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A SEMANTICAL ANALYSIS OF CUT-FREE
CALCULI FOR MODAL LOGICS

A bstract. Weanalyze semantically the logical inference rules
in cut-free sequent calculi for the modal logics which are obtained
from the least normal logic K by adding axioms from T, 4, 5,
D and B. This implies Kripke completeness, as well as the cut-
elimination property or the subformula property of the calculi.
By slightly modifying the arguments, the finite model property of

the logics also follows.

The purpose of this paper is to analyze semantically the logical infer-
ence rules in cut-free sequent calculi for modal logics, aiming at a cut-free
or analytic version of Maehara [2], in which sequent calculi with cut are
concerned with. This constitutes another proof of Kripke completeness
as well as the cut-elimination property or the subformula property of the
calculi. By modifying the arguments a bit, the finite model property also
follows.
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We consider all the propositional modal logics which are obtained from
the least normal logic K by adding axiom schemata among the following;:

T:0A4> A. 4:0A > DOOA. 5:-0A4 > O-0OA.
D:0A>-0-4A. B:—-A>O-0OA.

There are 15 mutually distinct logics of them, which we divide into the
following four classes:

Class 1: K, KT, KD, K4, K4D, S4(=KT4).

Class 2: K45, K45D.

Class 3: KB, KTB, KDB, K4B, S5(=KT4B=KT5).
Class 4: K5, K5D.

Characterization of these logics by Kripke frame semantics is known
(Goré [1], for example).

It is a classical result that each logic in Class 1 has a sequent calculus
with the cut-elimination property (and so the subformula property). It is
proved both syntactically and semantically in Shvarts [3] that those logics
in Class 2, too, have sequent calculi with the cut-elimination property as
well as the subformula property. The logics in Class 3 have sequent calculi
with the subformula property but without the cut-elimination property
(Takano [4]). Lastly, those in Class 4 have sequent calculi with a modified
form of the subformula property but without the subformula property in
the original sense (Takano [5]).

After common preliminaries in Section 1, sequent calculi for the logics
in Classes 1-4 are dealt with in Sections 2-5, respectively.

The author hopes that our course of semantical analysis of inference
rules as well as extension of the notion of subformula is refined and applied
to other logics by the interested readers.

1. Preliminaries

In this paper, only — (negation), D (implication) and O (necessity) are
used as the logical symbols, and others are considered as abbreviations, for
simplicity. Propositional letters and formulas are denoted by p, ¢, r,... and
A, B,C,..., respectively. A O-formulais a formula whose outermost logical
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symbol is the necessity symbol O. A sequent is an expression of the form
I' — O, where I and © are finite sequences of formulas.

Every sequent calculus which is taken up in this paper enjoys the fol-
lowing stipulation.

Stipulation 1. The sequent calculus has A — A as an initial sequent
for every A, and contains the following structural rules as inference rules.

(weakening) =6 -6 .
AT -0’ '—-06,A4
(exchange) ABJAT—-0 TI'—-06,B/AA '
AABT—-0" T'—0,4BA
(contraction) 4l =2© 12644
AT — 0O r—-06,A4

So, for convenience, the antecedent I' and the succedent © of the sequent
I' — © are recognized as sets also. Finite sequences (as well as finite sets)
of formulas are denoted by I, ©, A, A, ... . We mean by Sf(I") the set of all
the subformulas of some formulas in I', while by OI" the set {TA | A € I'}.
It must be noticed that the inference rule (cut), which is described
below, is only admitted in some of our calculi with appropriate restriction:

r-0,c¢ C,A—=A
I'N'A—06,A

(cut)

Definition 1.1. Let GL be a sequent calculus. A sequent I' — © is
analytically saturated in GL, iff the following properties hold.

(1.1-a) I' — © is unprovable in GL.

(1.1-b) Suppose A € Sf(T'UO). If A,T' — O is unprovable in GL, then
A € T'; while if I' — ©, A is unprovable in GL, then A € ©.

The set of all the analytically saturated sequents are denoted by Wqr.
We denote analytically saturated sequents by w, v, w, ... ; besides, a(u) and
s(u) denote the antecedent and succedent of u, respectively.

The following proposition will be used tacitly.

Proposition 1.2. For a sequent calculus GL, a(u) Ns(u) = 0 for every
analytically saturated sequent u.
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Lemma 1.3. For a sequent calculus GL, if a sequent I' — © is un-
provable in GL, then there is an analytically saturated sequent u with the
following properties:

(1.3-a) I' C a(u) and © C s(u).
(1.3-b) a(u) Us(u) C Sf(I"U O).

(1.3-c) Let v be an analytically saturated sequent such that I' C a(v), © C
s(v), a(v)Us(v) C Sf(a(u)Us(u)), and every O-formula in a(u) and
s(u) is also in a(v) and s(v), respectively. Then, every O-formula
in a(v) and s(v) is also in a(u) and s(u), respectively.

Proof. Let Aj, Az, ..., Am, Amt1,---,An (0 < m < n) be an enu-
meration of all the formulas in Sf(I' U ©) such that Aj, Ag,..., A, are
O-formulas, while others are not. Put I'y = I' and ©1 = ©. Suppose that
Iy and ©f have been defined (1 < k < n). If I'y — Oy, Ay is unprovable,
then put I'y11 = 'y and Oy = O U{Ag}; if Ty — Oy, Ay is provable, but
Ap, Ty, — Oy is unprovable, then put I'y1q = I'y U {Ax} and Opyq = Op;
otherwise, put I'y11 = I'y and Oy = Oy.

We will show that I';,11 — O, is the desired sequent wu.

