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Abstract. In this paper, we place some left restrictions on derivations
in CD grammar systems with phrase-structure grammars, controlled by
the regular languages. The first restriction requires that every produc-
tion is always applied within the first k£ nonterminals in every sentential
form, for some k > 1. The second restriction says how many blocks of
non-terminals can be in each sentential form. The third restriction ex-
tends the second restriction and says how many blocks of non-terminals
with limited length can be in each sentential form. We demonstrate
that under these restrictions, the grammar systems generate different
families of languages. Indeed, under the first restriction, these systems
generate only context-free languages. Under the second restriction, even
one-component systems characterize the entire family of recursively enu-
merable languages. In the end, the family of languages generated by
grammar systems under the third restriction is equal to the family of
languages generated by programmed grammars with context-free rules
without e-rules of finite index.
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1. Introduction

The formal language theory has investigated various left restrictions placed
on derivations in grammars working in a context-free way. In ordinary
context-free grammars, these restrictions have no effect on the generative
power. In terms of regulated context-free grammars, the formal language the-
ory has introduced a broad variety of leftmost derivation restrictions, many of
which change their generative power (see [1, 2, 3,4, 5, 7,9, 10, 11, 12, 13, 14]).
In terms of grammars, working in a context-sensitive way, significantly fewer
left derivation restrictions have been discussed in the language theory. In-
directly, this theory has placed some restrictions on the productions so the
resulting grammars make only derivations in a left way (see [1, 2]). This
theory also directly restricted derivations in the strictly leftmost way so the
rewritten symbols are preceded only by terminals in the sentential form dur-
ing each derivation step (see [11]). In essence, all these restrictions result in
decreasing the generative power to the power of context-free grammars (see
page 198 in [16]). The present paper generalises the discussion of this topic
by investigating regularly controlled cooperating distributed (CD) grammar
systems (see chapter 4 in [16]) whose components are phrase-structure gram-
mars restricted in some new left ways.

More specifically, the first restriction requires that each production is al-
ways applied within the first £ nonterminals in every sentential form, for some
k > 1. The second restriction says how many blocks of non-terminals can be
in each sentential form. The third restriction extends the second restriction
and says how many blocks of non-terminals with limited length can be in
each sentential form. As already stated, we investigate these restrictions in
terms of CD grammar systems which are controlled by regular languages and
whose components are phrase-structure grammars. Without these restric-
tions, these systems generate the family of recursively enumerable languages.
We demonstrate that under these restrictions, the grammar systems gener-
ate different families of languages. Indeed, under the first restriction, these
systems generate only the family of context-free languages. Under the sec-
ond restriction, even one-component versions of these systems generate the
entire family of recursively enumerable languages. In the end, the family
of languages generated by grammars systems under the third restriction is
equal to the family of languages generated by programmed grammars with
context-free rules without e-rules of finite index.
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2. Preliminaries

In this paper, we assume that the reader is familiar with the formal
language theory (see [15]). For a set, @, |@| denotes the cardinality of Q). For
an alphabet, V', V* represents the free monoid generated by V. The identity
of V* is denoted by e. Set VT = V* — {e}; algebraically, V' is thus the free
semigroup generated by V. For w € V*, |w| denotes the length of w, w®
denotes the mirror image of w, alph(w) = {a1,...,a, €V : w=aj...a,},
sub(w) denotes the set of all substrings of w, and suf(w) denotes the set
of all suffixes of w. For A C V* let suf(A) = {w € suf(vw’) : w' € A}
Analogously for a set of prefixes, we define pref(w) and pref(A). For W C V|
occur(w, W) denotes the number of occurrences of symbols from W in w.

A finite automaton is a quintuple M = (Q, X, §, qo, F'), where @ is a finite
set of states, ¥ is an alphabet, gy € @ is the initial state, § is a finite set
of rules of the form ga — p, where p,q € Q and a € X U {e}, FF C Q is
a set of final states. A configuration of M is any word from QX*. For any
configuration gay, where ¢ € Q, y € ¥*, a € ¥ U {e} and any qa — p € 4,
M makes a move from configuration gay to configuration py according to
ga — p, written as gay = py [ga — p|, or, simply, qay = py. If z,y € QX*
and m > 0, then x =™ y if there exists a sequence xg = 1 = - - = Tm,
where g = x and z,, = y. Then, we say x =T y if there exists m > 0 such
that x =™ y, and 2 =* yif z =y or x =T y. If w € ¥* and qouw =* f,
where f € F, then w is accepted by M, and qow =* f is an acceptance of w
in M. The language of M is defined as L(M) = {w € ¥* : gow =* f is an
acceptance of w}. Let REG denote the family of regular languages.

