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SOME RESULTS ON DIAGONAL-FREE
TWO-DIMENSIONAL CYLINDRIC
ALGEBRAS

A bstract Formulas for computing the number of Df,-
algebra structures that can be defined over B,,, where B,, is the
Boolean algebra with n atoms, as well as the fine spectrum of
Df, are obtained. Properties of the lattice of all subvarieties of
Df,, A(Df5), are exhibited. In particular, the poset Sifn(Df2)
is described.

1. Introduction and Preliminaries

Cylindric algebras were first introduced by A. Tarski in the 1940’s. As a
general reference we mention the fundamental work by Henkin, Monk and
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Tarski [5]. Following the notation introduced in [5], we shall denote by Df
the variety diagonal-free two—dimensional cylindric algebras, that is to say,
the variety of the Boolean algebras with two quantifiers which commute.
This variety has been widely studied, but little research has pursued to
investigate those problems inherent to finite algebras.

In [5, Part II Lemma 5.1.24 (p.188) and Theorem 5.1.7 (ii) (p.185)]
it is proved that Df; is generated by its finite members and Df; is not
locally finite. In [1], Bezhanishvili studied in depth the lattice A(Dfs) of
all subvarieties of Dfy and, among other things, he proved that despite the
fact that Dfs is not locally finite, every proper subvariety is.

One well-known fact about Dfs is that it is a discriminator variety. In
consequence,

(I) the concepts of an algebra being simple, subdirectly irreducible or
directly indecomposable are equivalent in Df5,

(IT) the finite algebras all have unique direct factorization into simple
algebras.

On the other hand, the fine spectrum fy of a variety V is the function
where fy(n) is the number of isomorphism types of algebras of power n in
V (see [8]). It is stated in [5, Part II p. 186] that fy(1) =1 for V = Df,

In what follows, we shall recall some known results about Dfy which
are useful for the understanding of the present work (see [1], [3] and, [5]).

We shall denote by B,, the Boolean algebra with n atoms and with A,
the set of its atoms. Recall that (B, 3;,32) is a Dfy-algebra if and only if
for all z € B it is verified

30 = 0,
r < Tz,
Ji(z AN Jyy) = Jix AJy, fori=1,2; and

Hlﬂzx = 3231$.

Every quantifier 3 defined on the Boolean algebra B,, induces a partition
P35 of the set A, of its atoms. It will be called partition associated to 3 and
it can be obtained in the following way: C' € P5 if and only if dx = Jy for
x,y € C. The following results will be used
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Proposition 1.1. (See [1], [3] or [5]) Let P1 and Pa be two partitions
of A, and 31, Jo their associated quantifiers. Then, the following conditions
are equivalent:

(i) (Bg,31,32) is a simple Dfy-algebra,
(ii) CND#0O for every C € Py and D € Ps.

This corresponds to the fact that a Dfy-algebra is simple of and only if
J13sx = 1 for all nonzero x.

Proposition 1.2. (See [3]) If a finite Dfy-algebra (A,31,32) is simple
and K; = 3;By for i = 1,2, then |II(Ky)| - |[II(K2)| < |[TII(A)|. Where
3By, = {Jix : v € By} and II(A) is the set of atoms of the Boolean algebra
A.

This paper is organised in two main sections. Section 2 is devoted to
some kind of problems related to finite algebras similar to the ones studied
in [3] and [7]. More precisely, we exhibit a formula to calculate the fine
spectrum of Dfy. In Section 3, we describe de poset Siy;,(Dfy) which
generates the lattice A(Dfy).

2. Df,-algebra structures over a finite Boolean algebra; fine
spectrum

Given the Boolean algebra B,, we are going to determine the number of
Df;-algebra structures that can be defined over B,,. We shall assume for
simplicity that if P = {Cy,...,Cy,} is a partition of Ay then |Ci| < --- <
|Cyn|. We shall denote by s(k) the number of all simple Df;-algebras with
k atoms. Then, from equation (3.3) of [3] we have that

k

s(k) =) > L(IC, .. [Cl).- (1)
m=1 P € Part(d, m)
P1={C1,..., Cm}

where
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Now, we shall denote by DFy(B,,) the set of all pairs of quantifiers
(31,32) defined on B,, which verifies that 332 = Jo3;.

