € U. For this reason
x ¢ Spr(U) — U, and (RF4) follows.

By Lemma 4.7 we conclude that for every U € CU(X, <) we have that
Sr(U) = U U (U®) ;. By hypothesis results that Sg(U) is clopen and by
definition this set is an upset. So we have (RF'1). O

It follows from the proof of previous lemma that if (X, <, R) is an object
of SHS then for every U € CU(X, <), S(U) = Sr(U) = U U (U®)n and
also that if (X, <) is a S-Heyting space then S exists in CU(X, <) and it is
given by the formula

S(U) = U U (U

Let (X, <) and (Y, <) be S-Heyting spaces and ¢ : (X, <) — (¥, <) a
Heyting morphism. We will say that g is a S-Heyting morphism if for every
V downset in (Y, <)

9 V) =197 (V)

Proposition 4.9. Let g : (X,<) — (Y, <) be a Heyting morphism of
Heyting spaces. There are binary relations Ry and Re in X and Y respec-
tively such that the function g : (X, <,R1) — (Y, <, R2) is a morphism in
SHS if and only if g is a S-Heyting morphism.

Proof. It is a consequence of Remark 3.2, Proposition 4.8 and the
following fact: ¢ [{U U (U°)y] = ¢~ (U) U [¢g7H(U®)]a if and only if
lg~ (U)]r = g7 (U ml- O

Let SHg be the category whose objects are S-Heyting spaces and whose
morphisms are S-Heyting morphisms.

Theorem 4.10. There exists an isomorphism of categories between
SHS and SHg.

Proof. It is a consequence of Propositions 4.8 and 4.9. O
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4.3 Representation theory for 7-Heyting algebras

Let (X, <) be a Heyting space and R a binary relation in X. We define the
following conditions:

(Rv4) For every z € X there exists y € X such that z <y and R(y) = 0.
(Rv5) For every U € CU(X, <), if R(z) C U then R(z) =0 or z € U.

Conditions (Ry4) and (R7s) are respectively equivalent to the following
ones:

(i) —7r(0) = 0, for every z € X;
(i) 7r(U) C U UTg(0), for every U € CU(X, <).
In this case we write vg in place of 7g.

The category vSH is that whose objects are Rf-Heyting spaces (X, <
, R) that satisfy the conditions (Rvy4) and (R~s). Morphisms are the same
of the category fHS.

Theorem 4.11. There is a dual categorical equivalence between vHA
and YHS.

Proof. It is a consequence of Proposition 2.4 and Theorem 3.10. O
In the following we will prove some results which will allow us to give
an easy description of the category YHA.

We will say that a Heyting space (X, <) is a y-Heyting space if (X, <)
is a Heyting space and for every U € CU(X, <) the set U U Xy is clopen.
We observe that (X, <) is a y-Heyting space if and only if X/ is clopen.

Lemma 4.12. Let (X, <) be a Heyting space. If there exists a binary
relation R in X that satisfies the conditions (RF2), (RF3), (Rys) and
(Rys) then for every U € CU(X, <) we have that

yr(U) =U U Xyy.

Proof. Let A ={z € X : R(z) = 0}. Let z € A and y € X such that
z <y. We suppose that y £ . Then there exists V € CU(X, <) such that
y € Vand z € VC. So by (Rf3) we have that x € (| V) On the other
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hand x <y, where y € V, and then x €] V, a contradiction. We conclude
that z = y and therefore x € Xjy.

Conversely, let x € Xps. So by (Rvy4) there exists y € X such that
R(y) =0 and x <y, but as € Xy results that 2 = y, and then R(z) = 0.
We have proved that A = Xjs. By (Rf2) and (R7ys), for every U € CU(X, <
) we have that yr(U) = U U X ;. O

Proposition 4.13. Let (X, <) be a Heyting space. There exists a bi-
nary relation R in X such that satisfies the conditions (RF1), (RF2),
(RF'3), (Rv4) and (Rys) if and only if (X, <) is a y-Heyting space.

Proof. (=) By (RF1) and Lemma 4.12 we conclude that for every
U € CU(X, <) the set U U Xy is clopen.
(<) We define R in the following way:

2Ry < (VV e CU(X,<))[x e VU Xy =y € V]

We will prove that R satisfies (RF1), (RF2), (RF3), (Ry4) and (Ry5).