A pushdown automaton is a septuple M = (Q, 3, Q, 0, qo, Zo, F'), where
@ is a finite set of states, ¥ is an alphabet, gy € @ is the initial state, 2 is
a pushdown alphabet, d is a finite set of rules of the form Zga — ~vp, where
P,qE R, ZeN acXU{e}l,ve QY F CQ is a set of final states, and
Zy € §2is the initial pushdown symbol. A configuration of M is any word from
Q*QX*. For any configuration zAqgay, where x € Q*, y € ¥*, ¢ € @), and any
Aga — yp € §, M makes a move from configuration xAqay to configuration
xypy according to Aga — ~yp, written as zAqay = zypy [Aga — ~yp], or,
simply, xAqay = zypy. If x,y € Q*QX* and m > 0, then z =" y if there
exists a sequence xg = x1 = -+ = T,,, where x9 = x and z,,, = y. Then,
we say x =1 y if there exists m > 0 such that x =™ y, and x =* yif x =y
orx =1 y. If we X* and Zggow =* f, where f € F, then w is accepted
by M, and Zpgow =" f is an acceptance of w in M. The language of M is
defined as L(M) = {w € ¥* : Zpgow =" f is an acceptance of w}. Let CF
denote the family of context-free languages and C'F' — ¢ denote the family of
languages generated by context-free grammars without e-rules.
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A phrase structure grammar is a quadruple G = (N, T, S, P), where N
and T are alphabets such that NNT = (), S € N, and P is a finite set
of productions of the form o — 3, where « € N* and f € (NUT)". If
a— € P,u=xpaxi, and v = 2oz, where zg,z1 € V*, then u = v [ —
A] in G or, simply, v = v. Let =T and =* denote the transitive closure of
= and the transitive-reflexive closure of =, respectively. The language of G
is denoted by £(G) and defined as L(G) = {w € T* : S =* w}. Let RE
denote the family of recursively enumerable languages.

A programmed grammar (see [6]) is a septuple G = (N, T, S, P, A, 0, ¢),
where N and T are alphabets such that NNT = (0, S € N, P is a finite
set of productions of the form o — 3 and A is a finite s et of labels for
the productions in P. A can be interpreted as a function which outputs
a production when being given a label. ¢ and ¢ are functions from A into
the 28, For (x,71), (y,72) € V* x A and A(r1) = (o — B), we write (z,71) =
(y,re) iff either x = xjaxe, y = z1Px2 and ry € o(r1), or z = y, and rule
«a — f3 is not applicable to x, and r9 € ¢(r1). Let = T and = * denote the
transitive closure of = and the transitive-reflexive closure of =, respectively.
The language of G is denoted by L£(G) and defined as £L(G) = {w € T* :
(S,7r1) =* (w,re), for some ri,re € A}. Let P(CF,ac) denote the family of
languages generated by programmed grammars containing only context-free
rules. If ¢(r) = () for each 7 € A, we are led to the family P(CF).

Let G be a programmed grammar. For a derivation D : S= w; = wo
= ...=>w, =w, we T of G, ind(D,G) = max{|wi|n : 1 <1i < n},
and for w € T*, ind(w, G) = min{ind(D,G) : D is a derivation of w in G}.
The indez of G is ind(G) = sup{ind(w,G) : w € L(G)}. For a language L
in the family P(X) of languages generated by programmed grammars with
productions of type X, indx(L) = inf{ind(G) : L(G) = L and G has
productions of type X}. For a family P(X), P,(X) ={L : L € P(X) and
indx (L) <n for n > 1} (see [6]).

3. Definitions

Now, we define the three derivation restrictions discussed in this paper.
Let G = (N, T, S, P) be a phrase structure grammar. Let V = N UT be the
total alphabet of G.
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3.1. First restriction

Let I > 1. If there is @« — 8 € P, u = xgax1, and v = xgfx1, where
xg € T*N*, x1 € V*, and occur(zoa, N) < [, then u ;&= v [@ — f] in G or,
simply, u ;o= v. Let l<>:>k denote the k-fold product of ;¢=, where k£ > 0.
Furthermore, let ;o=* denote the transitive-reflexive closure of ;o=-.