Evidently, both properties (1.3-a) and (1.3-b) hold for I';,11 — O,41,
namely, ' CT),11,0 C 0,11 and I',11 UB,41 C SH(T'UO).

Now, it will be shown that 'y, 11 — ©,41 is analytically saturated. It is
clearly unprovable. Suppose A € Sf(T';, 11 U ©O,41). It follows from (1.3-b)
that A € Sf(T',41 U Opy1) C SH(T'UBO), and so A is A for some k (1 <
k < n). Suppose also that A, T, 11 — ©,41 is unprovable. If 'y, — O, A
were unprovable, then A € ©;,1 C O,,41, and so A, ', 11 — O,41 would be
provable, which contradicts our assumption. Hence I'y, — ©y, A is provable.
But ATy, — O is unprovable, since I'y C I',,11 and O C O,41. So
A € Tgy1 Cyyq. Similarly, if T4 — ©,41, A is unprovable, A € O,,41.
Thus, I'41 — ©y,41 is analytically saturated.

It is left to check the property (1.3-c). So, let v be an analytically
saturated sequent such that I' C a(v), © C s(v), a(v) Us(v) C Sf(I'p41 U
O,+1), and every O-formula OB in I',, 41 and O,,41 is also in a(v) and s(v),
respectively. Suppose OB € a(v). Since OB € Sf(T',,11UO,41) C S{(TUO),
OB is Ag for some k (1 < k < m). If I'y — O, 0B were unprovable,
then OB € Oky1 C 0,41, and so OB would be in s(v), which contradicts
our assumption. Hence I'y, — O, 0B is provable. But OB, Iy, — Oy is
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unprovable; for, since 1 < k < m, it follows I'y C T U{OC|OC € T',,41} C
a(v) and O C © U {OC|OC € O,11} C s(v). So OB € I'ky1 C Ty
Similarly, if OB € s(v), then OB € ©,41. This ends the proof that (1.3-c)
holds for T — ®n+1- O

It is Sections 3, 4 and 5 that the property (1.3-b) is utilized, while solely
in Section 3 for (1.3-c).

Lemma 1.4. Let GL be a sequent calculus. Suppose that (W, R) is
a Kripke frame with W C Wgy,, and the following properties hold for every
A, B and everyu € W :

(m-a) —A € a(u) implies A € s(u).
(—-s) —A € s(u) implies A € a(u).

-a)
-s)
(D-a) AD B € a(u) implies A € s(u) or B € a(u).
(D-s) AD B € s(u) implies A € a(u) and B € s(u).
(O-a) OA € a(u) implies A € a(v) for every v € W such that uRwv.
(O-s)

O-s) OA € s(u) implies A € s(v) for some v € W such that uRv.

Let = be the satisfaction relation on (W, R) such that u |=p iff p € a(u)
for everyu € W and every p. Then, C € a(u) implies u |= C while C € s(u)
implies u = C, for every C and every u € W.

Proof. By simultaneous induction on the construction of C.

Case 1: C is a propositional letter p. If p € a(u), then u = p clearly. If
p € s(u), then p & a(u), so u = p.

Case 2: C is = A. Recall that u = -A iff u £ A. If =A € a(u), then
A € s(u) by (—-a), so u = A by the hypothesis of induction, so u = —A.
The remainder is similar.

Case 3: C'is A D B. Similar to Case 2.

Case 4: C is OA. Recall that u = OA iff v = A for every v € W such
that uRv. Suppose first that OA € a(u). For every v € W such that uRwv,
it follows A € a(v) by (O-a), so v = A by the hypothesis of induction. So
u |= OA. Suppose next that OA € s(u). By (O-s), it follows A € s(v) for
some v € W such that uRv. By the hypothesis of induction, v = A. So
u = OA. O
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Definition 1.5. An inference is admissible in a sequent calculus GL,
iff either some of the upper sequents of the inference is unprovable in GL,
or the lower one is provable in GL.

Think of the following inference rules:

r—0A4 AT — 0
Sy = =7 t5e-a
(5> =) r-0,4 B,F—>@. (= ) Al'—-06,B .

ADB,I'—>0© r-oe,A>8B

Proposition 1.6. For a sequent calculus GL, the following equivalences
hold for every A and B.

(1) The inference (- —) is admissible in GL for every I' and O, iff (—-a)
holds for every u.

(2) The inference (— —) is admissible in GL for every I' and O, iff (—-s)
holds for every u.

(3) The inference (D —) is admissible in GL for every I' and ©, iff (D-a)
holds for every u.

(4) The inference (— D) is admissible in GL for every I' and O, iff (D-s)
holds for every u.

Proof. (1) The ‘if” part: Suppose that =A,I" — © is unprovable. Then,
by Lemma 1.3, —=A € a(u), I' C a(u) and © C s(u) for some u. It follows
A € s(u) by (—a), and so I' — ©, A is unprovable, since I' C a(u) and
O U{A} Cs(u). The ‘only if " part: Suppose ~A € a(u). Since —A,a(u) —
s(u) is unprovable, neither is a(u) — s(u), A by the assumption. Moreover
A € Sf(a(u)) C Sf(a(u) Us(u)). So A € s(u).

(2)—(4) Similar to (1). O

We put the second stipulation on a sequent calculus. So by the above
proposition, (—-a), (—-s), (D-a) and (D-s) always hold for any sequent
calculus.

Stipulation 2. The sequent calculus contains (— —), (— =), (D —)
and (— D) as inference rules.