Suppose that (31,32) € DF3(B,,) and let P; and P, be the partitions
of A, associated to J; and Jy respectively. We know that these parti-
tions determine, in turn, two new partitions which are {Uc}cep, and
{ma(C)}cep, respectively (see Lemma 3.18 of [3]).

Let’s make some remarks.

Remark 2.1. The sets

(i) {W:W = J F, for some C € P} and
FeUc
{W-w'= |J G, for some C € Py} are partitions of A,,.
Gema(C)
(ii) The above two partitions are equal. Furthermore, that is the partition
of A, associated to the quantifier 3 = dydy = Jod;.

From Remarks 2.1 we can assert that each pair (31,32) € DF2(B,)
has associated one, and only one, partition of A,, which we shall denote
byP(31,32). Converselly, it is easy to verify that every partition of A,, has
associated at least one pair (31,32) € DF2(B,,) and generally, more than
one.

We shall define an equivalence relation = on the set DF5(B,,) as follows:

(F1,32) = (F,3) if and only if P(31,32) = P(3},3),
and let’s consider the quotient set of DFy by = written DF3(B,,)/ =. Then

Lemma 2.2. The sets DF2(B,)/ = and Part(A,) have the same car-
dinality.

Proof. It is a direct consequence of the above discussion. O

Now let’s compute the cardinal of each equivalence class in DF2(B,,)/ =.
Let (3},3,) € DF2(B,,) and suppose that P(3},3,) = {U1,Us,...,U,}
with |U;| = ny, for every 1 < i < r. We shall denote by S(n) the set of all
finite simple Dfs-algebra with n atoms. Then the following assertion holds.
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Lemma 2.3. The sets (3),3,)= and ﬁ S(n;) have the same cardi-
nality. =

Proof. Let (31,32) € (3|,3,)=. Then, the function ¢ : (I},3)= —
H S(n;) which matches every pair (31,32) in (3,3)= with the Dfs-
algebra (B,,, 31, 32) is well defined. Furthermore, it is easy to verify that ¢
is one-to—one and onto. O

Now, we can specify a formula which allows us to compute the cardinal
we are looking for. Taking into account Lemmas 2.2 and 2.3 we have that:

[DF2(Bn)| = > (31, 32)=|

(31,32)=€DF2(Bn)/=

= > IIIsqcn

PePart(A,) CeP

= > IIsqon

PePart(A,) CEP

And from equation (1), |S(|C|)| = s(|C|) holds. Then,

DFBa) = Y, ] s(CD. (3)

PePart(Ay) CEP

Example 2.4. (i) [DF2(B1)| =1; |DF2(B2)| =

(ii)) Let Ag = {a1,a92,a3} and Py = As, P;1 = {{a1},{as,a3}}, Py =

Haz}, {ar, a3}, Ps = {{as},{a1,a2}} and Py = {{a1}, {az},{as}}.
Then, |D]:2(Bg)| = 19.

Therefore, there are only nineteen Dfy-algebra’s structures which can
be defined over the Boolean algebra Bs and it is possible to verify
that these algebras are: (B3, 3p,,3p,), for 0 < i < 4; (B3, 3p;, Ip,),
for 1 < j < 4; (Bs,3p,,3p,), (Bs,3p,,3p,) and (Bs,Ip,,Ip,), for
1 < 1 < 3 and (Bg,ﬂp4,3p4).

Now, we shall exhibit a formula for computing the fine spectrum of
Dfy(n) for n € N. Let A = (Bg,31,32) be a finite Dfy-algebra and let
= {Cy,...,Cp} and Py = {Dy,...,D;,} be the partitions associated
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to 31 and Jo respectively. With S we shall denote the symmetric group
of order k. Besides, we shall denote with F/(A) the family of all matrixs
associated to A in the following way.

Definition 2.5. F(A) = {(aij)nxm : there are permutations o € S,
and 7 € Sy, such that a;; = |[Cy;) N Dyl for 1 <i <n, 1 <i <m}

Besides, we shall denote by F((aij)nxm) the set
F((aij)nxm) = {(@o(i)yr(j))nxm : forall o € Sy and all 7 € Sy}

that is to say that F'((aij)nxm) is the set of all matrixs that are obtained
from (aij)nxm by interchanging rows and columns of it.