Same ideas as in the proof of Proposition 4.8 prove (RF'2) and (RF3).

In order to prove (Ryy4), take z € X. By Corolary 4.6, there exists
y € Xy such that z < y. Let us see that R(y) = (). Take z € R(y), then
y € (X UD), and hence, z € () which is a contradiction.

To prove (R~s), suppose that R(z) C U. If x ¢ U then = ¢ R(x) and
so x € Xps. We can then conclude that R(x) = ().

Finally, by Lemma 4.12 we have that for every U € CU(X, <), yr(U) =
UUX}s. Then yr(U) is clopen, and by definition an upset. Hence we have
(RF'1). O

As a consequence of previous proof, we have that if (X,<,R) is an
object of YHS then for every U € CU(X, <), v(U) = yr(U) = U U X,
and that if (X, <) is a y-Heyting space, 7 exists in CU(X, <) and it is given
by the formula

’Y(U) =UU XM.

Let (X, <) and (Y, <) be v-Heyting spaces and ¢ : (X, <) — (V,<) a
Heyting morphism. We will say that g is a y-Heyting morphism
Xy =9 (Ym)

Proposition 4.14. Let g : (X,<) — (Y, <) a Heyting morphism of
Heyting spaces.
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There are binary relations Ry y Ry in X and Y respectively such that the
function g : (X,<,Ry) — (Y, <, Ry) is a morphism in yHS if and only if
g is a y-Heyting morphism.

Proof. It is a consequence of Remark 3.2, Proposition 4.13 and the
following fact:
g U UYy] =g 1 (U)U Xy if and only if Xy = g~ (V). O
Let SH., be the category whose objects are v-Heyting spaces and whose
morphisms are y-Heyting morphisms.

Theorem 4.15. There exists an isomorphism of categories between
~HS and SH,.

Proof. It is a consequence of Propositions 4.13 and 4.14. O

4.4 Representation theory for G-Heyting algebras

Let (X, <) be a Heyting space and R a binary relation in X. We define the
following conditions:

(RG4) (VU e CUWX,<))[R(x) CU=Vy>xz JueU:y<u.

(RG5H) Ifx <y,y e Uand (Vy >z Ju € U : y < u) then there exists
z € U such that R(z) CU and x < z.

Conditions (RG4) and (RG5) are respectively equivalent to the follow-
ing ones:

(i) Tr(U) €=U, for every U € CU(X, <).
(ii) 7r(U) - U C ==U — U, for every U € CU(X, <).

In this case we write G in place of 7x.

The category GHS is that whose objects are Rf-Heyting spaces (X, <
, R) that satisfy conditions (RG4) and (RG5). Morphisms are the obvious
ones.

Theorem 4.16. There is a dual categorical equivalence between GHA
and GHS.
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Proof. It is a consequence of Remark 2.6 and Theorem 3.10. O
We now give some results that allow us to give an easy description of
the category GHS.

We say that (X, <) is a G-Heyting space if it is a Heyting space and for
every U € CU(X, <), the set UU[-=UN (U°)] is clopen. In an equivalent
way, (X, <) is a G-Heyting space if it is a Heyting space such that for every
U € CU(X, <) the set ==U N (U°)as is clopen.

Lemma 4.17. Let H be a Heyting algebra and (X, <) = (PF(H), Q).
Define in (X, <) the following binary relation:

PRQ < (VU € CUWX,<)[PeUU[--UN UM = Q € U]
For every P € PF(H) we have that R(P) # ().

Proof. For P € PF(H) we define the filter M = {y € H : =~y € P}
and then the filter FF = F(P U M). We have that 0 ¢ F. Suppose that
0 € F. Then, there are p € P and m € M such that p < —m, and
hence =m € P. Since m € M, we have that ——m € P and so 0 € P,
a contradiction, because P is prime. Then by the Prime Filter Theorem
there exists Q € PF(H) such that P C F C Q. Let U € CU(X, <) be such
that P € U U [-=U N (U)p]. In particular there exists x € H such that
wg(z) =U. Thus Q € U. We have then proved that R(P) # (. O

Corolary 4.18. Let (X, <) be a Heyting space and R the following
binary relation defined on X :

xRy < (VU € CU(X,<))[x e UU [--UN(U°) ] = y € U]
Then for every © € X we have that R(x) # 0.