Let GL be a sequent calculus for a logic L. Suppose that (W, R) is a
Kripke frame with W C W, such that
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(a) if ' — © is unprovable in GL, then I C a(u) and © C s(u) for some
ueWw,

(b) the Kripke frame (W, R) enjoys the properties (J-a) and (O-s), and

(c) the accessibility relation R meets the condition of the Kripke frames
for the logic L,

and [= is the satisfaction relation on (W, R) defined as in Lemma 1.4.

Then, if I' — © is unprovable in GL, then I" C a(u) and © C s(u) for
some u € W by (a), and so by Lemma 1.4 and (b), u rejects I' — O, that is,
C € T implies u = C while C' € © implies u [~ C. This together with (c)
implies that, GL is complete with respect to the Kripke frame semantics for
L, and (W, R, =) forms a universal Kripke model for L. Note that, when
W = Wgp, the condition (a) holds by Lemma 1.3.

2. The logics K, KT, KD, K4, K4D and S4

This section concerns the logics in Class 1, namely the logics K, KT, KD,
K4, K4D and S4. By the Kripke frames made of the analytically saturated
sequents, the inference rules that are added to the sequent calculi for these
logics are analyzed semantically. As a result, completeness as well as the
finite model property of the calculi and logics follow. The sequent calculi
are cut-free and have the subformula property naturally.

Consider the following inference rules:

I'— A ' — ror—A
(K) or — oA -~ (D) or — - (4) or — 0A °

r,or — ar — A AT —0
(4D) or — (54) or — 0A -’ () 0AT - 0O

The additional inference rules, besides those in Stipulations 1 and 2,
of the sequent calculus GL as well as the condition on the accessibility
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relations of the Kripke frames for the logic L are described in the following
table, where L € {K, KT, KD, K4, K4D, S4}.

Logic Additional rules Condition on relations

K (K) none

KT (K),(T) reflexive

KD (K),(D) serial

K4 (4) transitive

K4D (4),(4D) transitive and serial
S4 (54),(T) reflexive and transitive

Remember that a binary relation R on a set W is serial, iff for every
u € W, uRv for some v € W.

Definition 2.1. For a sequent calculus GL, the binary relations Rk,
Ri4 and Rg4 on Wy, are defined as follows.

(1) uRkv, iff OB € a(u) implies B € a(v) for every B.
(2) uRkqv, iff OB € a(u) implies B,0B € a(v) for every B.
(3) uRgqv, iff OB € a(u) implies OB € a(v) for every B.

Proposition 2.2. For a sequent calculus GL, the following equivalences
hold for every A.

(1) The inference (K) is admissible in GL for every T, iff for every u,
OA € s(u) implies A € s(v) for some v such that uRkwv.

(2) The inference (D) is admissible in GL for every I, iff Rk is serial.

(3) The inference (4) is admissible in GL for every T, iff for every u,
DA € s(u) implies A € s(v) for some v such that uRK4v.

(4) The inference (4D) is admissible in GL for every T, iff Rkq is serial.

(5) The inference (S4) is admissible in GL for every I, iff for every u,
OA € s(u) implies A € s(v) for some v such that uRg4v.

(6) The inference (T') is admissible in GL for every ' and O, iff OA € a(u)
implies A € a(u) for every u.
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Proof. (1) The ‘if” part: Suppose that OI' — OA is unprovable. Then,
by Lemma 1.3, OI' C a(u) and OA € s(u) for some u. So A € s(v) for some
v such that uRkv by the assumption. If B € T', then OB € OI" C a(u), so
B € a(v) by uRkv; hence I' C a(v), and so I' — A is unprovable. The ‘only
if " part: Suppose OA € s(u). Put I' = {B|OB € a(u)}. Since OI' C a(u)
and OA € s(u), it follows that OI' — OA is unprovable; hence, neither
is ' = A by the assumption. So I' C a(v) and A € s(v) for some v by
Lemma 1.3. Tt follows uRkgv from I C a(v).

(2)—(5) Similar to (1).

(6) Similar to Proposition 1.6 (1). O

Let L € {K,KT,KD,K4,K4D,S4}. Then, GL is complete with re-
spect to the Kripke frame semantics for L by the following proposition.
Moreover, for an unprovable sequent I' — © in GL, even if we limit the an-
alytically saturated sequents to those u’s such that a(u)Us(u) C Sf{(I'UO),
the following argument remains valid; hence, the finite model property for
L also follows (Corollary 2.4).

Proposition 2.3. Suppose L € {K, KT, KD, K4, K4D,S4} and con-
sider the Kripke frame (Wgr, Rr), where Rgt = Rkp = Rk and Rgap =
Rika.

(1) The Kripke frame (Wgar, Rr) enjoys the properties (O-a) and (O-s).

(2) The accessibility relation Ry, on Wgr, meets the condition of the Kripke
frames for L.

Proof. The case where L € {K,KT,KD}: (1) Immediate from the
definition of Rk and Proposition 2.2 (1). (2) By Proposition 2.2 (6) and
(2).

The case where L € {K4,K4D}: (1) Immediate from the definition of
Rk 4 and Proposition 2.2 (3). (2) By Proposition 2.2 (4).

The case where L = S4: (1) If OA € a(u) and uRg4v, then OA € a(v),
and so A € a(v) by Proposition 2.2 (6); hence (O-a) holds. The property
(O-s) follows from Proposistion 2.2 (5). (2) Immediate from the definition
of Rg4. O

Corollary 2.4. Suppose L€ {K, KT, KD, K4, K4D, S4}. The sequent
calculus GL and so the logic L are complete with respect to the Kripke frame
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semantics, and have the finite model property. The calculus GL is cut-free
and has the subformula property.

Remark 2.5. A sequent calculus does not necessarily has the subfor-
mula property, even if it is cut-free. For example, the sequent calculus that
is obtained from GKT by adding the inference rule

O0A,I' - ©
0A ' - ©

is cut-free and is complete with respect to the Kripke frame semantics for
S4, but does not have the subformula property.