3.2. Second and third restrictions

Let m,h > 1. W(m) denotes the set of all strings x € V* satisfying 1
given next. W(m,h) denotes the set of all strings = € V* satisfying 1 and 2.

1. z € (T*N*)"T*,
2. (y € sub(z) and |y| > h) implies alph(y) N T # 0.

Let u € VXNTV* v € V*and u = v. u o= v if u,v € W(m,h), and
u 0= v if u,v € W(m). Let le=F and ,,c=F denote the k-fold product of
JNo= and ,,,0=, respectively, where k > 0. Furthermore, let fo=* and ,,o=*
denote the transitive-reflexive closure of 7Zo:> and ,, 0=, respectively.

3.3. Cooperating distributed grammar system

A cooperating distributed grammar system (a CD grammar system for
short) is an (n+3)-tuple I' = (N, T, S, Py, ..., P,), where N, T are alphabets
such that NNT =0,V =NUT,S €N, and G; = (N, T,S,P;),1 <i<n,
is a phrase structure grammar.

Let u € VXNTV* v € V* k > 0. Then, we write u l<z:>'f3i v, U n};o:#}l
v, and u mojﬁ;i v to denote that wu loik v, U T}}Lo:>k v, and u mo:>k v,
respectively, was performed by P;. Analogously, we write u 1=p, U, U /,;o:ﬁ;l
U, U 0= U, U l<>=>£_ v, U mho:ﬁSZ v, and u mo:>;i .

Moreover, we write u l°:>tPi v if u l@j% v and there is no w such that
v 0= p w. Analogously, we write u o=%, v and u 0=, v.

For a CD grammar system I' = (N, T, S, Py, ..., P,) and a controll lan-
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guage L, we set

L) = {weT*: 8 =h w (=, 1, Wy =W,
p>11<i;<n1<j<p,iriz...ip € L}
L ho .t ho .t ho .t
NLY(T,m,h) = {weT": S mo=>p, wi MO Py, - mO R, Wp = W,
p>1,1<4;<n,1<j<p,iyig...ip € L}
L ¢ ¢ ¢
NLY(Tym) = {weT": S m=p, w1 MO Py, - mCF P, Wp = W,

le,lSijén,lngp, leglPEL}

Let GSs denote the family of all CD grammar systems. Let I,m, h > 1.
Define the following language families:

|GSREG — £2L(T) : T € GSs, L € REG},

NGSREG (m, h) = {NLE(T,m,h) : T € GSs, L € REG},
NGSREG (;m) = {\LE(T,m) : T € GSs, L € REG}.

4. Results

This section proves the main results of this paper:
1. CF = GSREG,

2. RE = yGSREG (1),

3. P,,(CF — ¢) = NGSREG (m, h).

First, we show that for any language L from ;GSREG there exists a push-
down automaton M, such that L = £(M) and for every pushdown automaton
M’ language £(M') is in |GSREG, That is CF = GSREG,

LEMMA 1. For every CD grammar system I' = (N, T,S,Py,...,P,),
every finite automaton M and every | > 1, there is a pushdown automaton
M, such that L(M) = ,LEM)(D).

PROOF OF LEMMA 1. Let T' = (N, T, S, Py,...,P,), M = (Q,%, 9, 50, F),
I > 1 and Niepi(P) = {a |@ = p € P}. Consider the following pushdown
automaton M = ({so, f} U{[y,s,5,71] : v € N* |v| < l,s € {q,r,e},5 €
Q,i € {1,...,n}},T, TUNU{Z},6,50,Z,{f}), where Z ¢ TUN and §
contains rules of the following forms:
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1. so—[5, ¢ S0,1] ie{l,...,n}
2. [v,4,8,4 = (), 5,1 if y e N*, |y| <Ist. yo=p
3. alg,r s, ila— [, s, 1] ie{l,...,n}
4.  Zle,r 8,1 — f if si — s’ € § for some s’ € F
5. AlAy... A, 18,0 — [Ar.. AJA rs,d] if A€ Nyo<l
6. [A1... A, s,4 — [A1... A e, 8,1 ie{l,...,n}
7. alA1...Ap 18,0 —alAr... Aye s, ifo<liaeT
8. Z[Ai... Ao, 18,0 = Z[A1... Ao, e,5,1] ifo <
9. [v,es,i = [v,q8,7] if sub(y) N Niege(P;) = 0,
si—s €6
i'e{l,...,n}
10.  [v,e, 8,9 = [7,49,s,1] if sub(y) N Niege (P;) # 0

We prove that L(M) = 1£§(M) (I).