Remark 2.6. From Propositions 1.1 and 1.2 we know that, if A is

simple and (a;j)nxm € F(A) then, a;; > 0foralli,jand n-m < Y aj; =
i=1j
k.

Proposition 2.7. There exist oy € Sy, 70 € Sy, and an unique matric
(0ij)nxm € F'(A) such that:

(i) 70G) )
(i) If 7 <1 then >0 6ij < D" 8,
)

(iii) If > 0 0ij = Y iy 0ij, then there is T € {1,...,n} such that 6,; < §y
and for allo s, 1 < s <71, 55 = 0g.

61‘]‘ = |Cao(i) ND

Proof. It is a routine. O

Lemma 2.8. If A, B € Dfy are finite algebras then the following con-
ditions are equivalent:

(i) A and B are isomorphic algebras,
(ii) F(A) = F(B).

Proof. (i) = (ii): Since A ~ B we can assume that A = (B, 31, 32)
and B = (Bg,31,32) and if P; and P the partitions of Ay associated
to 3; and 3, for ¢ = 1,2, respectively, then we can assume that P; =
{C1,...,Cn}, Po ={D1,...,Dn}, Py ={C1,...,ClL} and P, = {Dj,...,
Dy, }. Let h: A — B an isomorphism, then for all Cj and D’ there are Cy
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and Djs such that fj, : Ay — Ay, verifies that f,(C]) = Cy, fo(D}) = Dy
and f;,(C; N D) = Cy N Djr. Therefore, |C; N D[ = |Cyy N Dy

(ii) = (i): If A and B are two finite Dfy-algebras such that F'(A) =
F(B) then we can assume that P; = {C1,...,Cy}, Po = {D1,...,Dn},
P ={C},...,Cl} and Py = {D},...,D,,} are the partitions of Aj asso-
ciated to the quantifiers. Then we, can find o € S,, and 7 € S, such that

|C; N Dj| = |Cy(iy N Dr(j)|- Therefore, we can define an one-to-one function
f from Ay onto Ay such that f can be extended to an isomorphism from A
to B. O
Let
My = {(@ij)nxm :n,m € Nyn-m < k;a;; > 0 for all 4, j;
n m
and Z Z a;j =k}
i=1 j

and consider the equivalence relation ~ defined over My, as follows,

(@ij)nxm ~ (bij)rxs if and only if F((aij)nxm) = F((bij)rxs) (4)

That is to say that (ai;j)nxm ~ (bij)rxs if and only if (b;;)r«s is obtained
from (a;j)nxm by interchaging a certain number of rows and columns.

Now, let us consider the quotient My / ~. It is clear, from what we have
seen so far, that the number of finite simple Dfs-algebras with k atoms up
to isomorphism is precisesly |My/ ~ |. We shall denote such number with
s*(k).

Then, taking into account (II) we have that the fine spectrum of Df;
for k finite is given by

SCEED DI | EX()} (5)

Example 2.9. s*(1) =1, s*(2) =3, s*(3) =5, s*(4) =10
() for,(1) =15 for,(2) = s7(1) - s7(1) +s7(2) = 4
(ii) fpg,(3) = s*(1) - s*(1) - s*(1) + s*(1) - s*(2) + s*(3) = 8.

Note that the algebras (Bg, 3730, 3731.), (Bg, 373“ 3731.), (Bg, 3731., 3734),
(B3, 3p,, Ip,) for 1 < i < 3 are isomorphic respectively.
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3. The lattice A(Df,)

In this section, we give a description of the poset Sif;,(Dfs). The tools
that we shall use here are both the characterization of the finite subdirectly
irreducible Dfs-algebras stated in [3] and the well-known results due to B.
Jénsson ([6]) and B. Davey ([2]).

Given a class K of algebras, let Si(K) and Si,(K) consist of pre-
cisely one algebra from each of the isomorphism classes of the subdirectly
irreducible algebras and finite subdirectly irreducible algebras respectively.
Besides, we shall denote by O(P) the lattice of down-sets (order-ideals) of
the poset P.

Let A = (Bg, 31, 32) be a (finite) Dfy-algebra and let Py = {C4,...,Cp}
and Py = {Dy,..., Dy} be the partitions associated to 3; and I, respec-
tively.