3. The logics K45 and K45D

This section concerns the logics in Class 2, namely the logics K45 and

K45D. By the Kripke frames made of the analytically saturated sequents

in a rather complicated manner, the inference rules that are added to the

sequent calculi for these logics are analyzed semantically. Similar properties

of the sequent calculi and the logics as the previous section follow. The

sequent calculi are cut-free and have the subformula property naturally.
Let (45) and (45D) be the following inference rules:

Ior —-o0e,A .ol - oe
Or — 00,04 ° or — 0o

(45) (45D)

Let L € {K45,K45D}. The additional inference rules, besides those in
Stipulations 1 and 2, of the sequent calculus GL as well as the condition on
the accessibility relations of the Kripke frames for the logic L are described
in the following table.

Logic  Additional rules Condition on relations
K45  (45) transitive and euclidean
K45D (45),(45D) transitive, euclidean and serial

Remember that a binary relation R on a set W is euclidean, iff uRv
and uRw imply vRw for every u,v,w € W.

To deal with the logics K45 and K45D, the notion of maximality of
analytically saturated sequents is needed.
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Definition 3.1. For a sequent calculus GL, the binary relations Rg,
and Rgs are defined as follows.

(1) uRg,v, iff OB € s(u) implies OB € s(v) for every B.
(2) uRgsv, iff uRg4v, uRg v, vRsqu and vRg,u.

Definition 3.2. An analytically saturated sequent u is called maximal,
iff uRg4v, uRg v and a(v) Us(v) C Sf({0B|OB € a(u) Us(u)}) imply
uRgsv, for every v.

It is easy to see that, if u is maximal and uRgsv, then v is also maximal.
The property (1.3-¢) is used to obtain the following lemma, which is an
immediate corollary to Lemma 1.3.

Lemma 3.3. Let GL be a sequent calculus. For every analytically sat-
urated sequent w, there is an analytically saturarted sequent u* such that
uRgau*, uRg u*, a(u*) Us(u*) C SE({OB|OB € a(u) Us(u)}) and u* is
mazimal.

Proof. Given u, apply Lemma 1.3 to the sequent {OB|OB € a(u)} —
{OB|OB € s(u)}. O

For each u, we fix u* described in the above lemma, in the rest of this
section. If u is maximal, uRgsu*.

Definition 3.4. For a sequent calculus GL, the binary relation Rykg4s
on Wgqy is defined by: uRkas5v, iff u*Rgsv and v Rkv.

Proposition 3.5. For a sequent calculus GL, the following equivalences
hold for every A.

(1) The inference (45) is admissible in GL for every I' and ©, iff for every
u, OA € s(u) implies A € s(v) for some v such that uRK4s5v.

(2) The inference (45D) is admissible in GL for every I' and ©, iff Rkas
is serial.

Proof. Since the proof of (2) is similar to that of (1), we will confine
ourselves to the proof of (1).

The ‘if’ part: Suppose that OI' — 0O, OA is unprovable. By Lemma, 1.3,
O C a(u), 0O C s(u) and JA € s(u) for some u. So A € s(v) for some
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v such that uRk45v by the assumption. If B € I', then OB € OI' C a(u),
so OB € a(v) by uRgqu* and u*Rgqv, and so B € a(v) by vRkv; hence
ruol C a(v). If B € ©, on the other hand, OB € 06 C s(u), so
OB € s(v) by uRg, u* and u*Rg,v; hence 0O C s(v). So I',0I' - 06, A
is unprovable.

The ‘only if” part: Suppose OA € s(u). Then OA € s(u*) by uRg u*.
Put I' = {B|OB € a(u*)} and © = {B|OB € s(u*)}. Since OI' —» 06,04
is unprovable, neither is I', OI' — 06O, A by the assumption. So, I' U O C
a(v), 06 Cs(v), A € s(v) and a(v)Us(v) C S{(I'UOTUOOU{A}) for some
v by Lemma 1.3. We will prove uRg45v by showing u*Rgsv and vRkgwv in
order. First, if OB € a(u*), then B € I, so OB € OI' C a(v); while, if
OB € s(u*), then B € ©, so OB € 0O C s(v); hence u*Rgqv and u*Rg,v.
Moreover,

a(v)Us(v) CSf(Tuolruoeu{A}) =Sf({OB|OB € a(u*) Us(u)}).

Since u* is maximal, it follows u*Rgsv. Next, to show vRkwv, suppose
OB € a(v). Then OB € a(u*), since u*Rgsv implies vRgqu*. Hence
B eT Ca(v). So vRkv also holds. O

By the way, the analytically saturated sequent v introduced in the proof
of the ‘only if’ part is maximal.

Proposition 3.6. Suppose L € {K45, K45D} and consider the Kripke
frame Wegr, Rkas)-

(1) The Kripke frame (Wgr, Rkas) enjoys the properties (O-a) and (O-s).

(2) The accessibility relation Rkas on Wegr meets the condition of the
Kripke frames for L.

Proof. (1) If OA € a(u) and uRk45v, then OA € a(v) by uRgqu* and
u*Rgqv, so A € a(v) by vRkv; hence (O-a) holds. The property (O-s)
follows from Proposition 3.5 (1).