(C:) First, we prove the following claim.

Cramm A. If Z6%[y,q,s,i1]Jw =* f in M, then ~§ l@}il w1y l0:>§’¢2
wy. .. loﬁ'}ﬁ_p wp =w, p>0inT and i;...4, € suf(L(M)).

Proor orF CLAIM A. By induction on the number of rules constructed
in 2 used in a sequence of moves.

Basis: Only one rule constructed in 2 is used. Then,
Z(SR[V? q,S, Zo]w = Z(’ylé)R[‘sv s, ZO]w :>h/6‘ Z[&, r, s, 7’0] = fv

where v = yoam1, ¥ = Y07, « = B € Py, v € NT,4'§ € T*. Therefore,
Yo =7 =¢,v'd=w. Then,

75 l<>:>Pio w.

By a rule constructed in 4 ig € suf(L£(M)) and the basis holds.

Induction hypothesis: Suppose that the claim holds for all sequences of moves
containing no more than j rules constructed in 2.

Induction step: Consider a sequence of moves containing j + 1 rules con-
structed in 2:
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Z(SR[Fya q,S, ZO]w

Z(v'6) e, r, s, iglw by a prod. constructed in 2)

*

5’)R[5, 7, 8, i]w’ by prod. constructed in 3)

*

(
(
5”)R[fy”, 7, 8, dolw’ (by prod. constructed in 5)
(by a prod. constructed in 6, 7 or 8)
(

(
(
(8") ", e, 5, ioJw’
(8", q, s, i’ by a prod. constructed in 9 or 10)

*

A R
= N NN N

where v = yayi, v = by, @« = B € Py, &' € NV*U{e}, v € T¥,
vé = vd, vw = w, § = 4", either si — s’ or s = s, and one of the
following holds:

e 7| =1,or
o |¥'|<landd” € TV*U{e}.
Then, by the rule oo — £,
Y010 &= p, 08719,
where |[yoay1| <1, v8710 = vd’ = vy”6” and, by the induction hypothesis,
vy"8" l<>:>'}3i1 vwy l<>:>§3i2 vwy ... l<>:>'}3ip vw, = vw and
i1 .. .ip € suf(L(M)),

where p > 0.
If a rule constructed in 9 was used, yyay19 l<>=>tpi0 Y0B710 is a t-mode

derivation, igiqiz .. .1, € suf(L(M)) and the claim holds.
If a rule constructed in 10 was used, ig = i1, Yoy10 loitpil vwi, i1i ... iy €

suf(L(M)) and the claim holds. 0

Let Zsgw = Z[S, q, $0,41]w, by a rule constructed in 1. By the previous

claim, Z[S, q, $o,i1]w =* f implies S l<>:>1§3,1 w1 l<>:>§3_2 wy... = w, =
_ 7 K3 lp

w,p>0inT and iy...7, € suf(L(M)). 0

(2:) First, we prove the following claim.

Cramm B. If mpzg l<>:>§ji1 w1 l<>:>’igi2 wy . .. loﬁ}ip wp = w in I', where
p>0,70€ NT, 20 e TV*U{e}, w; e V¥, i€ {l,...,p— 1}, w, € T* and
i1...ip € suf(L(M)), then Z(Tg:co)R[T&,q,s,il]w =* f, for some s € Q,
where 79 = 1478, |70| < [ implies 74 = 79, and |79| > [ implies |73| = L.

Proor orF CrLAIM B. By induction on the length of derivations.
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Basis: Let mgxg l°:>P¢0 om0 = w, where 78 = yoavy1, T = YBNTE, @ = B €

P, TOZEO € 1Ly LM )(I‘). Therefore, 79 = 71 = 78 = ¢ and for some s € Q,
sig — 8 €6, Where s’ € F. M simulates this derivation step in the following

way:
2. VB 1 ;
Z(myxo) [7g,q, 8, do]w
= Z(’Téxo)R[E, T, S, 90w (by a prod. constructed in 2)
= Il Zle,r, s, i) (by prod. constructed in 3)
= f (by a prod. constructed in 4).