Lemma 3.1. The following conditions are equivalent:
(i) (Bg,3) is isomorphic to some subalgebra of (By,3'),

(i) there exists a partition {Ii,...,Ln} of {1,...,s} such that oy < &
whenever 1 <1 <m and t € I; where m,s,a;s,d;s € N.

Proof. (i) = (ii): Let (Bg,3), (Bx, ') be two finite monadic algebras
and P = {C},...,Cp} with |Cj| = a; for 1 <i <mand P’ ={Dy,...,Ds}
with |D;| = v; for 1 < j < s be the associated partitions of A, and A, to
3 and 7', respectively.

By standard duality facts (Bg,3) embeds into (Bg,3’) as a subalgebra
if and only if there exists a surjective map 7 : Ay — A, such that for each
j = 1...s there is some i, 1 < i < m with 7(D;) = C;. Given m, let
I; = {j : 7(D;j) = C;}. Then clearly, {I; : 1 < ¢ < m} is a partition of
{1,...,s} and 0; = |D;| > |C;| = o; whenever j € I;. Therefore, (ii) holds.

(ii) = (i): Take any j € {1,...s} and suppose that j € I; for some
(unique) 7 with 1 < ¢ < m. Since §; > «;, we may choose a surjection
;i Dj — C;. Now, m = U;:1 m; is a map with the required properties. O

In what follows we denote with F{,,

i )nxm the finite simple Dfs-algebra
A such that (aij)nxm € F'(A).

Lemma 3.2. The following conditions are equivalent:

(1) F(aij)nxm € S(F(bij)rxs)7
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(ii) there exists a partition {I;; : 1 <i <n,1 <j<m} of {1,...,7} x
{1,...,s} such that for alli (1 < i < m)and all j (1 < j < n),
aij < byy whenever (u,v) € I;j.

Proof. Let A = (By,31,32), B = (Bg,3},35) be two finite Dfs-
algebras, P, = {C1,...,C,} and Py = {Ds,...,D,,} the partitions of
A, associated to 3; and o respectively, P; = {C1,...,C.} and Py =
{Dj,...,D.} the partitions of Ay associated to 3| and 3, respectively. Let
Hij =CinDjforl <i<mnandl < j < m and let ng = C{ﬂD}
for 1 < i <rand1 < j < s. Suppose that N(A) = (aij)nxm and
N(B) = (bij)rxs

(i) = (ii): Let 7 : Ay — A, be a surjection and let I;; = {(u,v) :
n(H,,) = H;;}. It is clear that {I;; : 1 <i < n,1 < j < m} is a partition
of {1,...,7} x{1,...,s}.

(i) = (i): Let (u,v) € {1,...,7} x {1,...,s} such that (u,v) € I;;.
Sincenai%g by, we can choose an onto map m;; : H|, — H;;. Then,
m=J U mj is a function from Ay onto A,. O

i=1j=1

Remark 3.3. {U/L,;I;; : 1 < i < n} is a partition of {1,...,r},
{U Lij : 1 < j <m} is a partition of {1,...,s}.

The following Lemma will be useful in what follows.

Lemma 3.4. Let A = (By,31,32), B = (Bg,3),35) be two finite Dfy-
algebras, P = {C1,...,Cy} and Py = {D1,..., Dy} the partitions of
A, associated to 31 and g respectively, Py = {C},...,Cl} and Py =
{Dj,...,D.} the partitions of Ay associated to I} and 3 respectively.
Then, if h : By — By, is an arbitrary fucntion, the following conditions
are equivalent:

(i) h is a Dfy-epimorphism,

(ii) fn: Ay — Ay defined by fr(a) =0 iff h(b) = a, a € Ay and b € Ay
verifies that:

(a) f1, is one-to-one,

(b) for all C € Pi and all D € Py there are C' € P{ and D' € P,
such that (by) fr(C)=C", (ba) fn(D)= D'
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Proof. Since h is a Dfy-epimorphism, we have that, in particular, A
is a monadic epimorphism from (B, 3;) onto (By,3!) for i = 1,2. So, for
Lemma 3.1, condition (ii) (b) is fulfilled. On the other hand, if fj, : A, — Ay
verifies conditions (ii) (a) and (ii) (b) then, taking into acount Lemma 3.1,
we have that h is monadic epimorphism from (B,,3;) onto (Bj,3,) for
i = 1,2 and therefore a Df>-epimorphism. O

Remark 3.5. (i) Let A = (By,31,32), B = (By, 37, 35) be two finite
Df,-algebras as in the lemma just above. If A is an homomorphic
image of B then, ¢ <k, n <r and m < s.