(2) To show first that Rkg4s is transitive, suppose that uRkqsv and
vRkasw. Since u* is maximal and u* Rgsv, it follows that v is also max-
imal, and so vRgsv*. This together with u*Rgsv and v*Rgsw implies
u*Rgsw. In addtion, wRkw by vRkasw. So uRkasw. To show next that
Ryas is euclidean, suppose that uRk45v and uRg4sw. We obtain vRggv*
as above. This together with u*Rgsv and u*Rgsw implies v*Rgsw. In
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addition, wRgw by uRk4sw. So vRkgsw. When L = K45D, the fact
that the relation Rkgs is serial follows from Proposition 3.5 (2). O

Corollary 3.7. Suppose L € {K45,K45D}. The sequent calculus GL
and so the logic L are complete with respect to the Kripke frame semantics,
and have the finite model property. The calculus GL is cut-free and has the
subformula property.

4. The logics KB, KTB, KDB, K4B and S5

This section concerns the logics in Class 3, namely the logics KB, KTB,
KDB, K4B and S5. Similarly to Section 2, the inference rules that are
added to the sequent calculi for these logics are analyzed semantically. As
a result, completeness as well as the finite model property of the calculi and
logics follow. The sequent calculi are not cut-free but have the subformula
property naturally.

Consider the following inference rules:

-0, C, A=A

(cut)? TASOA , where C € SE(TUBOUAUA).
(B)? m , where OQ C SE(T'U {A}).

(BD)* % , where OQ C Sf(T").

(B45)® F’DDFP:D%%,DSAA . where 0O C SEOT UO U {A}).
(55) or — 0o, A

O — 00,04 °

The additional inference rules, besides those in Stipulations 1 and 2,
of the sequent calculus GL as well as the condition on the accessibility
relations of the Kripke frames for the logic L are described in the following
table, where L € {KB, KTB, KDB,K4B, S5}.
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Logic  Additional rules Condition on relations
KB  (cut)* (B)* symmetric

KTB (cut)?®, (B)*(T) symmetric and reflexive
KDB (cut)?®, (B)* (BD)* symmetric and serial
K4B (cut)?, (B45)* symmetric and transitive
S5 (cut)?, (S5),(T) equivalence relation

Proposition 4.1. For a sequent calculus GL, the inference (cut)® is
admissible for every I',©, A, A and C with the restriction that C' € Sf(I' U
OUAUA), iff Sf(a(u) Us(u)) C a(u) Us(u) for every u.

Proof. The ‘if’ part: Suppose that ', A — ©, A is unprovable, and
CeSfTruOUAUA). By Lemma 1.3, TUA C a(u) and © UA C s(u)
for some u. Since C € Sf(a(u) Us(u)), it follows C € a(u) Us(u) by the
assumption. So, either C,I' — © or A — A, C is unprovable, according to
whether C' € a(u) or C € s(u).

The ‘only if " part: Suppose C € Sf(a(u) Us(u)). Then either a(u) —
s(u),C or C,a(u) — s(u) is unprovable; for, if both were provable, a(u) —
s(u) would be also provable by the assumption, which is a contradiction.
Hence, either C € s(u) or C € a(u). O

Definition 4.2. For a sequent calculus GL, the binary relations Rxp
and R4 on Wy, are defined as follows.
(1) uRkBv, iff uRkv and vRKu.
(2) uRkaBY, iff uRK4v, uRg,v, vRk4u and vRg,u.

Proposition 4.3. For a sequent calculus GL with the inference rule
(cut)?, the following equivalences hold for every A.

(1) The inference (B)* is admissible in GL for every I' and Q with the
restriction that OQ C Sf(I' U {A}), iff for every u, OA € s(u) implies
A € s(v) for some v such that uRkBv.

(2) The inference (BD)* is admissible in GL for every I' and Q@ with the
restriction that OQ C SEf(I'), iff Rks is serial.

(3) The inference (B45)* is admissible in GL for every I', © and Q with
the restriction that OQ C S{(OTUO U{A}), iff for every u, OA € s(u)
implies A € s(v) for some v such that uRK4Bv.
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(4) The inference (S5) is admissible in GL for every I' and ©, iff for every
u, OA € s(u) implies A € s(v) for some v such that uRgsv.

Proof. Proof of (1). The ‘if’ part: Suppose that OI' — Q,0A is
unprovable, and 0OQ C Sf(I' U {A}). By Lemma 1.3, OI' C a(u), 2 C s(u)
and OA € s(u) for some u. So A € s(v) for some v such that uRxgv by
the assumption. If B € T', then OB € OI' C a(u), so B € a(v) by uRkv;
hence I' C a(v). So, it suffices to show OQ C s(v); for, I' C a(v), OQ C s(v)
and A € s(v) imply that I' — 0O, A is unprovable. Suppose B € 0, and
we will show OB € s(v). By Proposition 4.1, OB € 0Q C Sf(I' U {A}) C
St(a(v)Us(v)) C a(v)Us(v). If OB were in a(v), then B € a(u) would follow
by vRku, while B € Q C s(u), which is a contradiction; hence OB & a(v).
So OB € s(v).

The ‘only if” part: Suppose OA € s(u). Put I' = {B|OB € a(u)}
and Q@ = {B € s(u)|OB € Sf(I' U {A})}. Since OQ C Sf(I' U {4}) but
O — Q,0A is unprovable, neither is I' — 0O, A by the assumption. So,
I' Ca(v), OQ Cs(v), A € s(v) and a(v)Us(v) C S{(TUDONU{A}) for some
v by Lemma 1.3. It follows uRkv from I' C a(v). So, it suffices to show
vRku; for, then uRgpv. Suppose OB € a(v). We will show B € a(u). It
follows OB € Sf(I'uOQ U {A}) = Sf(T'U {A}). So B € Sf(I'u {A}) C
Sf(a(u) Us(u)) € a(u) Us(u) by Proposition 4.1. If B were in s(u), then
B € Q and so OB € s(v) would follow, which is a contradiction; hence
B ¢ s(u). So B € a(u).

