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Abstract

The aim of this paper is to prove the existence and uniqueness of solutions of the Dirichlet
nonlocal problem with nonlocal initial condition. The considerations are extensions of results

by E. Andreu-Vaillo, J. M. Mazén, J. D. Rossi and J. J. Toledo-Melero [1].
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Streszczenie

W artykule udowodniono istnienie i jednoznacznosé¢ rozwiazan nielokalnego zagadnienia Di-
richleta z nielokalnym warunkiem poczatkowym. Rozwazania sa rozszerzeniami rezultatow

otrzymanych przez E. Andreu-Vaillo, J. M. Mazéna, J. D. Rossi i J. J. Toledo-Melero [1].
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1. Preliminaries

Let Q C R™ be a bounded domain. Moreover, let T be a fixed positive number and
ke R\ {0}.

We will need the following assumption:

Assumption (H) (see: [1]). J € C(R™,R) is a nonnegative radial function with
J(0) >0 and

/ J(@)de = 1.

In [1], the existence and uniqueness of a solution of the following nonlocal Dirichlet
boundary value problem

Ut(xvt) = fRn J(.’L’ - y)(u(yat) - u(ﬂc,t))dy, ref, t>0,
u(z,t) = g(z,t), ¢, t>0,
u(z,0) = uo(z), ©e€Q

is studied.
For this purpose the Banach fixed point theorem is applied in [1].

The existence and uniqueness of solutions of differential problems were, also, studied
using the Banach fixed point theorem, by Kamont [2], Muszynski and Myszkis [3], and
Pelczar and Szarski [4].

The aim of the paper is to give a theorem on the existence and uniqueness of a
solution of the following nonlocal Dirichlet boundary value problem together with the
nonlocal initial condition

w(z,t) = [ J (@ —y) (u(y, t) —u(z,t)dy, ©€Q, te(0,T),
u(z,t) = g(z,t), x¢Q, te(0,T), (1.1)
u(z,0) + kTu(x, T) = up(x), = € Q.

For this purpose we will also apply the Banach fixed point theorem.
We will need the assumption:
Assumption (F).uo € L'(Q) and g € C((0,T); L*(R™\Q2)).

2. Existence and uniqueness of Solutions

Let Assumptions (H) and (F') be satisfied in this section.
Definition 2.1. A function u € C’([O,T]; LY(R™)) is said to be a solution of nonlocal
problem (1.1) if



=ug(z) — kTu(z,T)
/ / (. —y) (uly, s) — u(z,s))dyds, xe€Q, te(0,T),

and
w(z,t) = g(z,t) for x ¢ Q, te€(0,T).
Consider the Banach space
Xt ={w e C([0,T}; L' ()}
with the norm
ol = g || w(-1) 1220y
The solution of problem (1.1) will be obtained as a fixed point of the operator
Two : X7 — X1
defined by the formula

Towo (W) (z,t) = wo(x) — kTw(z,T)
/ A J(z—y)(w(y,s) —w(z,s))dyds, z€Q, te(0,T),

where
w(x,t) = g(x,t) for & Q, te (0,T).

To prove the existence and uniqueness of the solution of problem (1.1), we will
need the following lemma:

Lemma 2.1. Let wg,z9 € L' (). Then there is a constant

C =| k| +k, where k>0, (2.2)
depending on J and Q) such that

[T, (w) = Teo ()| <[l wo = 20 lLr () +CT[|w — 2[]]
for all w,z € Xp.

Proof. Observe that

/Q | Tany ()& ) — T (2) (2,8) | d <



§/Q|w07zo|(m)d:c+\k|T/Q|w(x,T)fz(:c,T)\d:c

t
+ / | / [ = )l(w(r.5) = 2(0:.5)) = (w(z.5) = =(a.9)ldyds | da
0 n
<Ilwo — 20 sy + | k| Tlllw — 21]] + ¥l — |
|l wo — 20 [l +(1 & | TE)T|llw — 2|l|, w, = € Xr,

where £ is a positive constant depending on J and §2.

Consequently, since w — z vanishes outside of {2 then

1 Towo (w) = T2 ()] <

<[l wo = 20 [|r () +CT[|w — 2[|| for w,z € X7.

The proof of Lemma 2.1 is complete.

Applying Lemma 2.1 we will prove the existence and uniqueness of the solution of
problem (1.1).

Theorem 2.1 Let Assumptions (H) and (F) be satisfied. Moreover, let CT < 1,
where C is given by (2.2).

Then there is a unique solution of problem (1.1) on the interval [0,T).
Proof.  Firstly, we will show that 7,, maps X into X7. Let 20 =0, 2 = 0 and
wg = g in Lemma 2.1. Then

Tuo (w) € C([0,T]; L (Q))
for w € Xr.

Since CT < 1 then taking zp = wp = up in Lemma 2.1 we get that T,, is a strict
contraction in X7 and the existence and uniqueness of the solution of problem (1.1)
follows from the Banach fixed point theorem on the interval [0, 1.

The proof of Theorem 2.1 is complete.
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