(ii) If fn : Ay — Ay fulfilling conditions (ii) (a) and (ii) (b) of Lemma
3.4, then for all C' € P; and all D € Py we have that f,(C N D) =
f(€) 1 (D). Besides, [C] = [/(C)], D] = |fu(D)] and €' D| =
[fn(C) N (D).

Lemma 3.6. The following conditions are equivalent:

(1) F(aij)nxm € H(F(bij)rxs)7

(i) n=r, m=s and F((aij)nxm) = F((bij)rxs)

Proof. Let A = (By,31,32), B = (Bg,3;,35) be two simple finite
Dfy-algebras, P; = {C4,...,C,} and Py = {D,..., Dy} the partitions
of A, associated to 3; and Ty respectively, P; = {C1,...,C.} and Py =
{D},...,D.} the partitions of Ay associated to 3| and 3, respectively. Let
Hij =CinDjforl <i<mnandl < j < m and let Hlfj = C{ﬂD;»
for 1 < i <rand 1l < j < s. Suppose that N(A) = (ajj)nxm and
N(B) = (bij)rxs-

(i) = (ii): Let A be an homomorphic image of B and f : A; — Ay
fulfilling conditions (ii) (a) and (ii) (b) of Lemma 3.4. We know by Remark
3.5 (i) that n < r and suppose that n < r. Let o € S, such that f(C;) =
C’;(i) for all 1 < ¢ < n and that P; = {C(,,—(i) :1<i<r} Let Dj € Py
and D} € Py such that f(D;) = Dj. Since Pj is a partition Ay we can

T
assert that D} = z‘L=J1(C:7 @ N D%) and this is a disjoint union. Therefore,
T
|Dj| = 21 1Coy N D}l

1=
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n n
On the other hand, D; = |J(C; N D;) and |D;| = > |C; N Dj|. By
i=1

i=1

Remark 3.5 (ii), > |C;ND;| = > |C’;(i)ﬂD;~|. But ) |CiND;| = > | f(C:N
i=1 i=1 i=1 i=1

n n n T
Dj)l = 2 1 (C)NF(Dy)| = 2 |Co0NDjl = 2 1Co,NDjl+ >0 [Copn
i=1 i=1 i=1 i=n+1
T
DY|. Therefore, i:%l €Yy NDj| = 0. A contradiction since |C] ,,ND}| > 0.
Analogously it is shown that m = s and ¢ = k.
(ii) = (i): If A and B are two simple finite Dfy-algebras which verify

condition (ii) then is clear that A ~ B. O
Corollary 3.7. H(S(F(bij)TXS) = S(F(bij)m@)

Now, we are going to characterise the poset Sif;,(IDf2). Recall that
the order relation is given by A < B if and only if A € H(S(B)) for all
A,Be Slfm(DfQ)

oo
Let M = |J Mj and consider the equivalence relation ~ over M

k=1
defined as in eq. (4).

Now, we define on M/ ~ the order relation

(@ij)nxm = (bij)rxs if and only if (aij)nsxm and (bij)rxs

verify the condition Lemma 3.2 (ii)
Taking into account all what was stated above we can assert that:
Lemma 3.8. Sif;,(Df2) and (M/ ~, =) are isomorphic posets.

Let A be the finite simple Dfy-algebra such that (aij)nxm € F(A).
We shall represent the class of A in M/ ~ by the only matrix (6;;) € F'(A)
whose existence is guaranted by Proposition 2.7. The following is the Hasse
diagram of the lower part of (M/ ~, <).



14 MARTIN FIGALLO

|(4) [ ]

Finally, taking into account both Davey’s well-known results, and the
fact that every proper subvariety of Dfs is locally finite, we may assert
that:

Theorem 3.9. A(Dfsy) is a completely distributive lattice and is iso-
morphic to O((M/ ~,=<)).
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