Proof of (2). Similar to (1).

Proof of (3). The ‘if” part: Suppose that OI' — 06, Q, 0A is unprovable,
and 0Q C S{(OI'UO© U {A}). By Lemma 1.3, OI' C a(u), 0 U C s(u)
and OA € s(u) for some u. So A € s(v) for some v such that uRk4Bv
by the assumption. If B € T', then OB € OI' C a(u), so B,0B € a(v)
by uRk4v; hence I' UOI' C a(v). If B € O, then OB € 06 C s(u), so
OB € s(v) by uRg,v; hence 0O C s(v). So, it is left to show OQ C s(v); for,
rudrl’ C a(v), DOUON C s(v) and A € s(v) imply that I', 0" — 00,00, A
is unprovable. Suppose B € Q. We will show OB € s(v). It follows

OB € 00 C SHOCUB U {A}) C Sf(a(u) Us(u)) C a(u) Us(u)

by Proposition 4.1. Now, suppose temporarily that OB € a(u). It follows
OB € a(v) by uRk4v, so B € a(u) by vRgau. But B € Q C s(u), which
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is a contradiction. Hence OB ¢ a(u), so OB € s(u), and so OB € s(v) by
uRg V.

The ‘only if’ part: Suppose OA € s(u). Put I' = {B|OB € a(u)},
© = {B|OB € s(u)} and Q = {B € s(u)|0B € S{(OI'U© U {A})}. Since
00 C Sf(0Tu BV U {A}) but OI' — 06,,0A is unprovable, neither is
I, 00 — 06,009, A by the assumption. So, TUOIl" C a(v), DOUON C s(v),
A € s(v) and a(v) Us(v) C SH(TUDTUOO UOQU{A}) for some v by
Lemma 1.3. It remains to show uRk4pv, which can be obtained by showing
uRKk4v, uRg,v, vRk4u and vRg u successively. If OB € a(u), then B € T,
so B,0B € ' U Ol C a(v); hence uRgqv. If OB € s(u), then B € O, so
OB € 0O C s(v); hence uRg,v. To show vRk4u next, suppose OB € a(v).
We will show B,0B € a(u). It is remarked that B ¢ ©; for, if B were
in O, then OB € 0O C s(v) would follow, which is a contradiction. Since
OB e Sf(Tudlhude uoQ U {A}) = S{(OI' UO6 U {4}), it follows
OB e Sf(OTue u{A}). So,

B,0B e S{((OTUB U {A}) C Sf(a(u) Us(u)) C a(u) Us(u)

by Proposition 4.1. If B were in s(u), then B € Q and so OB € O C s(v)
would follow, which is a contradiction; hence B ¢ s(u). Moreover, OB ¢
s(u), since B ¢ ©. Hence B, 0B € a(u). To show vRg,u last of all, suppose
OB € s(v). We will show OB € s(u). Similarly to the above,

OB eSfTruoruoououU{A}) C Sf(a(u) Us(u)) C a(u) Us(u).

If OB were in a(u), then B € I and so OB € OI' C a(v) would follow,
which is a contradiction; hence OB ¢ a(u). So OB € s(u).

Proof of (4). The ‘if” part: Suppose that OI' — 06O, 0A is unprovable.
By Lemma 1.3, OI' C a(u), 06 C s(u) and OA € s(u) for some u. So
A € s(v) for some v such that uRgsv by the assumption. If B € T', then
OB € OI' C a(u), so OB € a(v) by uRg4v; hence OI' C a(v). If B € O,
then OB € 0O C s(u), so OB € s(v) by uRg,v; hence 0O C s(v). So
OI' — 00, A is unprovable.

The ‘only if " part: Suppose OA € s(u). Put I' = {B|OB € a(u)}
and © = {B|OB € s(u)}. Since OI' — 06O, 0A is unprovable, neither is
O — 060, A by the assumption. So, OI' C a(v), 0O C s(v), A € s(v)
and a(v) Us(v) C Sf(OI'u 06 U {A}) for some v by Lemma 1.3. We will
prove uRgsv by showing uRg4v, uRg,v, vRsau and vRg,u successively. If
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OB € a(u), then B € T', so OB € OI C a(v); hence uRgqv. If OB € s(u),
then B € ©, so OB € 0O C s(v); hence uRg v. If OB € a(v) Us(v), then

OB e Sf(O0ruoe u{A}) C Sf(a(u) Us(u)) C a(u) Us(u)

by Proposition 4.1. So, if OB € a(v), then OB € a(u); for, otherwise,
OB € s(u) and so OB € s(v) by uRg,v, which is a contradiction; hence
vRgqu. If OB € s(v) then OB € s(u); for, otherwise, OB € a(u) and so
OB € a(v) by uRsg4v, which is a contradiction; hence vRg,u. O

Proposition 4.4. Suppose L € {KB, KTB, KDB,K4B, S5} and con-
sider the Kripke frame (Wqr, Rr), where Rxts = Rkps = RkB.

(1) The Kripke frame (Wgr, Rr) enjoys the properties (O-a) and (O-s).

(2) The accessibility relation Ry, on Wgr, meets the condition of the Kripke
frames for L.

Proof. The case where L € {KB, KTB,KDB}: By the definition of
Ry, Propositions 4.3 (1), 2.2 (6) and 4.3 (2). The case where L = K4B:
By the definition of Rg4p and Proposition 4.3 (3). The case where L = S5:
By the definition of Rgs, Propositions 2.2 (6) and 4.3 (4). O

Corollary 4.5. Suppose L € {KB,KTB,KDB,K4B,S5}. The se-
quent calculus GL and so the logic L are complete with respect to the Kripke
frame semantics, and have the finite model property. The calculus GL is
not cut-free but has the subformula property.