Therefore, the basis holds.

Induction hypothesis: Suppose that the claim holds for all derivations of
length j or less.

Induction step: Consider a derivation of length j + 1:
/ t t L /
TOXQ lo:>PiO ToZo = V17121 l<>:>Pi1 V1w lo:>Pi2 wy ... lo:>Pip Wp =W = VW,

where p > 0, v1 € T*, 79,71 € NT, 7, € V*, xg,21 € TV* U{e}, w; € V*,i €
{1,...,p—1}, wp,w’ € T*. Then, M simulates this derivation as follows:

Z(ngo) (78, q, s, io]w
= Z(thxo) e, r, 5, ig)w (by a prod. constructed in 2)
= Z(vlTlscl)R[e, 7, 8, ipjviw’
=il Z(ma)f [5 T, S, ip]w (by prod. constructed in 3)
=il Z(fol) [74,7, 8, d0w’ (by prod. constructed in 5)
= Z(lewl) [T1, e, s, ip]w’ (by a prod. constructed in 6, 7, or 8)
= Z(lexl)R[Tl ,q, 8 i |w’ (by a prod. constructed in 9 or 10)
=* f (by the induction hypothesis)

If Tozo ;o= Py, Thzo is a t-mode derivation, a rule of type 9 is used during

the simulation. Otherwise, a rule of type 10 is used (and therefore iy = i1).
Hence, the claim holds. ad

t t
Let S 1% p,, UT0To (=p, ... Op,  UW, where p > 0, u,w € T*,

0 € NTU{e}, 20 € TV* U {e} and iy...43, € L(M). If urowo & T*, M
simulates this derivation in the following way:
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Z souw
= Z[S,q, s, o] (by a prod. constructed in 1)
= Z(urowo) ¥le, 7, s, dg|luw (by a prod. constructed in 2)
=l Z(rozo) e, 7, s, 0w (by prod. constructed in 3)
=l Z(Tgxo)R[T&, T, 8, ipJw (by prod. constructed in 5)
= Z(tdx0) " [18, €, 8, do|w (by a prod. constructed in 6, 7, or 8)
= Z(Tgl‘o)R[T&, q,8i1|w (by a prod. constructed in 9 or 10)
=% f (by the previous claim)

If urgzg € T, M simulates this derivation in the following way:

Z spuw
= Z[S,q, s, 0] (by a prod. constructed in 1)
= Z(utozo) e, 7, s, ig)uw (by a prod. constructed in 2)
= [uTozo Ze,r, s, iolw (by prod. constructed in 3)
= f (by a prod. constructed in 4)
From the previous claims, it follows that the lemma holds. ]

By the previous lemma, we have the following result.
THEOREM 1. Let [ be a positive integer. Then, CF = |GSREG,

PrROOF OF THEOREM 1. One inclusion is clear, the other follows from
Lemma 1. ]

The Theorem 1 says, that grammar systems under the first restriction
are much weaker than grammar systems without this restriction. Now, we
prove that the second restriction in this paper has no efect on the generative
power.

THEOREM 2. RE = yGSREG(1).

PROOF OF THEOREM 2. It is well-known (see [8]) that any recursively
enumerable language L is generated by a grammar G in the Geffert normal
form, i.e., by a grammar of the form

G=({S,AB,C},T,PU{ABC — ¢},S),
where P contains context-free productions of the form

S — uSa
S — uSv
S — uv,
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where v € {4, AB}*, v € {BC,C}*, and a € T. In addition, any terminal
derivation in G is of the form S = *wjwsw by productions from P, where
wy € {4, AB}*, wy € {BC,C}*, w € T*, and wiwyw = *w is derived by

ABC — e.
Clearly, G is a CD grammar system with only one component. Set the
control language to be {1}*. Then, the theorem holds. 0

The last Theorem says that generative power of grammar systems under
the third restriction is less than generative power of grammar systems without
any restriction.

PROPOSITION. For any m, h > 1, P,,(CF — &) = NGSREG (m, h).

PROOF OF PROPOSITION. All strings in the derivation contain no more
than m blocks of nonterminals and these blocks are also of length no more
than h. Hence, it is possible to represent each possible block by a single
nonterminal and create an equivalent grammar system, which contains only
context-free productions. From this and from Theorem 7.10 in [6], the propo-
sition holds.
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