Lemma 4.19. Let (X, <) be a Heyting space. If there exists a binary
relation R in X that satisfies (RF2), (RF3), (RG4) and (RG5) then for
every U € CU(X, <) we have that

Gr(U) =UU[-=UN UMl

Proof. Let U € CU(X, <), R(x) CU, z € U® and = < y, with y € U°.
Suppose that y £ x. Then there exists V € CU(X, <) such that y € V and
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x ¢ V. By (Rf3), x € V— U. However, since z < y with y € U° NV, we
conclude that x ¢ V' — U, a contradiction. Hence z € (U¢)pr. On the the
other hand, from (RG4) we conclude that z € -=U.

Conversely, take z € U U [--U N (U°)p]. If z € U, by (Rf2), we have
that © € Gr(U). If z € (U°)p N —=U we have by (RG5) that there exists
y € U¢ such that x < y and R(y) C U. Hence x =y and R(z) C U. O

Lemma 4.20. Let (X,<) be a Heyting space. There exists a binary
relation R in X that satisfies (RF1), (RF'2), (RF3), (RG4) and (RG5) if
and only if (X, <) is a G-Heyting space.

Proof. (=) By (RF1) and Lemma 4.19 we conclude that for every
U € CU(X, <) the set U U [-—=U N (U°)] is clopen.

(<) Define the following binary relation R in X:
2Ry < (VW e CUX,<))[x e VU [V N (V)y] =y e V]

We prove that R satisfies (RF1), (RF2), (RF3), (RF4) and (RG5).

Same ideas as in the proof of Proposition 4.8 prove (RF2) and (RF3).

In order to prove (RG4), take U € CU(X, <) and R(z) C U. Suppose
that © ¢ ——U. Then x €| (=U). Hence there exists y € =U such that
x < y. In particular, y ¢ U. By hypothesis, y ¢ R(z). Then, there exists
V € CU(X, <) such that x € VU [(-=V N (V) y] and y ¢ V. Since = < y,
we conclude that £ = y. Since y € ~U, xz € ~U.

On the other hand, by Corolary 4.18 there exists z € R(z). Hence, by
hypothesis, z € U. Since z € ~U and z € R(z), z € ~U. Then UN-U # 0,
a contradiction.

To prove (RG5) suppose that U € CU(X, <) and © ¢ =—U — U. Then
x < z for some z € ~=UNU*. By Corolary 4.6 there exists y € (U°) s such
that z < z < y. Let us see that R(y) C U. Take w € R(y). Since z < y,
y € 7=U N (U p. We conclude that w € U.

Finally, by Lemma 4.19 we have that for every U € CU(X, <), Gr(U) =
UU[-=UN(U®)p]. Using the hypothesis we conclude that Gr(U) is clopen.
It can be shown that Gr(U) is an upset. Thus, we have (RF'1). O

As a consequence of the proof of previous Lemma, we have that if
(X,<,R) is an object of GHS then for every U € CU(X, <), G(U) =
Gr(U) =UU[--U N (U] and that if (X, <) is a G-Heyting space we
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have that G exists in CU(X, <) and
GU)=UU[-=UNnU)nm)

Let (X, <) and (Y, <) be G-Heyting spaces and g : (X, <) — (Y, <)
a Heyting morphism. We will say that g is a G-Heyting morphism if for
every V downset in (Y, <)

g (V) NVl = g7 (VN [g (V)]

Proposition 4.21. Let g : (X, <) — (Y, <) Heyting morphism of Heyt-
ing spaces. There are binary ralations R1 and Ry in X and Y respectively
such that the function g : (X,<,R1) — (Y, <, Ra) is a morphism in GHS
if and only if g is a G-Heyting morphism.

Proof. It is a consequence of Remark 3.2, Proposition 4.20 and the
following fact:

g HUU(E=UN(U)M)] =g (U)U[g~ (==U) N [(g~ " (U)]m]
if and only if
g™ (U)m N g~ (==U) = g7 (U N ==

|

Let SH¢ be the category whose objects are G-Heyting spaces and whose
morphisms are G-Heyting morphisms.

Theorem 4.22. There exists an isomorphism of categories between
GHS and SH¢;.

Proof. It is a consequence of Propositions 4.20 and 4.21. O
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