5. The logics K5 and K5D

This section concerns the logics in Class 4, namely the logics K5 and K5D.
By the Kripke frames made of specific analytically saturated sequents, the
inference rules that are added to the sequent calculi for these logics are
analyzed semantically. As a result, completeness as well as the finite model
property of the calculi and logics follow. The sequent calculi are not cut-
free and lack the subformula property in the original sense, but enjoy an
extended subformula property.

Since the sequent calculi GK5 and GK5D lack the subformula property
in the original sense, we extend the notion of subformula (cf. Takano [5]).
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Definition 5.1. (1) An internal subformula of A is a subformula of
some formula C' such that OC' is a subformula of A.

(2) A K5-subformula of A is either a subformula of A or the formula of the
form O-0B or -OB, where OB is an internal subformula of A.

The sets of all the internal subformulas and K5-subformulas of some
formulas in T are denoted by InSf(I") and Sfks(I"), respectively.

If OA is an internal subformula of B, and B is a K5-subformula of C,
then OA is an internal subformula of C. If A is a K5-subformula of B, and
B is a K5-subformula of C, then A is a K5-subformula of C'.

Let (cut)’, (5) and (5D) be the following inference rules:

r-e0,c C,A—=A
A —=06,A
O O
Ir—-00e4 . (5D) r - oe .
or — 0e,04 or — oe

(cut)® , where C € Sfgs(TUBO U A UA).

(5)

The additional inference rules, besides those in Stipulations 1 and 2,
of the sequent calculus GL as well as the condition on the accessibility
relations of the Kripke frames for the logic L are described in the following
table, where L € {K5,K5D}.

Logic Additional rules  Condition on relations
K5 (cut)®, (5) euclidean
K5D (cut)?, (5), (5D) euclidean and serial

The inference (cut)® can be characterized quite similarly to Proposi-
tion 4.1, provided that Definition 1.1 of analytical saturation is modified so
as to concern the K5-subformulas, yet we don’t involve ourselves in the mod-
ified one here. Then, it is to be remarked that, even if GL contains (cut)?,
and if u is an analytically saturated sequent in GL (in the original sense of
Definition 1.1), it is not always the case that Sfks(a(u)Us(u)) C a(u)Us(u).
For, suppose A € Sfks(a(u) U s(u)). Then, either a(u) — s(u), A or
A,a(u) — s(u) is unprovable by (cut)®. But, to apply the property
(1.1-b), A’s being in Sfks(a(u)Us(u)) is insufficient, but it is necessary that
A € Sf(a(u) Us(u)). It is always the case that Sf(a(u)Us(u)) C a(u) Us(u)
instead (cf. Proposition 4.1).
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Definition 5.2. For a sequent calculus GL, W¢,; is defined to be the
set of all the analytically saturated sequents w’s in GL that satisfy the
following property:

(5.2-a) For every B, if OB € InSf(a(u) Us(u)) then either OB € s(u) or
O-0B € a(u) Us(u).

Lemma 5.3. For a sequent calculus GL with the inference rule (cut)?,
if T' — © is unprovable in GL, then T' C a(u) and © C s(u) for some
ue Wgp.

Proof. Let Ay, As,..., A, be an enumeration of all the formulas in
Stks(I'UB). Put I'y =T and ©; = ©. Suppose that I'y, and O have been
defined so that I' C 'y, © C O but I'y — Oy, is unprovable (1 < k < n).
Then, either I'y, — Oy, A or A, 'y, — Oy is unprovable; for, if both were
provable, since Ay € Sfks(I' U©) C Sfks(I'y U Bg), it would follow that
Iy, — Oy is provable by (cut)®, which contradicts our assumption. Hence,
put 'y =Ty and Oy = @kU{Ak}, or I'py1 = FkU{Ak} and Oy = Oy
so that I'y11 — Opy1 is also unprovable.

We claim that I';, 11 — ©;,11 is the required v € Wg ;. Evidently I' C
Iyt1,© C Oy, and 'y — ©y41 is unprovable; moreover, I'y,11UBO, 41 =
Stks(I'UO). It is left to check the properties (1.1-b) and (5.2-a) for ', 41 —
Op+1. Let’s show (5.2-a) first. So, suppose OB € InSf(I'),41UOy,4+1). Since
O-0B € SfK5(Fn+1 U @n—H) and

Sfks (Fn—H @] en—i-l) = SfK5(SfK5(F U @)) C Sfks (F U @) =Th4+1UBOp41,

it follows O-0B € I'y41 U Opy1. So (5.2-a) has been shown. To show
(1.1-b) next, suppose A € Sf(I';,4+1UOp41). Then, since Sf(I'y+1UO,11) C
SfK5(Fn+1 U @n-i-l) C I'yy1 UBOpy, it follows A € T'yq U Opyq. So, if
A, Ty41 — Oy isunprovable, then A € ©,,41, andso A € [',,1. Similarly,
if Iy y1 — Opy1, Ais unprovable, then A € ©,,41. Thus, (1.1-b) for I';,11 —
On+1 has been also shown. O

Definition 5.4. For a sequent calculus GL, the binary relation Rxks
on W¢; is defined as follows, by first introducing an auxiliary relation S.

(1) wSv, iff OB € a(v)Us(v) implies OB € s(u) or O-0OB € a(u)Us(u) for
every B.
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(2) uRksv, iff uRkv, uRg,v and uSwv.

Proposition 5.5. For a sequent calculus GL with the inference rule
(cut)?, the following equivalences hold for every A.

(1) The inference (5) is admissible in GL for every I' and ©, iff for every
u e W, OA € s(u) implies A € s(v) for some v € W§; such that
uRksv.

(2) The inference (5D) is admissible in GL for every I' and ©, iff Rks is
serial on Wiy .

Proof. Since the proof of (2) is similar to that of (1), we will confine
ourselves to the proof of (1).

The ‘if’ part: Suppose that OI' — 06O, OA is unprovable. By Lemma 5.3,
oI € a(u), 0O C s(u) and OA € s(u) for some u € W5,. So A € s(v)
for some v € W¢ such that uRksv by the assumption. If B € I', then
OB € OI' C a(u), so B € a(v) by uRkv; hence I' C a(v). If B € O,
then OB € 0O C s(u), so OB € s(v) by uRg,v; hence 0O C s(v). So,
I' - 06, A is unprovable.

The ‘only if’ part: Suppose OA € s(u), where v € Wg,. Put I' =
{B|OB € a(u)} and © = {B|OB € s(u)}. Since OI' — 060, 0A is unprov-
able, neither is I' — 00, A by the assumption. So, I' C a(v), 06 C s(v),
A € s(v) and a(v)Us(v) C S{(TTUOBOU{ A}) for some analytically saturated
sequent v by Lemma 1.3. Since uRgv and uRg,v follow from I" C a(v) and
06 C s(v) respectively, it is left to check that the property (5.2-a) for v
and the relation uSv hold. Let’s show uSwv first. Since

a(v)Us(v) CSITUOOU{A}) =00USH(IT'UB U{A})
CoeUInSH(Oruoe U {OA}) C s(u) UInSf(a(u) Us(u)),

if OB € a(v) Us(v), then either OB € s(u) or OB € InSf(a(u) Us(u)); in
the latter case, by (5.2-a) for u, either OB € s(u) or O-0B € a(u) Us(u).
Thus uSv has been shown. Lastly, let us show (5.2-a) for v. So, suppose
OB € InSf(a(v)Us(v)). Since InSf(a(v)Us(v)) C Sf(a(v)Us(v)) C a(v)Us(v)
by Proposition 4.1, it follows from wSv just shown that either OB € s(u)
or 0-0OB € a(u) or O-0B € s(u). In the first (second, respectively) case,
OB € s(v) by uRg,v (by uRkv and Proposition 1.6 (1), respectively). In
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the last case, O-0OB € s(v) by uRg,v. So, (5.2-a) for v has been also
shown. O

By the following proposition together with Lemma 5.3, GL is complete
with respect to the Kripke frame semantics for L, where L € {K5, K5D}.
So we have obtained another proof of the modified subformula property for
GL, that is, if ' — O is valid in the sense of the Kripke frame semantics
for L, it has a proof in GL such that every formula occurring in it belongs
to Sfgs(I' U ©), which was first proved in Takano [5]. Moreover, for an
unprovable sequent I' — © in GL, by limiting the analytically saturated
sequents to those u’s such that a(u) Us(u) C Sfgs(I' U ©), the finite model
property for L also follows (Corollary 5.7).

The following remark is useful in proving the next proposition: If L €
{K5,K5D} and u is analytically saturated in GL, then O-0B € s(u)
implies OB € a(u). For, since the sequent — OB, 0-0B is provable in
GL, it is not the case that both OB and O-0OB are in s(u); moreover,
O-0B € s(u) implies OB € Sf(s(u)) C a(u) Us(u) by Proposition 4.1.

Proposition 5.6. Suppose L € {K5,K5D} and consider the Kripke
frame (Wg,, Rks).

(1) The Kripke frame (Wg, Rks) enjoys the properties (O-a) and (O-s).

(2) The accessibility relation Rxs on W, meets the condition of the Kripke
frames for L.

Proof. (1) If OA € a(u) and uRksv, then A € a(v) by uRkv; hence
(O-a) holds. The property (O-s) follows from Proposition 5.5 (1).

(2) We will show that the relation Rks is euclidean by deriving v Rgsw
from uRksv and uRksw. First, to show v Rgw, suppose OB € a(v). Since
uSv, it follows that either OB € s(u) or O-0B € a(u) or O-0B € s(u)
holds. In the first (second, respectively) case, OB € s(v) by uRg v (by
uRkv and Proposition 1.6 (1), respectively), and this contradicts to OB €
a(v). In the last case, it follows OB € a(u), and so B € a(w) by uRgw.
Next, to show vRg,w, suppose OB € s(v). Similarly to the above, it
follows that either OB € s(u) or O=0B € a(u) or O-0B € s(u) holds.
In the first (second, respectively) case, OB € s(w) by uRgw (by uRkw
and Proposition 1.6 (1), respectively). In the last case, 0-0B € s(v) by
uRg,v, and so OB € a(v), which contradicts to OB € s(v). It is left to
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show vSw. So, suppose OB € a(w)Us(w). Since uSw, it follows that either
OB € s(u) or O-0B € a(u) or O-0B € s(u) holds. In the first (second,
respectively) case, OB € s(v) by uRg,v (by uRkv and Proposition 1.6 (1),
respectively). In the last case, O0-0B € s(v) by uRg,v. This ends the
derivation of v Rkgsw.

When L = K5D, the fact that Ryks is serial follows from Proposi-
tion 5.5 (2). O

Corollary 5.7. Suppose L € {K5,K5D}. The sequent calculus GL
and so the logic L are complete with respect to the Kripke frame semantics,
and have the finite model property. Though the calculus GL is not cut-free
and lacks the subformula property in the original sense, it has an extended
subformula property.
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